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Foreword

The papers contained in this volume were presented at the 13th Annual Sym-
posium on Combinatorial Pattern Matching, held July 3-5, 2002 at the Hotel
Uminonakamichi, in Fukuoka, Japan. They were selected from 37 abstracts sub-
mitted in response to the call for papers. In addition, there were invited lectures
by Shinichi Morishita (University of Tokyo) and Hiroki Arimura (Kyushu Uni-
versity).

Combinatorial Pattern Matching (CPM) addresses issues of searching and
matching strings and more complicated patterns such as trees, regular expres-
sions, graphs, point sets, and arrays, in various formats. The goal is to derive non-
trivial combinatorial properties of such structures and to exploit these properties
in order to achieve superior performance for the corresponding computational
problems. On the other hand, an important goal is to analyze and pinpoint the
properties and conditions under which searches cannot be performed efficiently.

Over the past decade a steady flow of high-quality research on this subject
has changed a sparse set of isolated results into a full-fledged area of algorithmics.
This area is continuing to grow even further due to the increasing demand for
speed and efficiency that stems from important applications such as the World
Wide Web, computational biology, computer vision, and multimedia systems.
These involve requirements for information retrieval in heterogeneous databases,
data compression, and pattern recognition. The objective of the annual CPM
gathering is to provide an international forum for research in combinatorial pat-
tern matching and related applications.

The first twelve meetings were held in Paris, London, Tucson, Padova, Asilo-
mar, Helsinki, Laguna Beach, Aarhus, Piscataway, Warwick, Montreal, and
Jerusalem, over the years 1990-2001. After the first meeting, a selection of pa-
pers appeared as a special issue of Theoretical Computer Science in volume 92.
Selected papers of the 12th meeting will appear in a special issue of Discrete
Applied Mathematics. The proceedings of the 3rd to 12th meetings appeared
as volumes 644, 684, 807, 937, 1075, 1264, 1448, 1645, 1848, and 2089 of the
Springer LNCS series.

The general organization and orientation of the CPM conferences is coor-
dinated by a steering committee composed of Alberto Apostolico (Padova and
Purdue), Maxime Crochemore (Marne-la-Vallée), Zvi Galil (Columbia), and Udi
Manber ( Yahoo!).

March 2002 Alberto Apostolico and Masayuki Takeda
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Practical Software for Aligning ESTs
to Human Genome

Jun Ogasawara and Shinichi Morishita

! Department of Computer Science, University of Tokyo
2 Department of Complexity Science and Engineering, University of Tokyo
{jun,moris}@gi.k.u-tokyo.ac.jp
http://grl.gi.k.u-tokyo.ac.jp

Abstract. There is a pressing need to align growing set of expressed
sequence tags (ESTs) to newly sequenced human genome that is still fre-
quently revised, for providing biologists and medical scientists with fresh
information. The problem is, however, complicated by the exon/intron
structure of eucaryotic genes, misread nucleotides in ESTs, and millions
of repeptive sequences in genomic sequences. Indeed, to solve this, al-
gorithms that use dynamic programming have been proposed, in which
space complexity is O(N) and time complexity is O(M N) for a genomic
sequence of length M and an EST of length N, but in reality, these al-
gorithms require an enormous amount of processing time. In an effort to
improve the computational efficiency of these classical DP algorithms,
we develop software that fully utilizes the lookup-table that stores the
position at which each short subsequence occurs in the genomic sequence
for allowing the efficient detection of the start- and endpoints of an EST
within a given DNA sequence, and subsequently, the prompt identifi-
cation of exons and introns. In addition, high sensitivity and accuracy
must be achieved by calculating locations of all spliced sites correctly
for more ESTs while retaining high computational efficiency. This goal
is hard to accomplish in practice, owing to misread nucleotides in EST's
and repeptive sequences in the genome, but we present a couple of heuris-
tics effective in settling this issue. Experimental results have confirmed
that our technique improves the overall computation time by orders of
magnitude compared with common tools such as sim4 and BLAT, and
attains high sensitivity and accuracy against datasets of clean and doc-
umented genes at the same time. Consequently, our software is able
to align about three millions of ESTs to a draft genome in less than
one day, and all the information is available through the WWW at
http://grl.gi.k.u-tokyo.ac.jp/.

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 1-16, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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1 Introduction

The Human Genome Project is an international collaboration, designed to in-
vestigate the genetic complexity of humans. Initially, the roughly three billion
nucleotides of the human genome were elucidated (Celera Genomics [1],i@ Inter-
national Human Genome Sequencing Consortium [2]). The second step involves
the interpretation of the encoded sequences. For the purpose of identifying the
coding regions, i.e., regions containing exons and introns, of any given DNA
sequence, the alignment of many ESTs to genomic DNA is helpful to reveal
these complex structures while verifying the alternative spliced transcripts. The
alignment of full-length cDNAs gives a clue to some regulatory elements in its
upstream regions, and further the annotations of the upstream regions using
Transfac data line up candidates of cis-elements. The alignment both of se-
quences associated with expression pattern and of sequences from dbSNP with
identifying locations of SNPs around the gene make it possible to step forward
more in function analysis.

Indeed, a variety of sequence alignment algorithms have been proposed. One
technique for computing the similarity between two sequences is to assign penal-
ties, designated by letters, to insertions, deletions and substitutions present in
one sequence, but not in the other (Needleman and Wunsch [3], Smith and Wa-
terman [4]). Recently, heuristic algorithms such as FASTA [5] and BLAST [6]
have been used because of their higher speed compared to dynamic programming
methods.

These algorithms however require a very large amount of time for processing
or they fail to align ESTs to genome that are known to be encoded, because they
are designed only to solve the similarity between two sequences, but not to decide
eucaryotic gene structure (exon/intron structure) through the identification of
spliced sites between exons and introns. Figure 1 illustrates our problem that we
need to decompose an EST into exons and then to align each exon onto the DNA
sequence while preserving the order of exons. The difficulty with the problem
is that there are potentially a huge number of ways to decompose the EST. To
settle this problem, it is reasonable to define scores of matching and penalty for
introducing introns and then to select the optimal decomposition as that with
the best score.

G exon exon exon
enome
. . .
(DNA) ‘Qon ‘ intron/«
EST N ——

Fig. 1. Decomposing and mapping an EST
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For this optimization problem, many dynamic programming algorithms that
consider exon/intron structure have been developed. Gotoh’s algorithm [7] de-
fines the affine gap penalty for introns to identify very long introns, since introns
correspond to long insertions. Although Gotoh’s algorithm runs in O(M N)-time
complexity and requires O(M N) space for a genomic sequence of length M and
for an EST of length N, the space complexity can be reduced to O(min(M, N))
by Hirschberg’s technique [8]. There have been developed several software tools
that utilize the idea of this dynamic programming technique [9,10,11], but in
practice, these tools are computationally infeasible to apply to long genomic se-
quences of length greater than one million. One the other hand, Sim4 [12] and
BLAT [13] are also improved methods based on BLAST, which extend not only
single exon but also multiple exons. Although they are able to decompose a given
sequence into its exons, they are not designed to compute the optimal alignment.

Therefore, since high performance software is needed to solve this problem,
we invented software that shortens the calculation time, while retaining sensi-
tivity and accuracy. This software is able to align more than 20 ESTs per second
on average to a human draft genome by using a single processor, but in practice
it can process more than 100 ESTs per second on several processors, and hence
about three millions of ESTs in less than half a day. With regarding sensitivity
and accuracy, special care has to be taken to identify spliced sites in the final
step of the software. Clean datasets of spliced sites have been collected from
various species to derive statistically confirmed rules for improving gene find-
ing algorithms [14,15,16,17,18]. These clean datasets are also valuable to eval-
uate sensitivity and accuracy of alignment software, and we use the HMR195
dataset [18], a collection of Mammalian sequences. We will demonstrate high
sensitivity and accuracy of our method against human genes in HMR195.

2 Algorithm

In this section, we present our algorithm, and we particularly keep in mind
that biologists or medical scientists who might not be familiar with computer
science are also able to understand the behavior of the algorithm. We start with
the introduction of basic data-structures and simpler algorithms, and move to
elaborated one by improving algorithms step by step.

Mapping of the millions of ESTs in the GenBank and EST databases (dbEST)
to the human genomic sequence is an arduous task. ESTs are a maximum of tens
of thousands of bases long, while genomic sequences are about 3 billion bases
long. In order to shorten the overall calculation time, we pre-process the genomic
sequences. A DNA sequence of length L is defined as a primary key. Our idea is
to create an auxiliary look-up table called MapTable that stores the position at
which each primary key occurs in the genomic sequence. Figure 2 shows how to
generate a MapTable when the primary key length is 2, for simplicity.

Referring to the MapTable, it is obvious that “TA” exists at the 9th position
and that “GC” occurs at the 3rd and 12th positions in the genome sequence.
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D>
D>

6
1 110
AG
Cl 7
Al 9
2
8 2 111
ATGCGAACTATGCCT 3 % 5
303
AC 1 3 [12
A
1 1 8 14
[CHI:]
C113
Genome MapTable

Fig. 2. How to generate a lookup table (MapTable)

When considering a particular EST sequence, the position of the L length
prefix and suffix of the gene is inferred by referring to the MapTable in the
main memory. Assuming that the four characters (nucleotides) appear at random
in the genome sequence, we can deduce the position from the MapTable by
accessing the main memory about M /4% times (M is the length of the genome
sequence). Care had to be taken in selecting appropriate values for L. Smaller L
values, say 5, aligned an enormous number of positions for each 5-mer, while a
larger L value increased the number of L-mers, yielding a huge index. We will
mention this issue of selecting an appropriate value for L.

2.1 Simple Algorithm Assuming No Mismatches or Gaps

First we present a slow but simple algorithm which assumes that an EST se-
quence exactly maps to the genomic sequence with 100% matching ratio. We
then improve the algorithm in a stepwise manner to accelerate performance
while allowing mismatches and gaps.

In the following discussion, let us denote the genome sequence G by the se-
quence g1, gz, ...,gm (g9: € {A,T,G,C,N}), and the EST sequence E by the se-
quence ey, ez, ...,en (e; € {A,T,G,C,N}). Gj; j) represents a substring: g;, gi+1,
-y g5, so does EJ; ;1. We express the alignment of the i-th nucleotide in the EST
with genome G as position f(i) in genome G. We here assume that each nu-
cleotide e; maps to a location in G, but in general e; might be skipped, requiring
its position f(¢) undefined. This case will be considered later in this section. The
simplest version of the algorithm (Figure 3) can be written as:

Step 1. (Detection of start- and endpoints)
Let L be the length of a primary key in the MapTable and consider a prefix of
length L (Ejp, 1)) and a suffix of length L (Ejy_r41,n1) in EST E. Align the
prefix and suffix with the genome by accessing the MapTable, i.e., associate
f@) foreachi=1,..,L,N —L+1,..,N.

Step 2. (Alignment by dynamic programming)
Align unassigned interval of the EST Ej;,; y_r) with the genome inter-
val Gf(p)+1,f(N—L+1)—1) using Gotoh’s dynamic programming, which yields
f(@@) foreachi=L+1,...N — L.
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f(4) f(N-3)
1) \ Glfi4)+1, fiN-3)-1] / )
Genome: G ATTG lCA... ...CTlCAGG

Align by Gotoh’s
dynamic programming

EST. E |ATTG ICA. . ...CT|CAGG|

1 4<—-\ N
E/sn.
[5,N-4] N-3

Fig. 3. Simplest algorithm with a MapTable(L = 4)

f(4) 1(5)=f(4)+1 f(i-1)  f()=f(i-1)+1 f(N-3)

)\ / fN)
Genome: G ATTG|CA... WAG... ...CTICAGG
EST: E ATTG|CA... WAG... ...CTICAGG
1 45 S A\ N
i-1 N-3

Fig. 4. Fast algorithm with a MapTable (Case of a single exon, L = 4)

In the case of human genome, we assign 14 to L, because most first exons and last
exons are of length more than 14, though it is known that some internal exons
are of length less than 14. In Step 1, there could be multiple locations for Ejy p;
and E[n_r41,n], which will be discussed later in this section. In Step 2, Gotoh’s
dynamic programming [7] is the algorithm that finds the optimal alignment
of EST that has long introns with genome. Smith-Waterman and Needleman-
Wunsch do not work well for this problem, because they pose high penalty on
long introns and miss alignments with long introns. To overcome this issue, Go-
toh’s method allows the assignment of a small constant or an affine gap penalty
to introns that could be very long, and it can output the optimal solution.

Although the detection of the start- and endpoints of a given EST in the
genome sequence in Step 1 works very efficiently because it can be achieved by
accessing the main memory, Step 2 could sometimes require a large amount of
execution time when the length of the genome interval G((r)41,5(N—L+1)-1] I8
still long for Gotoh’s dynamic programming.

2.2 Fast Algorithm Assuming No Mismatches or Gaps

To accelerate the dynamic programming in Step 2, we determine f(i) by elon-
gating the exon and skipping long intron using MapTable. This greatly increases
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f(4) f(i+3) f(N-3)

1)\ L non gy / / )
Genome: G |ATTGlCA... ...AGIA... ..h@.oo ...CTlCAGG|
EST: E IATTG]CA... ...AG|TGCClA... ...CTICAGG|
1 4 i NN
i3 N-3

Fig. 5. Fast algorithm with MapTable (Case of multiple exons, L = 4)

performance because of its practicability in considering exon/intron structure.
The algorithm for aligning an EST with a single exon is shown.

Step 2 (Identification of single exon)
For each ¢ from L+ 1to N — L, set f(i — 1) 4+ 1 to f(i) (see Figure 4).

We call Step 2 the Elongation Step, because this step adds one nucleotide to the
end of the exon per one iteration.

To handle ESTs with multiple exons, we incorporate the process that skips
an intron when extension of the exon fails (Figure 5).

Step 2.1 (Identification of one exon)

While the i-th nucleotide in E coincides with the f(i)-th nucleotide in G,
set f(i) = f(i — 1) + 1 and increment i.

Step 2.2 (Search for the next exon) Since Step 2.1 confirmed that the
exon terminates at the ¢-th nucleotide in the EST, detect the position of the
next exon by referring to the MapTable with Ej; ;4 1) as a primary key. Af-
ter determining the locus of the next exon, to which f(j) (j =4,...,i+L—1)
is set, increment ¢ by L and return to Step 2.1.

2.3 Allowing Mismatches and Gaps in Alignment

In practice, any EST cannot be fully aligned with 100 % identity, resulting in
mismatches or gaps in the alignment. To allow for these mismatches and gaps, we
here revise the algorithm in Section 2.3. We allow that e; is mismatched with a
different nucleotide at the f(¢)-th position on the genome. Or, f(¢) is undefined
when e; is skipped and is associated with a gap. In this general setting, the
start- and endpoints of the EST in the genome sequence cannot be detected if
the prefix £y 1) (or the suffix Ejy_r11 n]) might contain mismatches or gaps.
To resolve this problem, we scan the EST sequence E from the start until the
position of a subsequence of length L is found in the MapTable, and scan E from
the end in the same way (Figure 6). This method is described below.
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f(l)-f+1 f(j)+N-1
/0 f()
G W%ATGC | ‘ACAA W
Align by Gotoh’s Align by Gotoh’s
dynamic dynamic
E programming %ATGG | ‘A\ICAAW programming
10 A 1 i N
— +3 -3
dangling part dangling part
of EST of EST
\ execute the alignment
f(i+3) f(j-3)
W [ )
G | TeaTGe ]| lacaaTC
extend
E | TraTeG] ncaasc |
1 JA t N
. 4
i+3 't j-3

Fig. 6. Approximation of start- and endpoints (L = 4)

Step 1.1 (Approximation of the startpoint of an EST)
Initialize ¢ = 1, and increment ¢ until the position of Ej; ;1 _q; is found
in the MapTable. After this, Ey; ;1 is called the dangling part of the EST
that still remains to be aligned. Then align this dangling part of EST Ejy ;_
with genome Gs(y—it1,5(i)—1] to decide f(h) for each h = 1,...,3 — 1 using
Gotoh’s dynamic programming.

Step 1.2 (Approximation of the endpoint of an EST)
In a similar way, initialize ; = N, and decrement j until the position
of Ejj_r41, is found in the MapTable. After this, Ej; 1 n] is called the
dangling part of the EST that still remains to be aligned. Then align this
dangling part of EST Ep;; n) with genome G{f(jy11,7(j)+nN—j to decide f(h)
for each h = j + 1, ..., N using Gotoh’s dynamic programming.

Mismatches or gaps in an EST also make it more complicated to extend
an exon and skip an intron. While the elongation stops only when the exon
terminates in the case of no mismatches, elongation of the exon fails when it
reaches the end of the exon or encounters a mismatch or a gap in the alignment.

Step 2.1 (Identification of one exon)
Initialize ¢ is the smallest position in the EST that is not aligned (for in-
stance, (i4+4)-th position of F in Figure 6) and while the i-th nucleotide in E
coincides with the (f(i — 1) + 1)-th nucleotide in G, set f(i) = f(i — 1) +1
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f(x) (i) f(ifa)

L Ge %%OAA‘T...

Align by Gotoh’s
dynamic

programming

E ‘ : G(% %ACAA T...
X i A

i+3

dangling part
of EST

\ execute the alignment

f(i+3)
f(1) !/
G | L chcaAT.
\ // extend
E J G 'GA’CAA‘T...
1 A
i+3

Fig. 7. Alignment of the dangling part of an EST(L = 4)

and increment . Then, set x = ¢ — 1 to memorize the position ¢ — 1 in the
EST where the elongation ends.
Step 2.2 (Search for the next exon)
Increment 7 until the position of E; ;1) is found in the MapTable. After
this, Fj, 11,1 is called the dangling part of EST that remains to be aligned.
Step 2.3 (Alignment of the dangling part of an EST)
Align the dangling part of EST Ej, ;1) with the part of genome
Glf(x)+1,f(i)—1) using Gotoh’s dynamic programming. Figure 7 illustrates
the case when no intron is detected after the dynamic programming, and
Figure 8 shows when an intron is observed.

2.4 Further Acceleration by Preprocessing Long Introns

In practice, an intron could be thousands of base pairs long, while the dan-
gling part is at most hundreds of base pairs long. Naive application of dy-
namic programming to the alignment of the dangling part of EST FEj, 1 ; 1
with G[f(z)41,7(i)—1] I8 computation intense when Gf(4)41,f(s)—1) contains an in-
tron in Step 2.3. To accelerate this step, we examine whether an intron is included
in the part of genome G|y (4)11,(i)—1] by comparing the length of Ef, ;1) with
the length of G(f(z)41,7(i)—1) before applying Gotoh’s dynamic programming.
If G(f(2)+1,f(6)—1) 1s much longer than Ej, 1 ; 1), we assume that G[fz)11,7(i)—1]
contains an intron in it. In this case, since E[,11;_1) should be aligned to
G[f(x)JrLf(z)Jr(i,z)] and G[f(i)f(ifaz),f(i)fl]a we align the dangling part of EST
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f(i+3)
f1) f(x) i)\

G ‘ : G(% //ﬁACA'A]T...

Align by Gotoh’s
DP

E |1 GGG/ //g{\CA/-\\|T...

dangling part
of EST

\ execute the alignment

f(i+3)
f(1)
G Lo \ intron \ : .'..GAC'AA\T...
E ‘ : : |_...G/-\_CAA|T...
1 \
i+3

Fig. 8. Alignment of the dangling part of an EST (L = 4) when part of the
genome contains an intron

Ey41,i—1) with the concatenation of two sequences of length i — x, which is
Glf@)+1, 5@ +—a)) + Glr)—(i-),5())-1) (See Figure 9).

2.5 Detecting Spliced Sites

We have presented how to determine the approximate exon and intron regions.
However, decisions regarding exon/intron boundaries need rigorous investiga-
tion, because most boundaries follow the GT-AG rule, but some other pat-
terns such as GC-AG and AT-AC are also observed. In the literature, con-
siderable efforts have been made to comprehend variants of the GT-AG rule
statistically [14,15,16,17] and to make a comparative analysis of gene-finding
programs [18]. For instance, Thanaraj [15] derives decision trees for inferring hu-
man exon-intron junctions from a number of EST-confirmed splice sites. Burset
et al.[17] also present statistical rules for mammalian spliced sites, which also
confirms that most sites obey GT-AG rule or its variants such as GC-AG and
AT-AC.

Figure 10 illustrates some alternative solutions in deciding spliced sites, and
the lower alignment ought to be selected according to the GT-AG rule. To this
end, as shown in Figure 11, we shift the intron frame locally along the genome if
no more mismatches are introduced in the alignment, for the purpose of detecting
the GT-AG or its slight variants. In more precise, the intron frame is moved
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f(x)+i-x f(i)-(i-x) f(i+3)
f(1 ) f(x) / f(i)
G intron %ACAA‘T...

Ingn by Gotoh’s DP,
extend
E : GC{({/ /QACAA|T

dangling part *
of EST

Fig. 9. Acceleration of dynamic programming

locally so that the number of matches between GT-AG and the two plus two
letters at the boundary of the intron is maximized. We will demonstrate the high
sensitivity and accuracy of this method later.

2.6 Matching Ratio

Having determined the intron regions, the matching ratio between the genome
and the mapped EST sequence is examined. Since the matching ratio between
the genome and a coded EST is 99.9% if the EST sequence is read precisely
(the residual 0.1% is the difference between each human genome, i.e., SNP), we
assume that an EST with a low matching ratio is not encoded. In effect, an
EST whose matching ratio is low contains many misread nucleotides, or is not
encoded in the genome sequence. Depending on our implementation result, the
lower boundary for the matching ratio was set at 90%.

2.7 Solution for Two or More Alignments

In this section, we consider cases when there are two or more distinct align-
ments of an EST in a genome sequence, because an EST is often aligned to
many different regions in a chromosome because of retro-transposition or gene-
duplication (Figure 12). Furthermore, millions of repeptive sequences in human
genome disturb correct identification of start-points and end-points.

Although the start- and endpoints of an EST are inferred in Step 1.1 and Step
1.2, the start- and endpoints is not determined uniquely if the MapTable has
many candidates for the primary key. Let StartSet denote the set of candidate
startpoints calculated in Step 1.1, and EndSet the set of candidate endpoints
in Step 1.2. We then need to compute alignments for all the pairs in StartSet x
EndSet. In practice, however, the size of StartSet or EndSet could be often
more than one thousand owing to repeptive sequences. To avoid such difficult
cases, we focus on the fact that the number of 14-mers appearing no more than
ten times in the human genome is about 130 millions, which is about 4.3% of
all the 14-mers in the human genome. In addition, sub-sequences in exons are
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typically less frequent in the human genome than other sub-sequences in non-
coding regions. These facts imply that scanning one hundred bases in a human
EST could find, with a high probability, such a 14-mer of frequency no more
than ten. We therefore revise our algorithm to search a subsequence of length L
until the size of StartSet (or EndSet) becomes no more than ten. Consequently
our algorithm is described as:

Step 1.3 (Solution for many start- and endpoints)
Assume that Steps 1.2 and 1.3 output such StartSet and EndSet that are
of size no more than ten. Solve the alignment of Ej; j_r) with Gsiart,end)
(start € StartSet, end € EndSet) by executing Step 2.1-2.3, if the distance
between start and end is smaller than 3,000,000 bp.

This technique seems to involve brute force, but it solves the all alignments of a
given EST reliably.

3 Execution Time, Sensitivity, and Accuracy

The algorithm described here has been implemented in C++. In what follows, we
call our software Squall. We installed and evaluated performance of our software
Squall, sim4, and BLAT on a single processor of PrimePower 1000 with a clock
rate of 450 MHz, 32 Gbytes of main memory, and running Solaris 8.

3.1 Execution Time Comparison with sim4 and BLAT

The performance of Squall was compared with sim4 and BLAT using the Chr.22
of the NCBI draft human genome (Build 28) . We randomly selected one thou-
sand ESTs in the Unigene database and aligned these ESTs. Table 1 presents
average time in seconds to align an EST, which makes it clear that our method
has improved the computation time by orders of magnitude. Both BLAT and
sim4 initially feed genomic sequences, and then perform alignments of ESTs. In
Table 1, we excluded execution times of the former feeding step, so that this
comparison was fair to both sim4 and BLAT, because sim4 and BLAT required
much more execution time to feed the genome than our software Squall did.

3.2 Execution Time to Align Millions of ESTs with Genome

Using Squall, we evaluated average time of checking whether or not each EST in
the UniGene database was aligned with the NCBI draft human genome (Build
28) and calculating the alignment when the EST mapped to the genome. Table 2
illustrates average time in seconds, and observe that average time to process one
chromosome is almost proportional to the size of the chromosome. The total of
average time is 0.0504 seconds. Thus, for instance, aligning three millions ESTs
can be done in about 150,000 seconds on a single processor, but in practice,
we can typically complete this task in less than half a day with using several
Processors.
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Table 1. Performance comparison between Squall, BLAT, and sim4. One thou-
sand ESTs randomly selected from UniGene are aligned with human Chr. 22 by
using these three software

Average time to align
an EST (sec)

Squall (our aoftware) 0.001
BLAT 1.0
sim4 12

3.3 Sensitivity and Accuracy

To validate sensitivity and accuracy of Squall, we considered to use clean datasets
of spliced sites [14,15,16,17,18]. These databases have been collected from var-
ious species to derive statistically confirmed rules for improving gene finding
algorithms. Among these, we used HMR195 [18], a collection of 195 Mammalian
genomic sequences that are annotated with exact locations of spliced sites, which
are available at http://www.cs.ubc.ca/ “rogic/evaluation/. HMR195 is use-
ful for our experiment, because it includes 103 human genomic sequences, from
which we extracted 103 mRNA sequences by consulting the locations of spliced
sites. We then attempted to align these 103 sequences to the NCBI draft human
genome (Build 28) by using Squall and BLAT [13]. We abandoned the same task
by executing sim4 and Spidey because the task was very time-consuming and
impossible to complete.

Table 3 presents the quality of each alignment by Squall and BLAT. ‘o’
indicates the exactly correct alignment is computed. ‘> means that positions of
one or two exons are incorrect, while ‘x’ indicates that more than two exons are
located incorrectly . ‘-’ implies that no alignments are calculated for the mRNA.
Table 4 summarizes the numbers of alignments in each quality category. Observe
that Squall is much superior to BLAT both in sensitivity and in accuracy.

4 Graphical Viewer

We here present a graphical viewer for browsing the intron and exon structures
resolved in our implementation. The viewer is available at

http://grl.gi.k.u-tokyo.ac.jp/.

This browser is called Gene Resource Locator viewer (GRL viewer, for short) [19]
and it shows the alignment of each EST in the genomic sequence with a user-
friendly interface. Figure 13, for instance, presents a group of ESTs mapped to
the same locus. Each thick line represents the alignment of one EST (an EST
alignment) in which the narrow yellow boxes are exons and the blue boxes are
introns. Note that alignments share some common exons. Some alternatively
spliced transcripts are also observed. The details of biological results discovered
by our software can be found in [19].
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Table 2. Size of chromosome and average execution time

Chr. Number|Number of bases| Average time to
in chromosome|align an EST (sec)

1 256,422,226 0.0044
2 241,269,072 0.0043
3 204,853,362 0.0042
4 191,388,243 0.0025
5 184,841,686 0.0031
6 178,317,572 0.0034
7 163,810,217 0.0035
8 145,730,583 0.0017
9 133,027,393 0.0017
10 142,094,324 0.0023
11 141,434,656 0.0021
12 139,632,178 0.0026
13 115,090,884 0.0010
14 106,469,138 0.0013
15 99,058,357 0.0011
16 93,800,608 0.0015
17 83,863,704 0.0019
18 81,800,002 0.0008
19 76,926,326 0.0020
20 62,963,852 0.0009
21 44,620,380 0.0004
22 47,848,586 0.0006
X 151,672,894 0.0029
Y 58,368,226 0.0002

5 Conclusion and Future Work

Our software Squall shows excellent speed and high precision, as described in
Section 3. Gene structures can be resolved faster and more precisely using this
algorithm than with other methods. In the field of medicine, there are many
instances in which a disease-related gene is known. The precise localization of
such genes will be possible in future by referring to the complete genetic map.
Moreover, the generation of precise genetic maps for many creatures is a pre-
requisite for inter- and intra-species genome comparisons. Our algorithm can be
used to generate genetic maps that combine the genomes and genes of various
species.
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Table 3. Quality of aligning 103 human mRNAs in HMR195 to the NCBI
human draft genome (Build 28) by using Squall and BLAT. ‘o’ indicates the
exacly correct alignment is computed for the mRNA. ‘> means that positions of
one or two exons are incorrect, while ‘x’ indicates that more than two exons are
located incorrectly . ‘-’ implies that no alignments are calculated for the mRNA.
The last column shows the chromosome number in which each mRNA is located

Acc numer|Squall| BLAT|Chr. Acc numer|Squall| BLAT|Chr.

AB016625 o X 5 U55058 o . 1 Acc numer [Squall|[ BLAT|Chr.
AF008216 o o 4 AF068624 o X X AF043105 o X 1
AF092047 o o 2 AF053069 o 11 AF065988 o o 12
AF096303 . . 11 AF032437 o 12 AF026564 . . Y
AF019563 o . 19 AF007876 o X 17 AF037438 o o X
AB012922 o X 11 AF051160 o . 6 AF028233 o 17
U25134 X X 16 AF022382 o X 1 ABO007546 o 5
U17081 o . 1 AF045999 o X 2 AF058293 o 22
AB021866 - - ? U53447 . o 4 AF055080 o o 15
AF039704 X X 11 AF009356 o X 1 AF037062 o - 12
AF082802 o X 19 AF019409 o X 11 AB009589 o - 9
AF039954 o . 17 AF015224 o . 11 AF047383 X X 1
AB018249 o . 17 AF042782 o o 17 U31468 o o 2
AF099731 o o 1 AF037207 - ? AF036329 o 20
AF099730 o o 1 AB016243 o 16 AF042084 o X 10
AF039401 . X 1 AF049259 o X 17 AF040714 o o 7
AF084941 o o 6 AB012668 - - 9 AF039307 o . 7
AF059675 o X 6 AF052572 . . 2 AF031237 o o 3
AF007189 o o T AF042001 o . 8 AF005058 X X 2
AF016898 o o 14 AF055475 o . X AF037372 o o 1
AF076214 - - ? AF055903 o X 11 D89060 o X 1
AB012113 o . 17 AF053630 o X 6 AF032455 o X 7
AB019534 o X 9 AF027148 o . 11 AB003730 o o 12
AF080237 o X 16 AB007828 o o 15 AB006987 o X 12
AF071596 o o 6 AF044311 - - ? AF015812 o X 17
U43842 o . 14 AF061327 o o 19 AF015954 . X 11
AF053455 - - ? AF059650 o X 5 D67013 . X 3
AF071216 o o 8 ABO010874 . 12 D38752 X o 10
AF058761 o o 19 AF071552 o o 8 D83956 o . 6
Y16791 . X 17 AF059734 o 3 AF016052 o 18
AB016492 o X 1 AF009962 o o 3 AB002059 o 22
AF001689 o o 17 AB013139 o X 8 AJ223321 o o 1
AF029081 o o 1 AF013711 o . 11 U76254 o o 4
U96846 o . 12 AF065396 o X 6 AF017115 o X 16
AF027152 o X 12 AF058762 o o 17

Table 4. Statistics of alignment quality in Table 3. For instance, the number of
exactly correct answers by Squall is 83 among 103 genes in HMR195

Quality|Squall BLAT
o 83 30

8 32

X 5 35

— 7 6

Fig. 13. GRL viewer
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Abstract. The rapid progress of computer and network technologies
makes it easy to collect and store a large amount of unstructured or semi-
structured texts such as Web pages, HTML /XML archives, E-mails, and
text files. These text data can be thought of large scale text databases,
and thus it becomes important to develop an efficient tools to discover
interesting knowledge from such text databases.

There are a large body of data mining researches to discover interesting
rules or patterns from well-structured data such as transaction databases
with boolean or numeric attributes [1,8,13]. However, it is difficult to
directly apply the traditional data mining technologies to text or semi-
structured data mentioned above since these text databases consist of
(i) heterogeneous and (ii) huge collections of (iii) un-structured or semi-
structured data. Therefore, there still have been a small number of stud-
ies on text mining, e.g., [4,5,12,17].

Our research goal is to devise an efficient semi-automatic tool that sup-
ports human discovery from large text databases. Therefore, we require
a fast pattern discovery algorithm that can work in time, e.g., O(n) to
O(nlogn), to respond in real time on an unstructured data set of total
size n. Furthermore, such an algorithm has to be robust in the sense that
it can work on a large amount of noisy and incomplete data without the
assumption of an unknown hypothesis class.

To achieve this goal, we adopt the framework of optimized pattern dis-
covery [11], also known as Agnostic PAC learning [10] in computational
learning theory. In optimized pattern discovery, an algorithm tries to find
a pattern from a hypothesis space that optimizes a given statistical mea-
sure, such as classification error [10], information entropy [11], and Gini
indez [6], to discriminate a set of interesting documents from a set of
uninteresting ones. In the recent developments in computational learn-
ing theory, it is shown that such an algorithm can approximate arbitrary
distributions on data within a given class of hypotheses very well in the
sense of classification accuracy [6,10].
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In this lecture, we present efficient and robust pattern discovery algo-
rithms for large unstructured and semi-structured data combining the
techniques from combinatorial pattern matching, computational geome-
try, and computational learning theory [2,3,9,16]. We then describe ap-
plications of our pattern discovery algorithms to interactive document
browsing, keyword discovery from Web and structure discovery from
XML archives. We also discuss applications of optimized pattern dis-
covery to information extraction from Web [14,15].
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Abstract. We present almost linear time (O(n-log|X|) time) O(log n)-
ratio approximation of minimal grammar-based compression of a given
string of length n over an alphabet X and O(k - logn) time transfor-
mation of LZ77 encoding of size k into a grammar-based encoding of
size O(k - logn). Computing exact size of the minimal grammar-based
compression is known to be N P-complete. The basic novel tool is the
AV L-grammar.

Keywords: LZ-compression, minimal grammar, AVL-tree, AVL-
grammar

1 Introduction

Text compression based on context free grammars, or equivalently, on
straight-line programs, has recently attracted much attention, see [1,8,9]
and [11,12,15,16]. The grammars give a more structured type of compression.
In a grammar-based compression a single text w of length n is generated by
a context-free grammar G. Assume we deal with grammars generating single
words. In the paper, using ideas similar to unwinding from [4] and balanced gram-
mars from [7], we show a logarithmic relation between LZ-factorizations and
minimal grammars. Recently, approximation ratios of several grammar-based
compression have been investigated by Lehman and Shelat in [12]. In this paper
we propose a new grammar-based compression algorithm based on Lempel-Ziv
factorization (denoted here by LZ), which is a version of LZ77-encoding [13].
For a string w of length n denote by LZ(w) the Lempel-Ziv factorization of w.
We show:

1. For each string w and its grammar-based compression G |LZ(w)| = O(|G]);
2. Given LZ(w), a grammar-based compression G’ for w can be efficiently
constaruted with |G’| = O(log |w| - |LZ(w)]).

This gives log n-ratio approximation of minimal grammar-based compression,
since LZ-factorization can be computed effciently [3]. The grammar-based type

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 20-31, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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of compression is more convenient than LZ-compression, especially in com-
pressed and fully compressed pattern-matching. For simplicity assume that the
grammars are in Chomsky normal form. The size of the grammar G, denoted
by |G|, is the number of productions (rules), or equivalently the number of non-
terminals of a grammar G in Chomsky normal form. Grammar compression is
essentially equivalent to straight-line programs. A grammar (straight-line pro-
gram) is a sequence of assignment statements:
Xy = expry; Xo = expry;...; Xy = expr,,,

where X; are nonterminals and expr; is a single (terminal) symbol, or ezpr;
= X;- X, for some j,k < i, where - denotes the concatenation of X; and Xj.
For each nonterminal X;, denote by val(X;) the value of X;, it is the string
described by X;. The string described by the whole straight-line program is
val(X,,). The size of the straight-line program is m.

— N\

/XS\ /X /( /
/X4 4 4
AN A X \ AN\
X2 X1 X‘Z )‘(2 X1 X2 X1 X2

X5

/N
X1 X2 )‘(2 X1
| _— | |
2‘1 ‘t‘) a a l‘) a l‘) a a t‘) a a b

Fig. 1. Tree(Gr): the parse-tree of G7. It is a binary tree: we assume that
the nonterminals generating single terminal symbols are identified with these
symbols. We have: val(G7) = Fib; = abaababaabaab

The problem of finding the smallest size grammar (or equivalently, straight line
program) generating a given text is N P-complete. Hence there is an interest in
polynomial-time approximation algorithms. We consider the following problem:
(approximation of grammar-based compression)

Instance: given a text w of length n,
Question: construct in polynomial time a grammar G such that val(G) = w
and the ratio between |G| and the size of the minimal grammar for w is small.

Example 1. Let us consider the following grammar G which describes the 7th
Fibonacci word Fib; = abaababaabaab. We have |G7| = 7. This is the smallest
size grammar in Chomsky normal form for Fib;. However the general test for
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grammar minimality is computationally hard.

X7 = X6-X5; Xo = X5-Xy; X5 = Xy X35
Xy = X3-Xo9; X3 = Xo-Xy;
X5 =a; X1 =0

If A is a nonterminal of a grammar G then we sometimes identify A with the
grammar GG with the starting nonterminal replaced by A, all useless unreachable
nonterminals being removed. In the parse tree for a grammar with the starting
nonterminal A we can also sometimes informally identify A with the root of the
parse tree.

2 LZ-Factorizations and Grammar-Based Factorizations

We consider a similar version of the LZ77 compression algorithm without self-
referencing as one used in [1] (where it is called LZ1). Intuitively, LZ algorithm
compresses the input word because it is able to discover some repeated subwords,
see [3]. The Lempel-Ziv code defines a natural factorization of the encoded word
into subwords which correspond to intervals in the code. The subwords are called
factors. Assume that X is an underlying alphabet and let w be a string over
J). The LZ-factorization of w is given by a decomposition: w = f1 - fo - - f,
where f; = w[1] and for each 1 <14 < k, f; is the longest prefix of f; ... fr which
occurs in f1... fi—1.

We can identify each f; with an interval [p, ¢], such that f; = w[p...q] and
q <|fi...fiz1]- We identify LZ-factorization with LZ(w). Its size if the number
of factors.
For a grammar G generating w we define the parse-tree Tree(G) of w as a deriva-
tion tree of w, in this tree we identify (conceptually) terminal symbols with their
parents, in this way every internal node has exactly two sons, see Figure 1. Define
the partial parse-tree, denoted PTree(G) as a maximal subtree of Tree(G) such
that for each internal node there is no node to the left having the same label. We
define also the grammar factorization, denoted by G-factorization, of w, as a se-
quence of subwords generated by consecutive bottom nonterminals of PTree(G),
these nonterminals are enclosed by rectangles in Figure 2. Alternatively we can
define G-factorization as follows: w is scanned from left to right, each time tak-
ing as next G-factor the longest unscanned prefix which is generated by a single
nonterminal which has already occurred to the left or a single letter if there is no
such nonterminal. The factors of LZ- and G-factorizations are called LZ-factors
and G-factors, respectively.

Example 2. The LZ-factorization of the 7-th Fibonacci word F'ib7 is given by:

abaababaabaab = f1 fo fs fa fs f6 = a b a aba baaba ab
The Gr-factorization is:

abaababaabaab = g1 g2 g3 94 g5 g¢ = a b a ab aba abaab
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Fig. 2. PTree(Gz7), LZ-factorization (shaded one) is shown below G7 factoriza-
tion of F'ib7;. The number of LZ-factors does not exceed the number of grammar-
based factors

Lemma 1. Let G be a context free grammar in Chomsky normal form generat-
ing a single string w. Let g be the number of G-factors of w, then |G| > g.

Proof. The nonterminals corresponding to G-factors do not need to be distinct,
however all internal nodes of the tree PTree(G) have different nonterminal la-
bels, so there are at least g — 1 internal nodes in this tree which correspond
to nonterminals. Additionally there should be at least one nonterminal which
production is of the type A — a. Altogether there are at least ¢ different non-
terminals.

Theorem 1.
For each string w and its grammar-based compression G |LZ(w)| < |G]|.

Proof. The number of LZ-factors is not greater than the number of G-factors.
This follows from the intuitively obvious fact that L-factorization is more greedy
than G-factorization. Let fi fa... fr be LZ-factorization and ¢1¢s . . . g, be the G-
factorization of w, then we can prove by induction on 4 that for each ¢ < min(k,r)
we have:

lg192 .. gil < |fifa... fil.

Hence if r < k then |[g1g92...9-] < |fife...fr] and fifo...fr = w,
since ¢1gs - .. g, = w. Consequently k < r. This completes the proof.
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3 Efficient Concatenation of AVL-Grammars

We introduce new type of grammars: AV L-grammars. They correspond natu-
rally to AV L-trees. The first use of of a different type balanced grammars has
appeared in [7]. AVL-trees are usually used in the context of binary search trees,
here we use them in the context of storing in the leaves the consecutive symbols
of the input string w. The basic operation is the concatenation of sequences of
leaves of two trees. We use the standard AV L-trees, for each node v the balance
of v, denoted bal(v) is the difference between the height of the left and right sub-
trees of the subtree of T rooted at v. T'is AVL-balanced iff |bal(v)| < 1 for each
node v. We say that a grammar G is AVL-balanced if Tree(G) is AVL-balanced.
Denote by height(G) the height of Tree(G) and by height(A) the height of the
parse tree with the root labeled by a nonterminal A. The following fact is a
consequence of a similar fact for AVL-trees, see [10].

Lemma 2.
If the grammar G is AVL-balanced and |val(G)| = n then height(G) = O(logn).

In case of AVL-balanced grammars in each nonterminal A additional information
about the balance of A is kept: bal(A) is the balance of the node corresponding
to A in the tree Tree(G). We do not define the balance of nodes corresponding
to terminal symbols, they are identified with their fathers: nonterminals gen-
erating single symbols. Such nonterminals are leaves of Tree(G), for each such
nonterminal B we define bal(B) = 0.

Example 4. Let us consider G = G7 and look at the tree in Figure 1. Only non-
terminal nodes are considered. bal(X7) = bal(X2) = bal(X3) = 0 and bal(X4) =
...bal(X7) = +1. Hence the grammar G7 for the 7th Fibonacci word is AVL-
balanced.

Lemma 3. Assume A, B are two nonterminals of AVL-balanced grammars.
Then we can construct in O(|height(A) — height(B)|) time a AVL-balanced
grammar G = Concat(A, B), where val(G) = val(A) - val(B), by adding only
O(|height(A) — height(B)|) nonterminals.

Proof. We refer to the 3rd volume of Knuth’s book, page.474, see [10], for the
description of the concatenation algorithm for two AVL-balanced trees T'1, T2
with roots A and B. Our AV L-trees contain keys (symbols) only in leaves, so to
concatenate two trees we do not need to delete the root of one of them (implying
a costly restructuring), see [10]. Assume that height(T1) > height(T2), other
case is symmetric. We follow the rightmost branch of 71, the heights of nodes
decrease each time at most by 2. Then we stope at a node v such that height(v)—
height(T2) € {1,0}. We create a new node ', its father is the father of v and
its sons are v, root(T2), see Figure 3.

The resulting tree can be unbalanced (by at most 2) on the rightmost branch.
Suitable rotations are to be done, see Figure 4. The concatenating algorithm for
AV L-trees can be applied to the parse-trees and automatically extended to the
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first step of Concat

Fig. 3. The first step of Concat(A, B). The edge (w, v) is split into (w,v"), (v/,v),
where height(v) = height(B) or height(v) = height(B) + 1. The node v’ is a
newly created node. The corresponding grammar productions are added

case of AV L-grammars. The real parse-tree could be even of an exponential size,
however what we need is only its rightmost or leftmost branch, which can be
recovered from the grammar going top-down.

There is one more technical detail distinguishing it from the concatenation
of trees. It can happen that only a constant number of rotations have been done,
which is reflected by an introduction of several new productions of the grammar,
see Figure 4. However this would imply creating copies of old terminals on the
path from v’ to the root, due to the change of subtrees rooted at v. However
the number of affected nonterminals is only O(|height(A) — height(B)|). If we
change production rule for a nonterminal in T'ree(G) we should do it on its newly
created copy, since this nonterminal can occur in other places, and we cannot
affect other parts of the tree. Possibly the structure of the tree is changed in one
place at the bottom of the rightmost path. However for all nodes on this path the
corresponding nonterminals have to change names to new ones, since sequences
of leaves in their subtrees have changed (by a single symbol). The rebalancing
has to be done only on the rightmost branch bottom-up starting at v. The part
of this branch is of length O(|height(A) — height(B)]).

4 Construction of Small Grammar-Based Compression

Assume we have an LZ-factorization fifs...fr of w. We convert it into a
grammar whose size increases by a logarithmic factor. Assume we have LZ-
factorization w = fifa... fr and we have already constructed good (AVL-
balanced and of size O(i-logn)) grammar G for the prefix f1fo... fi—1. If f;is a
terminal symbol generated by a nonterminal A then we set G := Concat(G, A).
Otherwise we locate the segment corresponding to f; in the prefix fifo... fi_1.
Due to the fact that GG is balanced we can find a logarithmic number of nonter-
minals Sy, Sa,...S8;;) of G such that f; = wval(S1)-val(S2) - ...val(Sy)), see
Figure 5. The sequence S, S2,... 5, is called the grammar decomposition of
the factor f;.
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the first case: height(E) > height(C)
height(D)=height(B)+2

D
E

rotationl

the second case
D height(D)=height(B)+2
E

rotation2

Fig. 4. All nodes are well balanced except the root A, which is overbalanced
to the right. There are two cases. A single rotation in Tree(G) corresponds to
a local change of constant number of productions and creation of some new
nonterminals. The root becoms balanced, but its father or some node upwards
can be still unbalanced and the processing goes up

grammar decomposition of the factor
Sp) S3 S4 Sj5

AAAA

earlier occurrence of lf

Fig. 5. The next factor f; is split into segments corresponding to nonterminals
occurring to the left. There are O(logn) segments since the height of the parse-
tree is O(logn). Observe that height(S1) < height(S — 2) < height(S3) >
height(S4) > height(S5). The sequence of heights of subtree Sy, S, ... 8 is
bitonic
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We concatenate the parts of the grammar corresponding to this nonterminals
with G, using the operation C'oncat mentioned in Lemma 3. Assume the first
| 2| nonterminals corresponds to letters of the alphabet, so they exist at the
beginning. We initialize G to the grammar generating the first symbol of w and
containing all nonterminals for terminal symbols, they don’t need to be initially
connected to the string symbol. The algorithm starts with the computation of
LZ-factorization, this can be done using suffix trees in O(nlog|X]) time, see [3].
If LZ-factorization is too large (exceeds n/logn) then we neglect it and write
a trivial grammar of size n generating a given string. Otherwise we have only
k < n-logn factors, they are processed from left to right. We perform :

ALGORITHM Construct-Grammar(w); {|w| = n}
compute LZ factorization fifsafs... fx
{in O(nlog|X|) time , using suffix trees}

if k> n/log(n) then return trivial O(n) size grammar

else

for i =1to k do
(1) Let S1,S5,...,8;; be grammar decomposition of f;;
(2) H := Concat(S1,S2,...,5));
(3) G:=Concat(G, H);

return G;

Due to Lemma 3 we have ¢(i) = O(logn), so the number of two-arguments con-
catenations needed to implement single step (2) is O(logn), each of them adding
O(log n) nonterminals. Steps (1) and (3) can be done in O(logn) time, since the
height of the grammar is logarithmic. Hence the algorithm gives O(log?(n)-ratio
approximation.

At the cost of slightly more complicated implementation of step (2) log® n-
ratio can be improved to a logn-ratio approximation. The key observation is
that the sequence of heights of subtrees corresponding to segments S; of next
LZ-factor is bitonic, see Figure 5. We can split this sequence into two sub-
sequences: height-nondecreasing sequencei R;, Rs, ... Ry, called right-sided, and
height-nonincreasing sequence Lq, Lo, ... L,., called left-sided. We can save a log-
arithmic factor due to the following fact.

Lemma 4. Assume Ri, Rs,... Ry is a right-sided sequence, and G; is the
AV L-grammar which results by concatenating R1, Rs, ... R; from left-to-right.
Then

|height(R;) — height(Gi—1)] < max {(height(R;) — height(R;—1), 1}

Proof. We use the following obvious fact holding for any two nonterminals A, B.
Denote h = max{height(A), height(B)}, then we have:

h < height(Concat(A,B)) < h+1 (1)



28 Wojciech Rytter

Fig.6. An example of the grammar decomposition of the next factor f; into a
sequence of right-sided and a sequence of left-sided subtrees: R1 - R2- R3 - R4 -
R5-L4-L3-L2- L1 The right-sided sequence of subtrees is R1, R2,... R5

Let u; be the father of the node corresponding to R;, see Figure 6. We show:
Claim. height(G;) < height(u;).
The proof of the claim is by induction. For ¢ = 1 we have G; = R;. In this

case height(ui) = height(Ry) + 1 > height(G1). Assume the claim holds for
i — 1: height(G;—1) < height(u;—1). There are two possibilities.

Case 1. height(G;—1) < height(R;).
Then, according to Equation 4: height(G;) < height(G;—1 + 1, and due to
the inductive assumption height(G;) < height(u;—1) + 1 < height(u;).
Case 2. height(G;—1) < height(R;).
Then, again using Equation 4, height(G;) < height(R;) + 1 < height(u;).

This completes the proof of the claim. We go now to the main part of the proof
of the lemma.
If height(G;_1) > height(R;) then
|height(R;) — height(Gi-1))| = height(Gi—1) — height(R;)
< height(u;—1 — height(R;) < 1.
The last inequality follows from the AV L-property.

If height(G;—1) < height(R;) then
\height(R;) — height(Gi_1)| = height(R;) — height(G;_1)
< height(R;) — height(R;—1),
since height(G;—1) > height(R;_1). This completes the proof.

Theorem 2. We can construct in a O(nlog|X|) time a O(logn)-ratio approz-
imation of a minimal grammar-based compression.
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Given LZ-factorization of length k we can construct a corresponding grammar
of size O(klogn) in time O(klogn) .

Proof. The next factor f; is decomposed into segments S1,S2,... Sy ). It is
enough to show that we can create in O(logn) time an AVL-grammar for the

concatenation of Sy, S, ..., 5;;) by adding only O(log n) nonterminals and pro-
ductions to G, assuming that the grammrs for S1,Ss, ..., S, ;) are available.
The sequence (S, 52, ..., S consists of a right-sided sequence and left-

sided sequence. The grammars H’, H” corresponding to these sequences are
computed (by adding logarithmically many nonterminals to G), due to Lemma 4.
Then H', H” are concatenated. Assume R1, Ra,... Ry are right-sided subtrees.
Then the total work and number of extra nonterminals needed to concate-
nate Rq, Ro,... R can be estimated as follows:

k k
> |height(R;) — height(Gi—1)| < > max {height(R;) — height(R;_1), 1}
1=2 1=2
k k
< Z(height(Ri) — height(Ri—1)) + Z 1 < height(R;)+k = O(logn).
1=2 1=2

The same applies to the left-sided sequence in a symmetric way. Altogether
processing each factor f; enlarges the grammar by an O(logn) additive factor
and needs O(logn) time. If our goal is log n-ratio then we consider only the case
when the number k of factors is O(n/logn). If LZ-factorization is computed
(O(nlog |X|) time using suffix trees, or O(n) time for integer alphabets, see [0])),
then the total time and the size of the output grammar is O(k logn).

5 Final Remarks

The main result is log n-ratio approximation of a minimal grammar-based com-
pression. However the transformation of LZ-encodings into grammars is of the
same importance (or maybe even more important). The grammars are easier to
deal than LZ-encodings, particularly in compressed pattern-matching, see [4].
Our method leads to an simpler alternative algorithm for LZ77-compressed
pattern-matching. Another useful feature of our grammars is their logarithmic
height. We can take any grammar G (straight-line program) generating a single
text and produce the G-factorization. Then we can transform it into a balanced
grammar in the same way as it is done for LZ-factorization. This gives an al-
terantive algorithm for balancing grammars and straight line programs, it has
been originally done using the methods from parallel tree contraction.

Theorem 3. Assume G is a grammr (straight-line program) of size k generating
a single string of size n. Then we can construct in O(klogn) time an equivalent
grammar of height O(logn).
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Assume we have a grammar-compressed pattern and a text, where my, ms are
the sizes of their compressed versions. In [14] an improved algorithm for fully
compressed pattern-matching algorithm has been given, which works in time
O(mq-ma-hy-ha), where hy, h2 are the heights of corresponding grammars. We
can use AV L-grammar together with the algorithm from [14] to texts which are
polynomially related to their compressed versions. This gives an improvement
upon the result of [5] for LZ fully compressed matching in case when encodings
are polynomially related to explicit texts (which is a typical case). Let notation
O(g(k)) stand for O(g(k)log®(k)), where ¢ is a constant.

Theorem 4. Given LZ-encodings of sizes m1 and me of the pattern P and a
text T respectively. Assume that the original texts are polynomially related to
their compressed versions. Then we can do fully compressed pattern-matching in
time O(my - ma).

Grammar compression can be also considered for two-dimensional texts, but this
case is much more complicated, see [2].
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Abstract. To bound memory consumption, most compression systems provide
a facility that controls the amount of data that may be processed at once. In this
work we consider the RE-PAIR mechanism of Larsson and Moffat [2000], which
processes large messages as disjoint blocks. We show that the blocks emitted by
RE-PAIR can be post-processed to yield further savings, and describe techniques
that allow files of 500 MB or more to be compressed in a holistic manner using
less than that much main memory. The block merging process we describe has
the additional advantage of allowing new text to be appended to the end of the
compressed file.

1 Introduction

Dictionary-based compression techniques offer fast decoding rates and compression ra-
tios close to those obtained by the best context-based schemes. Dictionary-based models
can be broadly categorized as either on-line (adaptive), or oft-line (semi-static).

On-line mechanisms process the input text incrementally, continually updating the
dictionary during compression, without having to explicitly send it to the receiver. On
the other hand, an off-line model is presented with the entire text at once and uses it
to build an explicit dictionary. The dictionary and the compressed document, which is
composed of indices into the dictionary, are thus two separate entities; and can be trans-
mitted separately to the receiver. Decompression requires the decoding of the dictionary
and then a symbol-by-symbol look up of each index into the dictionary.

To bound memory consumption, most compression systems provide a facility that
controls the amount of data that may be processed at once. Some systems allow a
command-line argument that stipulates (in megabytes) the amount of memory that may
be used. Others, such as BZIP2 [Seward and Gailly, 1999], limit the amount of memory
used by partitioning the document into blocks and compressing each block indepen-
dently. Then, the memory space used depends on the block size.

In a block-based off-line system, each block contains everything that is required to
decode that block, with no reliance on other blocks. However, as each block is seg-
mented arbitrarily from what is often a homogeneous original text, it is clear that some
overlap in information must occur, particularly in the dictionary of each compressed
block. This overlap results in a loss of compression effectiveness.

In this paper we describe a mechanism to merge the compressed blocks produced
by the off-line dictionary-based algorithm RE-PAIR [Larsson and Moffat, 2000]. We

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 3241, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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seek to achieve two objectives: a reduction in the amount of memory used during com-
pression; and the creation of a single dictionary for up to a gigabyte of text so that the
underlying document can be easily browsed and searched.

RE-PAIR recursively replaces all instances of the most frequently occurring pair of
adjacent symbols in the original text with a new symbol, so that each set of replacements
reduces the message length by at least one. This replacement process is repeated until no
pair of adjacent symbols occurs more than once in the reduced message. Two products
are created during the replacement: a dictionary of phrases; and the reduced message
sequence, which can be thought of as a start rule for a grammar.

The original document is assumed to be composed of primitives. We assume here
that the primitives are the ASCII characters, but note that any set could be used. Each
iteration of the recursive pairing process introduces a new phrase into the dictionary,
or phrase hierarchy. Collectively, the primitives and phrases are called symbols. Each
phrase in the phrase hierarchy is the concatenation of two symbols.

Every symbol has a generation associated with it. As a basis for the generations, all
primitives are assigned to generation zero. Each phrase is then assigned to a generation
one greater than the higher generation of its constituent symbols. Larsson and Moffat
[2000] show that the phrase hierarchy can be stored compactly if it is sorted in increas-
ing generation order, mapped to integers by a device they call the chiastic slide, and
then encoded using interpolative coding [Moftat and Turpin, 2002].

The reduced message (or sequence) is a list of integer symbol numbers. It can be
encoded using any coder, such as a minimum-redundancy coder or an arithmetic coder
[Moffat and Turpin, 2002].

2 Block Merging

Larsson and Moffat [2000] describe structures that allow RE-PAIR to execute in time
and space linear in the length of the original text. But the constant factor on memory
space is relatively large, and when the primitives are characters, as much as 5n words of
memory can be required to process a message of n bytes. In practical terms, this means
that to process a message of (say) 500 MB, around 10 GB of random-access memory is
required, a non-trivial amount even by today’s standards.

One obvious work-around to this problem is to process the source text in fixed-
length blocks, with the block size determined by the available memory. Each block
is then compressed independently, and the compressed representations concatenated.
Compared to a holistic approach, compression effectiveness is sacrificed: many of the
phrases appear in the hierarchy of more than one block; and phrases that repeat at in-
frequent intervals may never be recognized.

The purpose of block merging is to regain some or all of that lost effectiveness.
The process, dubbed RE-MERGE, combines two blocks at a time. A complete pass thus
halves the number of blocks, and a compressed message of b blocks is reduced to a
single block in [log b] passes. Each pair of blocks is merged in two separate steps. In
the first step, the union of the two phrase hierarchies is formed. In the second step, the
new phrase hierarchy is used to renumber the concatenated sequence, so that it refers to
the common phrase hierarchy.
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There are several possibilities in carrying out the second step. The simplest, which
we call Phase 1 operation, simply maps each symbol number to its replacement, so
that the combined length of the merged sequence is exactly the sum of the two separate
sequences. Phase 2 operation seeks to rationalize the concatenated sequence produced
by Phase 1 by searching for symbol pairs in the concatenated sequence that now ex-
ist in the combined phrase hierarchy. Two different ways of accomplishing this exist,
corresponding loosely to a greedy approach versus a globally optimal approach. After
Phase 2, repeated symbol pairs may exist in the merged sequence which do not appear
in the phrase hierarchy. Phase 3 addresses this problem by re-scanning the concatenated
sequence to search for new candidates for replacement.

These three phases are described in this section. The number of phrases in a phrase
hierarchy P is denoted as |P|. Likewise, the number of symbols in a sequence S is
denoted as |.S|. We use « and 3 to represent symbols.

2.1 Phase 1: Combining Phrase Hierarchies

P, P, P As the first step of block merging, the
union of two phrase hierarchies P, and
P> must be formed. By removing du-
plicate phrases, we expect to produce
a phrase hierarchy P’ which is bigger
than each of P, and P», but smaller than
their sum: max{|Py|, |P|} < |P'| <
|P1| + [Pl

To find duplicates, both phrase hi-
Fig.1. Merging phrase hierarchies P1 and P erarchies are fully expanded to form the
to form P’. Each phrase’s generation appears to underlying sets of strings. Sorting the
its right. In each of the three phrase hierarchies, strings then brings together the pairs of
phrases O.to 4 map to the primitives c, e, i, n, and duplicates. When duplicate strings are
z, respectively found, the one with the lower genera-

tion is retained in P’, and the other is
discarded. Any subsequent phrases constructed from a removed phrase must refer to
the one that will be in P’, producing a ripple effect that causes phrases to tend to move
to lower generations.

An example of phrase hierarchy merging is shown in Figure 1. Duplicate phrases
within the same generation are removed from P’ (phrase 5 in P). The removal of
phrase 7 in P, causes phrase 8 in P to move to the third generation of the new phrase
hierarchy (phrase 10 in P’).

After merging the phrase hierarchies, their respective sequences (S; and Sz) are
concatenated and renumbered into a single sequence, S’.

5—zi 1 5—en 1 5—uz 1
6—en 1 6—enz 2 6—en 1
7—enzi2 7—enzi 3 7—enz 2
8 —zien2 8 —zenzid4d 8 —enzi 2
9 — zien 2
10 — zenzi 3

2.2 Phase 2: Identifying Old Phrases

During the sequence renumbering process, pairs of symbols might be encountered
which correspond to a phrase in P’. For example, the adjacent symbols a3 may oc-
cur only once in S7, but multiple times in the sequence that led to So, in which case
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the combination o3 appears in P’ as a consequence of its inclusion in P,. When S is
being renumbered, o3 can be identified and replaced.

Old phrases can be identified in a number of different ways. A simple way is to pair
each symbol with its predecessor in the sequence, and search for it in a table of phrases.
If a match is found, then the replacement is made. The new symbol is then paired up
with its preceding symbol, and a further pair of symbols searched for. This repeats until
no replacement is found, at which point we move to the next symbol in the sequence.
We denote this method of rationalizing a concatenated sequence as Phase 2a.

The replacements made by phase 2a may not be optimal, as a substitution made im-
mediately may prohibit a replacement later that would have offered a shorter overall se-
quence. The alternative, Phase 2b, also identifies old phrases, but in an optimal manner.
To achieve this, the source text is completely decompressed, and then re-compressed
with reference solely to the static phrase hierarchy P’, without consideration of the
segmentation into phrases that was indicated by the earlier RE-PAIR process.

Phase 2b was described by Katajainen and Raita [1989] and by Klein [1997], and
involves a reduction to the task of determining a shortest path in a directed acyclic
graph (DAG). Each primitive in the document source text is placed in a node in the
DAG, and linked to its successor by an edge. An additional edge is created from the
final primitive of the text to a special sink node. That is, for a text of n primitives, the
DAG contains n + 1 nodes, and n one-step edges. In addition, each subsequence of
primitives that corresponds to any phrase in the hierarchy gives rise to a further directed
edge, from the first node of the subsequence to the successor node of the last primitive
in the subsequence. The least number of edges traversed from the first node of the DAG
to the sink node represents the shortest parsing of S’ using P’.

To allow efficient construction of the DAG, the phrase hierarchy is processed into
a search structure. Each entry stores a string from the phrase hierarchy, and also notes
the longest prefix phrase for that string, where phrase (3 is the longest prefix phrase
for phrase « if and only if it is both a prefix of «, and there is no other phrase in the
hierarchy that is a prefix of « and is longer than 3. The longest prefix phrase of each
of the primitives is the empty string. As a consequence of the phrase hierarchy being
constructed by RE-PAIR, every non-primitive has at least one prefix that is also in the
phrase hierarchy — its left component. However, there might be a longer phrase that can
serve this role.

When the DAG is complete, each node contains edges representing phrases in the
phrase hierarchy that start from that node. Every node will have at least one edge coming
from it — the edge representing the primitive symbol of length one. Similarly, every node
has at least one edge entering it. Breadth-first search is used to find the shortest path,
which runs in time linear to the number of edges.

The amount of memory used can be bounded through the use of synchronization
points (also known as choke points, or cut vertices). Figure 2 shows the DAG con-
structed for a string “zizenzi” using the phrase hierarchy {c, e, en, enz, enzi, i, n, z,
zenzi, zi, zien}. There are no edges that bypass the third primitive (the second “z”). If
we were to take a pair of scissors and cut the DAG at that point, no edges would be
severed. Hence, every path from the first primitive to the sink node in this graph must
pass through that second “z”, including the shortest path. We can process this graph
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as two disjoint segments — first, by finding the best way to construct “zi”’; and then,
as an independent exercise, by finding an optimal representation for “zenzi”. That is,
once a synchronization point is reached, the segment which it ends can be processed
to determine an optimal representation with respect to the phrase hierarchy, and that
representation written to disk.

Synchronization points tend to be
| /\ common, and the DAG segments rel-
T atively small. The length of each seg-

z—=i—=zZ—=e—+=n—=2z—=1—=  mentdepends on the message and the
~_ W contents of the phrase hierarchy. In
! our experiments on 509 MB of news-
paper text, we found that the distance
between synchronization points is, on
average, approximately 20 characters.
This is rather more than the 1.46 characters reported by Katajainen and Raita [1989],
but our test file is several magnitudes larger than the 43 kB they used, and our dic-
tionary similarly bigger. Katajainen and Raita use phrases of up to 8 characters; our
RE-PAIR/RE-MERGE hierarchy generated a longest phrase of 4,970 characters and an
average phrase coverage of 21.5 primitives.

Fig. 2. Possible parsings of the phrase “zizenzi”

2.3 Phase 3: Identifying New Phrases

After merging the phrase hierarchy and the sequence, it is possible that a pair of symbols
a3 exists twice in S’, but only once in sequence S; and once in sequence S3. No
phrase would have been formed to replace o3, but after merging has completed, it can
be replaced. We call this phase “identifying new phrases”, which can be performed by
applying RE-PAIR to S’. But, while S’ is smaller than the original message, it is still
too large to be handled as a single RE-PAIR block.

Instead, we relax the RE-PAIR requirements, and instead of searching for all pos-
sible pair replacements, and carefully processing them in decreasing frequency order,
we look for any possible repeated pairs, and replace them in an arbitrary order. While
the distinction between these two is small, it allows a considerable saving in memory
space. Phase 3 proceeds as follows.

Suppose that the merged sequence S’ contains n symbols. A bit-vector B of 8n
bits (n bytes) is used to probabilistically note which of the n — 1 possible pairs in S’
reappear. Each pair a3 of adjacent symbols in S’ is hashed to three locations in B
using three independent hashing functions. If any of the three bits is off, then o has
not appeared previously. In this case, the three indicated bits are all set to one, and
processing continues with the next pair. On the other hand, if all three bits are on, then
a3 may have appeared previously in S’. In this case we add a3 to a list L of possible
replacements, and continue.

At the end of this first step, L contains every pair that repeats, and a number of false
duplicates that do not, and were included only because of the probabilistic nature of
the filter used to create L. Array L is then ordered, so that it can be searched, and a
second sequential pass made through S’. In this pass, the frequency of all pairs in L is
accumulated. Every pair in L has frequency at least 1, and some will have a frequency
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greater than 1. At the end of this second step, L is purged so that only the pairs with
frequency greater than 1 are retained. These are the true duplicates.

A third pass is then made through S’, checking each pair in S’ for membership in
the purged L. Each pair that remains in L should be replaced by a new symbol, sub-
ject to some slight complications caused by possible overlapping pairs. Because S is
processed sequentially, pairs will not be replaced in decreasing frequency order. But
because S’ was already created through the use of RE-PAIR, the repetitions being ex-
tracted in phase 3 are either unimportant, or very long, and it is unlikely that any high
frequency repetitions occur. Hence, the difference between this final approximate pro-
cess and a genuine monolithic application of RE-PAIR should be small.

Memory space is dominated by B, which requires n bytes, and L, which records
symbol pairs. The size of L is determined by the number of duplicates, false and true,
that appear in S”. The number of true matches is determined by the nature of S, but is
expected to be small when reasonably-sized initial RE-PAIR blocks are used.

The number of false duplicates can be estimated as a function of n. The probability
of any particular bit in B remaining off after 3n bits in B are randomly selected and
turned on is (1 — 1/8n)3". The probability that a random selection of three bits in B

are all on is thus given by
3n 3
1
8n

Furthermore, this is the largest the false duplicate probability gets, as 3n bits can have
been set only at the end of the processing of S’. Numerically, taking n = 50 x 106 (that
is, assuming an average phrase length of 20 symbols when processing a gigabyte of text)
this expression gives a false match probability of a little over 3%. Multiplying by n, and
allowing for the fact that each entry of L requires 8 bytes to store two symbol numbers,
gives a false duplicate cost of approximately 0.25n bytes. It seems rather unlikely that
true duplicates could add more than (say) another 0.05n bytes to the size of L.

Our analysis presumed that B contains 8n bits, and that 3 bits are checked and then
set for each pair in S’. A more detailed analysis than is possible here shows that when
the objective is to minimize the combined space required by B and L, these choices are
a good combination. In total, approximately 1.3n bytes are required, or around 70 MB
for the hypothetical problem involving n = |S’| = 50 x 10%. No memory space is
required for S” — it is processed sequentially, and can be read the necessary three times
from disk.

Note that there is also a small probability that the pair replacements performed
by phase 3 might lead to further follow-on replacements being possible. If necessary,
phase 3 can be iterated until a fixed point is reached, in a manner similar to the process-
ing mechanism of the RAY system described by Cannane and Williams [2001].

3 Coding the Sequence

The relationship between RE-PAIR and the various phases of RE-MERGE is shown in
Figure 3. After phase 3, an entropy coder is used to encode the sequence. The entropy
coder can also be applied to the sequence produced by RE-PAIR or any phase of RE-
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Fig. 3. An overview of how RE-MERGE’s three phases interact with each other

MERGE. The entropy coder used in our investigation is SINT, a structured arithmetic
coder [Moffat and Turpin, 2002] and generally yields the best compression that might be
achieved from the RE-PAIR/RE-MERGE combination. It provides compression close to
the self-information of the sequence, and is also sensitive to localized variations in sym-
bol frequency, especially if there is a correlation between symbol identifier and symbol
probability. Unlike RE-PAIR, SINT does have the drawback of being incremental, and
not permitting random-access inspection of the compressed file.

To summarize the effect of the merging options provided by RE-MERGE, experi-
ments were undertaken on the 509 MB collection of newspaper articles mentioned ear-
lier. The English articles are drawn from the Wall Street Journal (WSJ) and embedded
with SGML markup. The experimental machine was a 933 MHz Pentium III with 1 GB
RAM and 256 kB on-die cache. Table 1 shows the compression performance of RE-
PAIR with RE-MERGE.

Table 1. Compression ratios (bits per character, relative to the source file) of the phrase hierarchy
and the sequence for WSJ after the three RE-MERGE phases

RE-PAIR  RE-MERGE Level
only 1 2a 2b 3
phrase hierarchy  0.223  0.064 0.064 0.064 0.146
sequence 1.640 1.645 1.562 1.556 1.466
total 1.863 1.709 1.626 1.620 1.611

In Table 1, the column “RE-PAIR only” shows the compression attained by RE-
PAIR alone on WSJ as a sequence of 51 blocks, each 10 MB. The cost of storing the
phrases is relatively high, because there are 51 separate hierarchies. Phase 1 signifi-
cantly reduces this cost, a saving that is retained when phase 2 is applied. Phase 2b
provides slightly better compression effectiveness than phase 2a, but at considerably in-
creased execution cost (detailed shortly). Finally, phase 3 provides a further minute gain
in compression effectiveness, but at the cost of a considerably larger phrase hierarchy —
many additional phrases are identified, but each occurs only a few times. As mentioned
earlier, context-based schemes tend to offer better compression than dictionary-based
schemes. One of these systems, PPM [Moffat and Turpin, 2002], compressed WSJ to
1.60 bits per character using a sixth order model and 255 MB of memory.
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Table 2. Time to encode and decode 509 MB of text, in CPU seconds. Two composite systems
are compared, indicating the tension between execution time and compression ratio. As a refer-
ence point, while BZIP2 [Seward and Gailly, 1999] uses only a fraction of the memory used by
RE-PAIR/ RE-MERGE, it does partition the input text into blocks and shows how fast a well-
engineered compression system can run. BZIP2 requires 456 seconds to encode and 162 seconds
to decode the same file

Best Best
efficiency effectiveness

RE-PAIR (51 blocks) 1607 1607
phase 1 (6 iterations) 560 560
phase 2a 381 -
phase 2b - 4160
phase 3 - 1735
entropy coding 38 260
total encoding time 2586 8322
entropy decoding 5 333
phrase substitution 52 60
total decoding time 57 393

Table 2 shows execution times, summarized in two different ways: one biased in
favor of fast execution using the RE-VIEW coder [Moffat and Wan, 2001]; and one
aimed at obtaining the greatest compression effectiveness using the SINT coder. The
RE-VIEW coder is a two-byte-aligned coder that is used to encode the sequence with
only a slight loss in compression ratio over an entropy coder such as SINT.

4 Appending Text

Section 2 discussed various phases for the merging of two phrase hierarchies (P;
and P,) and their sequences (S7 and S3). We can also generalize phase 2b, and sup-
pose that P; and S; are known, but that P, does not exist and .Sy is uncompressed
ASCII text.

In this case P’, the final phrase hierarchy, is identical to P;, and Sy is used un-
changed as the first component of S’. The second section of S’ is formed by com-
pressing S relative to the phrases in P’ = P;. The only additional requirement is that
RE-PAIR needs to include all of the ASCII characters as primitives.

The benefit of this approach is that text can be added to the end of a compressed
file without applying RE-PAIR to the entire text. If the text used to generate P; and S;
is representative of .Sa, then the set of phrases available in P, will be good, and com-
pression effectiveness will not suffer. More typical is for the nature of the text to slowly
drift, and for compression effectiveness to slowly erode as the site of compression be-
comes removed from the section used to form the phrase hierarchy. When this happens,
complete re-compression using RE-PAIR and RE-MERGE creates a more representative
phrase hierarchy.

Figure 4 shows the cost of performing this append operation on the same WSJ
source data as was used above. In each experiment an initial section was used as a seed
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to create a phrase hierarchy, and then the balance of the 509 MB added. Compression
improves as more seed text is made available, but relatively slowly. For example, a
seed text of just 30% of WSIJ yields overall compression only 11% worse than when
the phrase hierarchy is built from all of WSJ. Another way of looking at this is to
extrapolate, and presume that the WSJ phrase hierarchy might comfortably be used
to compress as much as a gigabyte of new data from the same source. The execution
time also varies with the amount of seed text — with a small phrase hierarchy, all of the
subsequent processing is faster, and use of a 10 MB seed text gives a total execution
time approximately one third of the full RE-PAIR/RE-MERGE time.

200.0 —
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2 15004 — -A— - Initial partition
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5 Related Work

There are a number of off-line compressing mechanisms that share features with RE-
PAIR, and these might also be assisted by application of block merging. They include
RAY [Cannane and Williams, 2001], XRAY [Cannane and Williams, 2000], and OFF-
LINE [Apostolico and Lonardi, 2000]. Bentley and Mcllroy [1999] describe a slightly
different scheme in which long replacements are identified and used as the basis for sub-
stitutions. Early work in the area is due to Rubin [1976]. SEQUITUR [Nevill-Manning
and Witten, 2000] is also a phrase-based compression scheme, but operates on-line.

In other work [Moffat and Wan, 2001], we describe RE-PHINE, a tool used to
browse the phrases created from compressing a text document. Using RE-VIEW allows
RE-PHINE to perform extremely fast searches in the compressed text.

An extension to SEQUITUR allows phrase browsing using a tool called PHIND
[Nevill-Manning et al., 1997], and our RE-PHINE browser draws heavily on that work.
Bahle et al. [2001] describe a browsing system in which successor words are stored
directly in an explicit index.

Manber [1997] and de Moura et al. [2000] describe pragmatic techniques for search-
ing compressed text. XRAY [Cannane and Williams, 2000] provides a facility similar
to that of Section 4 whereby new text can be appended and compressed using a static
model; a slightly different adaptive approach for appending new documents in infor-
mation retrieval systems is described by Moffat et al. [1997]. Finally, as was noted
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in Section 2.2, Katajainen and Raita [1989] and Klein [1997] have previously exam-
ined the issue of finding good parsings once a static dictionary has been derived, and
phase 2b is essentially an implementation of that approach.

6 Conclusion

Our primary motivation in this work has been to identify repeated phrases in very large
texts. Improved compression effectiveness — to the level attained by a good context-
based mechanism using a similar amount of main memory — has been a by-product
of that quest. The result is a system that allows excellent compression effectiveness to
be obtained if an arithmetic coder is used, or allows fast phrase-based browsing and
searching on large documents if a simpler byte-based coder is used.
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Abstract. We consider exact string searching in compressed texts. We
utilize a semi-static compression scheme, where characters of the text
are encoded as variable-length sequences of base symbols, each of which
is represented by a fixed number of bits. In addition, we split the sym-
bols into two parallel files in order to allow faster access. Our searching
algorithm is a modification of the Boyer-Moore-Horspool algorithm. Our
approach is practical and enables faster searching of string patterns than
earlier character-based compression models and the best Boyer-Moore
variants in uncompressed texts.

1 Introduction

The string matching problem, which is a common problem in many applications,
is defined as follows: given a pattern P = py...p,, and a text T' =11 ...¢, in
an alphabet X, find all the occurrences of P in T'. Various good solutions [(]
have been presented for this problem. The most efficient solutions in practice
are based on the Boyer-Moore approach [5].

Recently the compressed matching problem [1] has gained much attention. In
this problem, string matching is done in a compressed text without decompress-
ing it. Researchers have proposed several efficient methods [12,2,15,13] based on
Huffman coding [9] or the Ziv-Lempel family [20,21].

One of the most efficient approaches has been developed by Shibata et al. [17].
They present a method called BM-BPE which finds text patterns faster in a
compressed text than Agrep [18] finds the same patterns in an uncompressed
text. Their search engine is based on the Boyer-Moore algorithm and they employ
a restricted version of byte pair encoding (BPE) [7] achieving a saving of 40% in
space. BPE replaces recursively the most common character pair by an unused
character code. According to their experiments BM-BPE is faster than most of
the earlier methods.
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Two other works apply the Boyer-Moore approach in compressed texts. Man-
ber [11] presents a non-recursive coding scheme related to BPE. No character
can be both the right character of one pair and the left character of another.
His method achieves a saving of 30% in space and the search speed is 30% faster
than Agrep. Because of special coding, Manber’s approach works poorly with
short patterns. Moura et al. [12] present a method with a better compression
ratio than BPE and with a faster search than Manber, but their search works
only with words.

We present a new method, which is faster than the best variation of BM-BPE
with a comparable compression ratio. In our method characters are encoded as
variable-length sequences of base symbols, where each base symbol is represented
by a fixed number of bits. Our coding approach is a generalization of that of
Moura et al. [12], where bytes are used as base symbols for coding words. In
addition, we split the base symbols into two parallel files in order to allow faster
access. Our search algorithm is a variation of the Boyer-Moore-Horspool algo-
rithm [8]. The shift function is based on several base symbols in order to enable
longer jumps than the ordinary occurrence heuristic.

We tested our approach with texts of natural language. Besides outperform-
ing BM-BPE, our approach was clearly more efficient than the best Boyer-Moore
variants of Hume and Sunday [10] in uncompressed texts for m > 3. Our ap-
proach is efficient also for short patterns, which are important in practice. For
example, our approach is 20% faster than BM-BPE and an efficient Boyer-Moore
variant for patterns of four characters.

Our approach is not restricted to exact matching nor the Boyer-Moore al-
gorithm, but it can be applied to string matching problems of other types as
well.

2 Stopper Encoding

2.1 Stoppers and Continuers

We apply a semi-static coding scheme called stopper encoding for characters,
where the codewords are based on frequencies of characters in the text to be
compressed. The frequencies of characters are gathered in the first pass of the
text before the actual coding in the second pass. Alternatively, fixed frequencies
based on the language and the type of the text may be used.

A codeword is a variable-length sequence of base symbols which are repre-
sented as k bits, where k is a parameter of our scheme. Because the length of
a codeword varies, we need a mechanism to recognize where a new one starts.
A simple solution is to reserve some of the base symbols as stoppers which can
only be used as the last base symbol of a codeword. All other base symbols are
continuers which can be used anywhere but in the end of a codeword. If u; ... u;
is a codeword, then wy, ..., u;_1 are continuers and u; is a stopper.

Moura et al. [12] use a fixed coding scheme related to our approach. They
apply 8-bit base symbols to encode words where one bit is used to describe
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whether the base symbol is a stopper or a continuer. Thus they have 128 stoppers
and 128 continuers.

2.2 Number of Stoppers

It is an optimization problem to choose the number of stoppers to achieve the
best compression ratio (the size of the compressed file divided by that of the
original file). The optimal number of stoppers depends on the number of different
characters and the frequencies of the characters. Let F} be the frequency of the it®
character in the decreasing order according to frequency. When encoding with k-
bit base symbols, s stoppers, and 2¥ — s continuers, the compression ratio C' for
a fixed division to stoppers and continuers can be calculated with the following
formulas, where L, is the number of different codewords with x or less base
symbols when there are s stoppers.

x—1
Ls,= Z s(2F — )t
t=0
kx . .
Q; = §F¢, where x is the smallest such that ¢ < L ,.

Let us consider 3-bit base symbols as an example. Table 1 shows how many
characters at most can be processed optimally with s stoppers, when the fre-
quency distribution of the characters is uniform or follows Zipt’s law.

Table 1. Optimal stopper selection

Stoppers| Uniform  Zipf
7 15 16
6 19 44
5 66 79
4 87 437
3 480 15352

As another example, let us consider the bible.txt of the Canterbury Cor-
pus [3]. For this text, 14 is the best number of stoppers, when base symbols
of four bits are used. Then each of the 14 most common characters of the text
(63.9% of all characters) is encoded with one base symbol of 4 bits and the next
28 characters with two base symbols. In this scheme, 56 of the next characters
could be encoded with three base symbols, but there are only 21 of them left
(0.6% of all characters.)
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Moura et al. [12] use 128 stoppers for 8-bit base symbols. This number is not
optimal. More stoppers produce a better compression ratio—the gain is about
5% in the case of the words of the bible.txt. However, the difference is marginal
in the case of longer texts.

Perhaps the easiest method of finding the optimal number of stoppers is to
calculate first the cumulative frequencies of characters. Let F’(7) be the cumula-
tive frequency of the i*" character in the decreasing order of frequency such that
F'(0) = 0. Then Sy, = 2(F'(Ls,2) — F'(Ls 1)) is the total coding space for
all k-bit base symbols of width z. Then we examine which value of s minimizes
the sum Zill Ss,z where N is the number of different characters and zy is the
largest = such that L, , < N holds.

2.3 Building the Encoding Table

After the number of stoppers (and with it, the compression ratio) has been
decided, an encoding table can be created. The average search time is smaller
if the distribution of base symbols is as uniform as possible. We present here a
heuristic algorithm, which produces comparable results with an optimal solution
in the average case.

The procedure depends on the width of base symbols. We present here the
4-bit version. Let us assume that the characters are ordered in a decreasing order
of frequency. If the number of stoppers is s, we allocate the s first base symbols
as one-symbol codewords for the s most common characters. The next s(16 — s)
characters will have two-symbol codewords, starting with a continuer (the index
of the base symbol is s + (¢ — s) mod (16 — s)), and ending with a stopper
(the index of the base symbol is (¢ — s) div (16 — s)), where ¢ is the index of
the character in turn. Further symbols are encoded with more continuers and a
stopper according to the same idea.

The encoding table is stored with the compressed text. We need N + 2 bytes
to encode the table for N 8-bit characters. One byte is reserved for the number of
characters and another byte for the number of stoppers. After these bytes, all the
characters present in the text are given in the decreasing order of frequency. With
this information, the encoding table can be reconstructed before decompression.

3 Code Splitting

We made an experiment of accessing 100 000 bytes from a long array. For each
g=0,1,...,7 we run a test where the bytes were accessed with repetitive gaps
of g, i.e. we access bytes g -1, 7 =0,1,...,99999.

Table 2 shows the results of the experiment which was run on a 500 MHz
Celeron processor under Linux. The times are relative execution times with a
fixed gap width. The main task of the test program was access the array, but
it did some additional computation to make the situation more realistic. This
extra computation was the same for each run.
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Table 2. An access experiment

Gap] 0 1 2 3 4 5 6 7
Time| 1.00 156 2.18 2.70 2.02 2.39 2.556 2.72

According to Table 2, dense accessing is clearly more efficient than sparse
accessing, although the total time does not grow monotonously. This depen-
dency is a consequence of the hierarchical organization of memory in modern
computers. We tested the same program also with other processors and the re-
sults were rather similar. This phenomenon suggests that string matching of the
Boyer-Moore type could be made faster by splitting the text to several parallel
files.

Combining code splitting with stopper encoding. The splitting of the
text could be done in many ways. We apply the following approach. Let the
text be represented as k-bit base symbols. We concatenate the h high bits of the
base symbols to a file and the [ low bits to another file, h + [ = k. In practice
these files could be still concatenated, but here we consider two separate files for
clarity. We call this method code splitting.

We denote stopper encoding with the division to A high bits and [ low bits by
SEg n. The version without code splitting is denoted by SEj . The plain code
splitting without compression is denoted by SEg ;. Note that SEg ; can be seen
a representative of stopper encoding: in SEg j, all the 256 base symbols of eight
bits are stoppers.

We consider mainly three versions of stopper encoding: SE4 o, SEg 4, and
SEe¢,2. Note that SE4 o applies compression, SEg 4 code splitting, and SEg 2 both
of them.

4 The Searching Algorithm

The key point of the searching algorithm is that the pattern is encoded in the
same way as the text. So we actually search for occurrences of a string of base
symbols, or low bits of them, if code splitting is applied. In the latter case, the
search in low bits produces only potential matches which all should be checked
with high bits.

After finding an occurrence of the encoded pattern, we simply check the base
symbol preceding the occurrence. If the base symbol is a stopper (or the occur-
rence starts the text), we report a match, otherwise we ignore this alignment
and move on.
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4.1 Searching in an Alphabet of 16 Characters

Let us assume that we have a text with 16 or less different characters. Then all
the characters of the text can be represented with four bits, and we can store
two consecutive characters in one 8-bit byte.

The basis of our searching algorithm is ufast.fwd.md2, a fast Boyer-More-
Horspool variant presented by Hume and Sunday [10]. This algorithm employs an
unrolled skip loop and a fixed shift in the case of the match of the last character
of the pattern. The shift is based on the text character under the rightmost
character of the pattern. It is straightforward to modify ufast.fwd.md2 to our
setting.

Because one byte holds two characters, there are two different byte align-
ments of an occurrence of the pattern. Therefore there are two acceptable bytes
which may start the checking phase of the algorithm, corresponding to these two
alignments.

The shift is based on a character pair in the terms of the original text.
This approach in ordinary string matching has been studied by Baeza-Yates [4]
and Zhu and Takaoka [19]. Zhu and Takaoka take the shift as a minimum of
shifts based on match and occurrence heuristics like in the original Boyer-Moore
algorithm [5]. However the mere occurrence heuristic is faster in practice for
natural language texts.

This searching algorithm works fine with the variant SE4 o, where 4-bit base
symbols are used and thus the size of alphabet is just 16.

4.2 Searching in SEg 4

Recall that no compression is involved with SEg 4. All the bytes of the text are
split in two parts: the four high bits to one part and the four low bits to the other.
These parts are stored in separate files, where new bytes are made from two half-
bytes. For example the text “Finland!”, which is 46-69-6e-6c-61-6e-64-21
in hexadecimal, will have its high bits stored as 46-66-66-62 and the low bits
as 69-ec-1le-41.

Now suppose we wanted to search the pattern land, which is 6¢c-61-6e-64,
in the encoded text. We start by searching the low bits for the corresponding
combination of low bits which we will call the encoded pattern, namely c1-e4.
Then the pattern could start from the beginning of a byte in the low bits (c1-e4)
or from the middle of a byte (*c-1le-4%), where the asterisk represents any
hexadecimal digit.

Now we use some method to search the low bits for all occurrences (of both
variants) of this encoded pattern. When and only when a match is found in the
low bits, the corresponding high bits are checked. So if there are no matches in
the low bits, the high bits can be ignored.

An advantage of this method is that only a fraction of the characters of
the text are inspected. False matches (substrings of the text where the low bits
match with the pattern and the high bits do not) are rare in most texts of natural
language, so we seldom need to check the high bits at all. Another advantage is
that two characters are accessed at a time while scanning the text.
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4.3 Searching in SEg >

This 6-bit variant sacrifices space for speed. The ideal compression ratio is 75%,
when there are 64 or fewer different characters in the text. Since it is difficult to
store sequences of 6-bit base symbols into 8-bit bytes, code splitting is applied.
We store four low bits and two high bits separately.

This allows two variations. The first variation goes through the 4-bit part
and checks the 2-bit part only when a match in the 4-bit part is found. This is
what we will call the 442 searching algorithm. The second variation, 244, does
the same thing vice versa. The 2+4 variation is generally faster, because it only
needs to take % of all data into account on the first pass, while the 4+2 takes %
of it. However, the overhead of having to search 4 patterns simultaneously and
inefficiency in the case of patterns of 7 or less characters, also make the 442
variation usable on the side of the 244 one. The best algorithm is obviously a
combination. Based on our experiments, we decided to use the 2+4 variation for
m > 8 and the 442 one for m < 8.

5 Experimental Results

When Boyer-Moore string searching described above is combined with stopper
encoding SEj, p,, the total method is denoted by BM-SEy, 5.

We tested the performance of the algorithms BM-SE4 g, BM-SEg 4, and BM-
SEg 2. Recall that SE4 ¢ applies compression, SEg 4 code splitting, and SEg o
both of them. We compared them with four other searching algorithms. We
used Tuned Boyer-Moore or ufast.fwd.md2 [10] denoted by TBM as the searching
algorithm for uncompressed texts. Three versions of the BM-BPE algorithm (a
courtesy from M. Takeda) for compressed texts were tested: one with maximal
compression ratio and no upper limit for the number of characters represented
by a byte (max), another with optimal search speed where a byte can represent
at most two characters (fast), and the third one where a byte can represent at
most three characters and which was recommended by the authors (rec). All the
algorithms were modified to read first the whole text to the main memory and
then to perform the search. All the tests were run on on a 500 MHz Celeron
processor with 64 MB main memory under Linux.

The compression ratio was measured with four texts (Table 3): the
bible.txt [3], the CIA World Factbook of 1992, Kalevala, the national epic of
Finland (in Finnish), and E.coli, the genome of Escherichia coli, entirely com-
posed of the four DNA symbols. As explained earlier, there is no compression
involved with SEg 4, only a different encoding. The compressed files include the
encoding tables which are necessary to uncompress them. As a reference, we give
also the compression ratios achieved with Gzip.

To make a fair comparison with BM-BPE, the version BM-SE, ¢ is the right
choice, because its compression rate is similar to that of the fast BM-BPE.

The compression and decompression algorithms of BM-SE are very fast (17
MB/s) due to the lightweight encoding and decoding schemes.
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Table 3. Compression ratio

bible.txt|CIA1992|Kalevala| E.coli
3.86 MB|2.36 MB|0.52 MB|4.42 MB
BM-BPE max| 47.8% 56.8% 51.9% 31.3%
BM-BPE fast | 56.2% | 63.0% | 55.1% | 50.0%

BM-SE4 o 58.9% | 68.2% | 58.1% | 50.0%
BM-SEg,2 75.0% | 75.8% | 75.1% | 75.0%
Gzip 29.4% | 29.3% | 36.3% | 28.9%

We tested the search speed with two texts: bible.txt (Table 4) and E.coli
(Table 5). We used command-line versions of all the algorithms. We measured the
processor time in milliseconds required by the search. Although the excluding of
the I/O time slightly favors poorer compression methods, we wanted to measure
the efficiency of the pure algorithms without any disturbance due to buffering.
The same test was repeated for 500 different strings of the same length randomly
chosen in the text.

Table 4. Search times (ms), bible.txt, 3 < m < 20

3 4 5 6 8 10 12 16 20

TBM 53.4| 47.4| 42.8| 40.4| 37.0] 35.2| 35.0/ 33.8| 31.8
BM-BPE max| 68.4| 66.2] 63.4| 61.2| 57.6] 55.2| 53.2| 39.4| 38.6
BM-BPE rec | 71.8] 51.2| 45.0| 44.2| 35.0| 31.2| 30.6| 26.8| 25.8
BM-BPEfast | 52.4| 46.4| 38.2| 36.2| 31.0| 27.8| 26.4| 24.2| 23.6

BM-SEg 4 59.4| 38.4| 32.0| 26.2| 22.6| 20.0| 18.8| 17.2| 17.0
BM-SE4,0 49.0| 37.2] 31.6] 28.0| 24.2| 22.2| 21.0f 20.0| 19.4
BM-SEg,2 66.8| 38.0| 32.6| 26.6| 18.8| 15.2| 13.6| 12.0| 10.4

In the bible.txt, the versions BM-SE, ¢ and BM-SE¢ 2 of Boyer-Moore with
stopper encoding are clearly faster than BM-BPE for all pattern widths shown in
Table 4. However, they are also faster than TBM excluding very short patterns
m < 4. Even the version without compression, BM-SEg 4 is faster than TBM
and BM-BPE for m > 3. None of the BM-SE algorithms is distinctly the fastest
one. BM-SE, o is the fastest for m < 6, BM-SEg4 for m = 6, BM-SEg 2 for
m > 6. The times of four algorithms are shown graphically in Figure 1.

The advantage of BM-SE is smaller in the DNA text, because the average
length of shift is shorter. According to Table 5, BM-SE, g is the fastest for short
patterns m < 12 and BM-BPE rec for longer ones. Note that BM-BPE rec is
now clearly faster than BM-BPE fast. As one may expect, BM-SEg > is very poor
in the DNA text and so we left it out from this comparison. Probably BM-SE ¢
(which has not yet been implemented) will be even better than BM-SE4 ¢ for
DNA data.
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Fig. 1. Search times in bible.txt

TBM is not a good reference algorithm for DNA matching. BNDM [14]
would be more appropriate, because is the fastest known algorithm for patterns
m < w, where w is the number of bits in the computer word. Other alternatives
would have been ufast.rev.gd2 [10] or algorithms based on alphabet transforma-
tions [4,106].

Table 5. Search times (ms), E.coli, 6 < m < 48

6 12 24 | 48
TBM 67.0] 61.2| 60.0| 60.2
BM-BPE max| 52.8| 34.2| 26.0] 23.0
BM-BPE rec | 43.2| 28.0| 22.0| 21.0
BM-BPE fast | 52.4| 36.8| 31.4| 30.4
BM-SEs 4 37.8| 27.4| 23.6] 22.0
BM-SE4 0 35.8] 26.2| 23.0] 21.4

6 Concluding Remarks

We have presented a new practical solution for the compressed matching prob-
lem. According to our experiments the search speed of our BM-SE is clearly
faster than that of BM-BPE for natural language texts. The version BM-SE4 o
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has similar compression ratio to the fast BM-BPE. In DNA texts there is no
significant difference in the search speed.

Moreover our BM-SE is faster than TBM for patterns longer than three

characters.

It would be interesting to compare BM-SE with Manber’s method [11], be-

cause he reports a gain of 30% in search times. It is clear that this gain is not
possible for short patterns because of Manber’s pairing scheme. A part of the
gain is due to the save in I/O time which was excluded in our measurements.
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Abstract. We study the computational complexity of pattern match-
ing problems over 2-interval sets. These problems occur in the context
of molecular biology when a structured pattern, i.e., a RNA secondary
structure, has to be found in a sequence. We show that the PATTERN
MATCHING OVER 2-INTERVAL SET problem is NP-complete for struc-
tured patterns where no pair precedes the other, but can be solved in
polynomial time for several interesting special cases’.

1 Introduction

The Ribonucleic acid (RNA) is a family of molecules which has several important
functions in the cell. For example, the role of transfer RNA (tRNA) concerns the
process of protein synthesis. The functionality of a specific RNA molecule de-
pends mostly on its secondary structure. The RNA is a single stranded molecule
viewed as a linear sequence z1xs ...z, where z; € {A,C,G,U}. RNA secondary
structures refer to conformation of the single stand after it folds back on itself,
by forming base pairs.

Many interesting RNAs preserve a secondary structure of base-pairing inter-
actions more than they conserve their sequence. There is therefore a growing
demand for general purpose search programs that take into account both se-
quence and structure patterns. One way of finding such a secondary structure
pattern in a RNA sequence is by pattern matching. The PALINGOL software [1]
provides a framework of reference for this approach. The basic idea of PALIN-
GOL is a two step procedure. In the first step the sequence is scanned in order
to build a set of all helices found on it. For efficiency, we may perform simple
checking to avoid generating too long a set of helices. The important point is
just to ensure that we get all helices that could be involved in the structure. In
the second step, a pattern matching algorithm finds all occurrences of a specific
structure in the set of all helices. This is usually done using a branch and bound
like procedure [12]. The purpose of this paper is to highlight some of the issues
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involved in this second step taking advantage of a new representation of the
problem. It should be pointed out that we are only concerned in this paper with
the specific problem of searching for known structure patterns within a sequence
and not finding the optimal folding.

Our approach in this paper is to first establish a geometric description of
helices. The basic idea is to use a natural generalization of intervals, namely
a 2-interval. A 2-interval is the disjoint union of two intervals on the line. The
geometric properties of 2-intervals provide a possible guide for understanding
the computational complexity of finding structured patterns in RNA sequences.
An illustration is given in figure 1.

J_J__I_J_J_J_J_J_

Fig.1. A tRNA secondary structure and the associated 2-interval pattern

Using a model to represent non sequential information allows us for varying
restriction on the complexity of the pattern structure. Two disjoint 2-intervals
can be in precedence order, be allowed to nest and/or be allowed to cross. Fur-
thermore, the 2-interval set and the pattern can have different restrictions. These
different combinations of restrictions alter the computational complexity of the
PATTERN MATCHING OVER 2-INTERVAL SET problem, and need to be examined
separately. This examination produces efficient algorithms for more restrictive
patterns, and hardness results for those less restrictive.

We briefly review the related terminology used in this paper. A 2-interval
is the disjoint union of two intervals and 2-interval graphs are the intersection
graphs of a set of 2-intervals on the real line. D.B. West and D.B. Shmoys [14]
have shown that recognizing 2-interval graphs is an NP-complete problem. Fur-
thermore, it is shown in [13] that the INDEPENDENT SET problem is NP-complete
even when restricted to 2-interval graphs. We will usually write a 2-interval as
D = (I,I') with I < I' where < is the precedence order between intervals.
Let Dy = (I1,1]) and Dy = (I2,I}) be two 2-intervals. They are called dis-
joint if they do not intersect, i.e., (I; U Ij) N (Ix U I5) = 0. Of particular inter-
est is the relation between two disjoint 2-intervals. We will write D1 < Do
if I < I{ < I, < Ié, D C Dyif b < I < I{ < Ié and D 7 Do
if I < I, < If < I,. An illustration of these relations is given in figure 2-
(a). The support of a 2-interval set D = {D;, Ds,...,D,} is defined to be set
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{I;,I!'| D; = (I;,I]) € D}. In other words, the support of a set of 2-intervals D
is the set of all (simple) intervals involved in D. A set of 2-intervals with the
property that any two distinct intervals of its support do not intersect is said to
be a linear ordered graph. Indeed, we can associate with each 2-interval an edge

of a graph for which the set of vertices is linearly ordered.

Dy < Do
| o2 |
Dy C Do
[ o |
| o |
Dy UM Dy
| Do |
(a)
Ds
Dy
Dy
D
Do
D3
p = abccab
(b)

Fig. 2. (a) Relations between 2-intervals. (b) Shown here is an occurrence of the
structured pattern p = abceab in the set of 2-intervals D = { D1, Dy, D3, Dy, D5 }.
Observe that p is {C,}-structured pattern: aa (7 bb, cc C aa and cc C bb

A structured pattern (or 2-interval pattern) is a word p in which each of its
letters occurs twice. Geometrically speaking, a structured pattern is merely a
formal description of a set of 2-intervals such that any two of them are disjoint.
Therefore, it makes sense to associate a non empty subset of {<,C,1} to a
given structured pattern. For example, abacch is a {<, T, }-structured pattern
because aa 7 bb, aa < cc and cc T bb, abbacc is a {<, C}-structured pattern
because bb C aa, aa < cc and bb < ce, and abecba is a {C }-structured pattern.
Call a R-structured pattern a simple structured patternif |R| =1, i.e., R consists
of only one relation.

The pattern matching over 2-interval set problem asks to find a 2-interval
subset such that any two of them are disjoint, described by a given abstract



56 Stéphane Vialette

model, i.e., a structured pattern. The mathematical model is best explained
by referring to figure 2-(b). We are now in position to define the PATTERN
MATCHING OVER 2-INTERVAL SET problem.

PATTERN MATCHING OVER 2-INTERVAL SET
Input : A 2-interval set D and a R-structured pattern p.
Problem : Is there an occurrence of p in D?

The PATTERN MATCHING OVER 2-INTERVAL SET problem is strongly re-
lated to the longest common subsequence problem for sequences with arc anno-
tations [3,10]. Also, we show in this paper the similarity between the PATTERN
MATCHING OVER 2-INTERVAL SET problem and the protein structure similar-
ity problem (CONTACT MAP OVERLAP) [7]. The main results of this paper are
summarized in the following table.

PATTERN MATCHING OVER 2-INTERVAL SET
support
pattern structure no restrictions liire)ar ordered graph
1 |{<,C,un} NP-complete NP-complete
2 {C,o} NP-complete NP-complete
3 {<,C} ? ?
4 {<,o} ? ?
5 {<} O(nlogn) O(nlogn)
6 {C} O(n?) O(n?)
7 |{u} O(n%*logn) | O(n?logn)

Throughout the table, n denotes the cardinality of the 2-interval set. Row 1
is proved in [13], Row 2 follows from theorem 1, Rows 5 and 6 follow directly
from the development in section 3 and Row 7 is the result of a polynomial time
algorithm for the CLIQUE problem restricted to crossing circle trapezoid graphs
(proposition 3). The complexity of the PATTERN MATCHING OVER 2-INTERVAL
SET problem is open for {<, C}-structured patterns and { <, }-structured pat-
terns (Rows 3 and 4).

A graph G consists of a finite set V' = {uy, ug, ...} of elements called vertices
together with a prescribed set E of undirected pair of distinct vertices of V. The
number n of elements in V is called the order of the graph. Every unordered
pair e € E of vertices u; and u; is called an edge of G, written e = {u;,u;}.
We call u; and u; the endpoints of e and they are called adjacent vertices. The
open neighbor of a vertex u € V' is the set N(u) = {v € V | I{u,v} € E}. The
close neighbor of a vertex u € V is the set N[u] = {u} U N(u). The subgraph
of G induced by a subset V' C V is a graph G(V') = (V', E’) such that F/ =
{{u,v} € E|u,v € V'}. A clique is a complete graph. The CLIQUE problem is
to construct for a given graph an induced complete subgraph of the maximum
number of vertices.

The rest of the paper is organized as follows. In Section 2, we state that
the PATTERN MATCHING OVER 2-INTERVAL SET problem is NP-complete even
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when restricted to {C, 7 }-structured patterns. We present in Section 3 poly-
nomial time algorithms for the PATTERN MATCHING OVER 2-INTERVAL SET
problem restricted to simple structured patterns.

2 Hardness Results

Pattern matching problems over 2-interval sets are very hard decision prob-
lems. Indeed, it is first shown in [13] that the PATTERN MATCHING OVER 2-
INTERVAL SET problem is NP-complete using a similar reduction technique as
in [3]. We will state more in this section, namely that the PATTERN MATCH-
ING OVER 2-INTERVAL SET problem is NP-complete even when restricted to
{C,un}-structured patterns.

Theorem 1. The PATTERN MATCHING OVER 2-INTERVAL SET problem is NP-
complete even when restricted to {C, n}-structured patterns.

The proof of theorem 1 consists in a polynomial time reduction from the
CLIQUE problem which is a known NP-complete problem (see for instance [5]).
Without going into further details, it is important to point out that theorem 1
still holds if we assume that our 2-interval set D is a linear ordered graph.

Let us now mention one important consequence of theorem 1 concerning

the CoNTACT MAP OVERLAP problem [7]. A contact map is a graph G =
(V,E) such that the set of vertices V' = {uq,ua,...,u,} is linearly ordered,
e, up < us < ... < up. The CONTACT MAP OVERLAP problem is the

following optimization problem: Given two contact maps (V, E) and (V' , E’),
find two subsets S C V and S’ C V’ with |S| = |S’] such that the cardi-
nality [{{u,v} € E | u,v € S and {f(u), f(v)} € E'}| is as large as possible,
where f is an order-preserving bijection between S and S’. The CONTACT MAP
OVERLAP problem is MAX SNP-complete even if both contact maps have max-
imum degree one or are self avoiding walks [7]. We state a new simple spe-
cial case of this problem. Call two edges {u;,u;} and {ug,ue} of E disjoint if
max{u;, u;} < minf{ug, ue} or max{ug, u¢} < min{u;,u;}. Define a tangle to be
a contact map (V, E) such that if {u;,u;}, {ur,u} € E then the edges {u;, u;}
and {ug,us} are not disjoint.

Corollary 1. The CONTACT MAP OVERLAP problem is NP-complete even if
both contact maps are tangles with maximum degree one.

3 The PATTERN MATCHING OVER 2-INTERVAL SET Problem
Restricted to Simple Structured Patterns

We prove in this section that the PATTERN MATCHING OVER 2-INTERVAL SET
problem restricted to simple structured patterns is solvable in polynomial time
using simple graph-based algorithms. This will be divided into two parts. For one,
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we observe that the PATTERN MATCHING OVER 2-INTERVAL SET problem re-
stricted to transitive simple structured patterns is solvable in polynomial time us-
ing standard graph theory tools, namely maximum independent set algorithm for
interval graphs [9] and maximum clique algorithm for comparability graphs [g].
For another, we prove that the PATTERN MATCHING OVER 2-INTERVAL SET
problem restricted to {7}-structured patterns is solvable in polynomial time
using a polynomial time maximum cardinality clique algorithm for a new class
of graphs ; the argument is more tricky in this case. In the sequel, n denotes the
cardinality of a 2-interval set D.

Proposition 1. The PATTERN MATCHING OVER 2-INTERVAL SET problem is
solvable in time O(nlogn) when restricted to {<}-structured patterns.

Proof. Define a family of intervals Z by assigning to each 2-interval D = (I,I’)
of D the least interval that covers both I and I'. Let G be the associated interval
graph. Is is easily seen that there exists a bijective mapping between occurrences
of {<}-structured patterns in D and independent sets in G. An O(nlogn) algo-
rithm for finding a maximum independent set in an interval graph given in the
form of a set of intervals is presented in [9]. O

Proposition 2. The PATTERN MATCHING OVER 2-INTERVAL SET problem is
solvable in time O(n?) when restricted to {C}-structured patterns.

Proof. Define a graph G with vertex set D by choosing all those sets {D;, D;}
(where ¢ # j) as edges of G for which D; C D; or D; C D; holds. Observe
that G is a comparability graph [3] and that the construction of G' can be carried
on in time O(n?). Clearly, there exists a bijective mapping between occurrences
of {C}-structured patterns in D and cliques in G. It is now sufficient to use
the above remark together with the fact that the CLIQUE problem is solvable in
linear time when restricted to comparability graphs [8]. O

The remainder of this section is devoted to non-transitive simple structured
patterns, i.e., {@}—structured patterns. In general terms our approach consists
in using circle trapezoids as an alternative means of describing a 2-interval set
together with a generalization of a polynomial time algorithm for the CLIQUE
problem restricted to circle graphs [6]. Let us first introduce some definitions.

A circle trapezoid is the region in a circle that lies between two non-crossing
chords and circle trapezoid graphs are the intersection graphs of a family of circle
trapezoids on a common circle [1]. Two circle trapezoids are called crossing if
they intersect in the circle but not on its perimeter. Call a graph G = (V, E) a
crossing circle trapezoid graph (CCT-graph) if its vertices can be put in one to
one correspondence to a set of circle trapezoids such that two vertices of G are
adjacent if and only if their corresponding circle trapezoids cross. An illustration
of this definition is given in figure 3.

It is well known that circle graphs and overlap graphs are equivalent graph
classes [8]. An easy way to visualize this equivalence is by using the projection
method suggested by F. Gavril [6,8] where intersecting chords of the circle cor-
respond to overlapping intervals on the line. Following this construction, we can
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Ty
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(b)

Fig. 3. (a) A circle trapezoid representation, (b) the corresponding CCT-graph
and (c) the corresponding circle trapezoid graph. Observe that 77 and T3 inter-
sect but do not cross. Similar remark applies to T, and T

associate a circle trapezoid representation to a given 2-interval set where inter-
secting circle trapezoids of the circle correspond to intersecting 2-intervals on the
line. An illustration of this construction is given in figure 4-(a). For the conve-
nience of the reader, the CCT-graph of a 2-interval set stands for the CCT-graph
of its associated circle trapezoid representation.

Lemma 1. Let D = {D1,Ds,...,D,} be a 2-interval set and G be its CCT-
graph. Then, there exists a subset D' C D such that, for any two distinct D;
and D; of D', either D; & D; or D; & D;, if and only if there exists a clique
of size |D'| in G.

An illustration of the above lemma is given in figure 4-(b). In the following, we
provide a polynomial time algorithm which solve the CLIQUE problem for CCT-
graphs. The notion of trapezoid graph [2] will be used. A graph is a trapezoid
graph if there exists a set of trapezoids corresponding to the vertices of the graph
such that two vertices are joined by an edge if and only if the corresponding
trapezoids intersect. We need a new definition. Let G = (V, E) be a CCT-graph
and V' C V be a subset of its vertices. We will denote by G(V') the graph with
vertex set V' such that two vertices of G(V’) are adjacent if and only if their
corresponding circle trapezoid do not cross, i.e., G(V') is the complement of the
induced subgraph G(V’). Let us start by characterizing the graph G(N[u]) for
all uw € V, where NJu] is the close neighbor of u in the CCT-graph G.

Lemma 2. Let G = (V, E) be a CCT-graph. Then G(N[u)]) is a trapezoid graph
for allu e V.



60 Stéphane Vialette

()

(19, 19) (T3, 1) (I3, 1%)
0 — 9

(I1,17)

(®)

(I, 15) (I3, I%)

Fig. 4. Projection of 2-interval sets and the corresponding CCT-graphs

Lemma 3. Let G = (V, E) be a CCT-graph and K be a clique of G. Then K is
a clique of the induced subgraph G(N[u]) for all u € K.

The following lemma is crucial to the proof of the theorem. Indeed, it allows us to
concentrate on the INDEPENDENT SET problem restricted to trapezoid graphs.

Lemma 4. Let G = (V,E) be a CCT-graph and u € V' be an arbitrary vertex.
Then there exists a clique of size k in the induced subgraph G(N[u]) if and only
if there exists an independent set of size k in the trapezoid graph G(N[u]).

An illustration of the above lemma is given in figure 5.

Proposition 3. The CLIQUE problem is solvable in time O(n?logn) when re-
stricted to CCT-graphs.

Proof. The algorithm is as follows:
MAX-CLIQUE-CCT-GRAPH

Input: a CCT-graph G = (V, E)

Output: a maximum cardinality clique in G
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Fig. 5. A CCT-graph and the trapezoid graph G(N[u])

1. for all u €V do K, + MAX-IND-SET-TRAPEZ-GRAPH(G (N [u]))
2. return the largest K,.

where MAX-IND-SET-TRAPEZ-GRAPH is an algorithm which solves the inde-
pendent set problem for trapezoid graphs. Based on a geometric representation of
trapezoid graphs by boxes in the plane, S. Felsner, R. Miiller and L. Wernisch [4]
have designed an optimal O(nlogn) algorithm for weighted independent set on
such graphs. By lemmas 2, 3 and 4, the algorithm is correct. O

Corollary 2. The PATTERN MATCHING OVER 2-INTERVAL SET problem is
solvable in time O(n?logn) when restricted to {n}-structured patterns.

Proposition 1, proposition 2 and corollary 2 may be summarized by the
following theorem.

Theorem 2. The PATTERN MATCHING OVER 2-INTERVAL SET problem is
solvable in polynomial time when restricted to simple structured patterns.

4 Conclusion and Open Problems

In the context of computational molecular biology we considered the problem
of finding an occurrence of a pattern in a 2-interval set. We proved that this
problem is NP-complete even when restricted to {C,.i}-structured patterns.
Also, we described polynomial time algorithms which solve this problem for
simple structured patterns. There are many interesting related problems arising
in the above context in a natural way. Below we mention two of them.
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What is the complexity of the PATTERN MATCHING OVER 2-INTERVAL SET
problem restricted to {<, C }-structured patterns? The rationale of this prob-
lem is that we can view a {<, C}-structured pattern as a pseudo-knot free
RNA secondary structure. Observe that this problem is solvable in polyno-
mial time if D = {Dy,Ds,..., Dy} is a 2-interval set for which D; and D;
are {<,C }-comparable for all D;, D; € D using an ordered tree inclusion
algorithm [11].

What is the complexity of the PATTERN MATCHING OVER 2-INTERVAL SET
problem restricted to {<,.}-structured patterns?
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Abstract. In the context sensitive string matching problem, we are
given a pattern and a text. The pattern is a string over variables and
constants and the text is a string of constants. The goal is to find if there
is a mapping from variables to strings of constants so that on applying
this mapping to the pattern we get the given text. Languages like Perl
and Python support such a sophisticated string matching. The problem
is known to be NP-Complete. In this paper, we consider a weighted ver-
sion of this problem that checks how close the pattern can be matched
with the text. We show that this variation is MAXSNP-Complete and
cannot be approximated within a factor of 3313/3312. We show that
even the restriction, where the pattern consists of variables only, is NP-
Complete and MAXSNP-Complete. When the alphabet is bounded, we
give an approximation algorithm for this restriction.

1 Introduction

String matching is a well studied problem and has applications in a wide variety
of fields. Recently, various modifications of the exact string matching problem
have been considered. Applications in computational biology and computer vi-
sion have motivated the study of approximate string matching [5,6], where differ-
ent matching relations like swapped matching [2], “don’t cares” [8] and overlap
matching [3] have been proposed.

There is another interesting variation of exact string matching, which we call
context sensitive string matching. Here, the pattern is allowed to have variables
and the goal is to map variables to strings, such that, when the variables in the
pattern are replaced by the corresponding strings, we get the text. This kind of
string matching is supported by languages like Perl and Python. Moreover, some
of the complex list processing capabilities of languages like Prolog and Lisp are
captured by this problem. The problem was first considered by Angluin [41] in
the context of finding patterns common to a set of strings. We next define the
problem formally.

Problem Definition: The input consists of a set of constants X, a set of
variables V', a pattern P € (V + X)T and a text T € X+. An assignment o
is a mapping o : V — X7T. o(P) denotes the string obtained by replacing each

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 64-75, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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occurrence of a variable X in P, by o(X). If the strings o(P) and T are the same,
o is a matching assignment. The goal of the problem is to determine whether
such a matching assignment exists. If so, then P matches T

For example, let ¥ = {a,b,¢,d,e}, V = {X, Y}, P = XaXY and T =
“abaabcde” . Let o be an assignment that maps X to “ab” and Y to “cde”. Then
o(P) is same as the text and o is a matching assignment. On the other hand,
if P= XX and T = “aaa”, then it is easy to see that there cannot be any
matching assignment. Note that each occurrence of a variable X in the pattern
has to be replaced by the same string! and no variable can be mapped to the
null string.

The context sensitive string matching problem was shown to be NP-
Complete, even over a binary alphabet, by Angluin [4]. Just like how exact
string matching was extended to approximate string matching, we extend con-
text sensitive string matching to a weighted version. When there is no matching
assignment between the pattern and the text, we want to find how close the pat-
tern can be matched with the text. To explore this possibility of approximate
matching, we generalize the problem to a weighted version. We show that this
problem is MAXSNP-Complete and cannot be approximated within a factor of
3313/3312. We also consider various restrictions of the problem. When the pat-
tern consists of variables only, we show that the problem remains NP-Complete
and MAXSNP-Complete. We also give a simple approximation algorithm for
this restriction, when the alphabet is bounded.

We refer to the set of constants X' as the alphabet. We represent the con-
stants by small letters and special symbols, and the variables by capital letters.
Throughout the paper, we refer to the context sensitive string matching problem
simply as CS-Matching.

Related Work

The concept of pattern, in the above sense, has been considered in many sce-
narios. In [1], the problem of finding a “good” pattern that matches a given set
of strings was considered. In that context, the language L(P) of a pattern P is
defined to be the set of all strings that can be matched (under some assignment)
to P. Given a text T" and a pattern P, then the CS-Matching problem is mem-
bership testing of 7' in L(P). This was shown to be NP-Complete in [4]. In this
paper, we consider the weighted version of the problem, where we attempt to
find an assignment that matches the pattern to the text as close as possible.

In our definitions, we required that each variable is assigned to a non-null
string. Such patterns are called non-erasing in literature. If we allow null-string
assignments also, the patterns are called erasing. Decidability problems about
the equivalence and inclusion among patterns, in both these settings, was studied
in [4,11,15]. The generative power of pattern languages were considered in [7,14],
from a formal language theoretic perspective. While we allow a variable to be
mapped to any string (from X7), they consider the power of pattern languages

! This has been referred to as uniform substitution in literature.
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when this mapping is restricted to specific languages (like regular and context-
free languages).

CS-Matching has also been considered in the context of unavoidability testing
of a pattern. An infinite text 7" is said to avoid a pattern P, if P does not match
any substring of T'. A pattern is unavoidable if no infinite text avoids it. Prior
work like [10,13,17] deals with identifying necessary and sufficient conditions for
a pattern to be unavoidable. Our problem differs in that the goal here is to check
how close the pattern matches a given text of finite length.

When each variable occurs only once in the pattern, the pattern can be
treated as a regular expression. Thus, CS-Matching is a generalization of the
well known regular expression string matching problem.

2 Weighted Context Sensitive String Matching

For a pattern P and a text T', there may not be any matching assignment. In this
case, we want to see how close the pattern can be matched to the text. Towards
that end, we first define a weighted version of the problem. We then show that
this weighted version is MAXSNP-Complete.

There is a natural way to extend the CS-Matching problem to a weighted
version. Here, apart from the usual XV, P and T', the input also includes two
positive numbers «, the matching-cost, and (3, the mismatch-cost, with 3 > a.
We call an assignment o to be a feasible assignment if |o(P)| = |T'|. The cost of
a feasible assignment o is the distance between o(P) and T. Let T' = ajaz . .. ay
and o(P) = b1by...b,. The distance is given by X'd(a;,b;), where d(a;,b;) is «,
if a; = b; and 3 otherwise. If o is not a feasible assignment then its cost is oc.
We require that the input instances have at least one feasible assignment?. Then
the weighted CS-Matching problem is to find the optimal assignment.

As CS-Matching is known to be NP-Complete [1], we consider approximation
algorithms for the weighted version. If a and  are allowed to be arbitrary, we
cannot have any constant factor approximation algorithm, unless NP = P. This
is due to the fact that, one can reduce CS-Matching to the weighted version, by
setting « = 0 and B = 1. Now, any constant factor approximation algorithm can
be used to solve the NP-Complete CS-Matching problem in polynomial time.
Similarly, if we set & = 1 and 3 to be a large value (like n?), we would get the
same result. So, it is interesting to consider the case when o and 3 are constants,
with 8 > « > 0. We discuss the case where a = 1 and § = 2. Our results can
be generalized for any constants o and 3 and the inapproximability bound will
vary accordingly.

1,2-Matching is defined to be the weighted CS-Matching problem, where the
matching cost is 1 and the mismatch cost is 2. We can define «, 3-Matching
similarly, for any constants, § > « > 0. Let the length of the input text be
|T| = n. Then any feasible assignment has a cost between n and 2n. As we
require that the input instance should have at least one feasible assignment, the

2 In Section 3, we give a polynomial time algorithm to check whether a given instance
of the problem has some feasible assignment.
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optimal cost lies between n and 2n. We define the difference between the cost of
an assignment and n to be the extra-cost for that assignment.

We next prove that the 1,2-Matching problem is MAXSNP-Complete. We
first prove the result when the size of the alphabet is allowed to be arbitrary.
Then we adapt the proof to get the same result, even over a binary alphabet. Note
that over a unary alphabet, any feasible assignment is optimal. As a corollary,
we get that the «, 5-Matching problem is MAXSNP-Complete.

THEOREM 1 The 1,2-Matching problem is MAXSNP-Complete.

Proof : In Section 3, we will give a 2-approximation algorithm for the 1,2-
Matching problem. It is known that a problem is in MAXSNP iff it has some
constant factor approximation algorithm [16]. So the problem is in MAXSNP
and we proceed to prove that it is MAXSNP-Hard.

The vertex cover problem on 3-regular graphs is known to be MAXSNP-
Complete [1]. We give an L-reduction from the vertex cover problem on 3-regular
graphs to our problem. As the first step, we present an algorithm that given
a 3-regular graph produces an instance of our problem. Let G be the input
graph with n vertices v1,va, ..., v, and m edges ey, es, ..., e,,. Note that, as the
graph is 3-regular, m = 1.5n. We use the alphabet X = {$1,%2,...,8,,¢, f}.
For each vertex v; of the graph, we add a variable V; to V', the variable set. We
then add m + 1 dummy variables Dy, D1, Ds,..., Dy, to V. A dummy vari-
able is one that occurs exactly once in the pattern. The output pattern P
has three parts, P = P, P,P3. Here, P, = Vi\Vo... .V, Po = “$:$5...3%,”
and P3; = Dgs1D1s2Ds ... Dy 18, D,y are called the vertex, dollar and edge
segments respectively. In the edge-segment, s; encodes the i*" edge. For exam-
ple, if the i'" edge e; = (v;,vk), then s; = V;Vj. The text T = T1T>T5 is also
made of three segments. T; is the string “fff...f” of length n. T, is the same
as Py, = “$1%5...%,”. T3 is made up of m blocks of the string “tfttft”. This
completes the construction. Refer to Figure 1 for an example, where the input
graph is K4, the complete graph on four nodes.

Let VC* be an optimal vertex cover of G. We first have to show that the
optimal assignment has cost, at most, a|VC*|, for some constant «. First note
that the length of the text is |T'| = 11n. We exhibit an assignment o* with cost
11n + |VC*|. For each vertex v; € VC*, map the variable V; to “t”. For each
vertex v; € VC*, map the variable V; to “f”. With this mapping the vertex
segments of P and T, namely P; and T; get aligned with an extra-cost of |[VC*|.
The dollar-segments P> and 75 align with no extra-cost. We show how to map
the dummy variables to strings so that there is no extra-cost in aligning the
edge segments P3 and T3. Since the mapping is based on a vertex cover, for any
edge e; = (vj,vy), the corresponding string V;V; has been mapped to one of
“tt”, “tf” or “ft”. All these are available as substrings in “fttf” which occurs
in each block of T3. So we can make V;V, align with the text without any extra-
cost, by making the dummies “eat” the “left-over” text in each block. Since
the variables for each edge get mapped within “fttf” of a block “tfttft”, each
dummy variable will get mapped to a string of positive length. We exhibit this
idea in Figure 1.
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Fig.1. Constructing an assignment for the vertex cover {V1, Va2, V3} of the
graph K4

The extra-cost for this assignment o* is |VC*| (the cost incurred in match-
ing P; with T7). We want to find a constant « such that, cost(c*) < a|VC*|.
As G is a 3-regular graph, each vertex can cover at most 3 edges. Thus, |[VC*| >
n/2. We already showed that cost(c*) = 11n + |V C*|. Using these facts, with
some simple arithmetic, we get that cost(c™*) < 23|VC*|.

We next give an algorithm that takes as input an assignment o and outputs
a vertex cover VC, with the property that, |V C| — [V C*| < cost(c) — cost(a*),
where VC* is an optimal vertex cover and ¢* is an optimal assignment. To find
VC, we first make certain transformations to o to attain a feasible assignment
with the following two properties:-

Property 1 : For each V;, o(V;) = “t” or o(V;) = “f”.
Property 2: For each edge e; = (vj,vy), o(V;) or o(Vy) is “¢7.

We also ensure that we do not increase the cost of o, in doing this transfor-
mation. Then, we include all the vertices that got mapped to “t” to VC.

If |o(Vi)| > 1, P> will not align with 7%, incurring a minimum extra-cost
of n. We can get an equally good assignment, by mapping each variable V; to
“t”. The mappings for the dummy variables can be changed appropriately so
that P3 exactly matches T5. The extra cost for this assignment is n and we can
take this to be o.

We can now assume that, for all V;, |o(V;)| = 1. If for some V;, o(V;) = $;,
then an extra-cost of 3 will be incurred for this variable. This is because, V;
appears three times in the edge-segment P3 and the $’s do not appears in T3.
So we can change o(V;) to be “t” or “f”, by taking majority of the three text
symbols to which V; is aligned in the edge-segment. This change in mapping will
actually decrease the cost. So, we can now assume that o satisfies Property 1.

Next we convert o to be block-respecting. In other words, for each edge e; =
(v;,vk), the string s; = V;Vj is aligned within the substring “fttf” of the i‘"
block of T. Let us consider the first edge e; = (v;, vx) that violates this condition.
By shortening o(D;_1) and lengthening o(D;) appropriately, we can make e; to
be block-respecting. This idea is expressed in Figure 2.
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Fig. 2. Making the i*" edge block respecting

By repeating this process, we can convert o to be block-respecting without
any additional cost.

Next we ensure that for each edge e; = (vj,vx), at least one of V; or Vj
is mapped to “t”. If V; and V}, are both mapped to “f”, we pick one of them
arbitrarily, say V;, and map it to “¢”. This would increase the cost by 1, due
to the mismatch in the vertex segment. We then change o(D;_1) appropriately,
so that, V;V} is aligned to “tf” in the text. Previously, V;V, was mapped to
“ff”. Since T3 does not contain the substring “ff”, this would have caused a
mismatch. By aligning V; V) to “tf”, we remove this mismatch and reduce the
cost by 1. This compensates the increase in cost in the vertex segment. We need
to handle the other two places in the edge-segment where V; occurs, without
increasing the cost. As Vj is mapped to “4” now, the strings that we need to
match can only be “tt”, “tf” or “ft”. All these are substrings of “fttf”. They
can be accommodated by adjusting the mapping to the appropriate dummy
variable so that there is no increase in cost. So the total change in cost is 0.

We can now assume that o satisfies Property 1 and Property 2. We construct
a set VC, by adding the vertex v; to it iff o(V;) = “t”. This would be a vertex
cover. cost(o) = 11n + |V C|. Cost of o* is, at least, 11n + VC*. Otherwise, we
can use the above mentioned procedure to get a vertex cover smaller than VC*.
This proves that, |[VC| — |VC*| < cost(o) — cost(c*). We have proved that our
reduction is an L-reduction. ]

COROLLARY 1 The 1,2-Matching problem cannot be approrimated within a fac-
tor of 8313/3312.

ProorF: It is known that the vertex cover problem is not approximable within
a factor of 145/144, even on graphs with maximum degree at most three [12].
For ease of exposition, we gave the L-reduction from 3-regular graphs. The same
proof works even for graphs with maximum degree at most three. In the above
L-reduction we ensured that the cost of the optimal solution for the output
instance is no more than 23 times the optimal vertex cover of the input graph.
We also gave a way to translate a given solution o of the matching problem into
a vertex cover VC, such that |V C|—|VC*| < cost(o) —cost(c*), where VC* and
o* are the corresponding optimal solutions. Using these, we can get the required
inapproximability bound. O

We next adapt the above proof to show that even when the alphabet is
restricted to be binary, the problem is MAXSNP-Complete.
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THEOREM 2 The 1,2-Matching problem is MAXSNP-Complete, even if the al-
phabet is binary.

Proof: We adapt the proof of Theorem 1 here. We use the same L-reduction
with some changes. Our alphabet is now {t, f}. The pattern is P = P, PP,
where P} and P; are same as in the original L-reduction. P» is now a string
“ff...f" of length 1.5n. The text T' = Ty ToT5 T is now made of four segments.
T, and T3 are as in the original proof. T5 is the string “ff... f” of length 1.5n.
Ty = “tt .. .17, a string of length n.

By adapting the original proof, we can translate an optimal vertex cover VC*
into an assignment with an extra-cost of [VC*| (note that Dy can be mapped
appropriately to match Ty also). As the length of the text is now 12.5n, we can
show that the cost of the optimal assignment is, at most, 26|V C*|.

We next modify the algorithm that converts a given assignment o to a vertex
cover VC. The main issue is that |o(V;)| could be more than 1, for some V;. We
cannot use the argument given in the previous proof to address this issue, as we
no longer have n different special symbols. We make a series of transformations
to o, so that Vi, |o(V;)| = 1, without increasing the cost of o.

We shall first transform o so that the first “f” of P» is matched within T5.
If o0 does not have this property, P> is matched completely within Ty and Ts.
Notice that any substring of ToTy of length [ has, at least, 2/3 1 “t”’s. So, P»
will incur an extra-cost of at least, |P| * 2/3 = n. By mapping all V;’s to “¢”,
we can get an equally good assignment (with extra-cost of n).

We can now assume that the first “f” of P, is matched within 7T5. Now, if
a suffix of P, is matched to a prefix of T3, then the entire Tg will be matched
within Ps, incurring an extra cost of n. So we can assume that P, is matched
within 75 and Tg.

We shall now transform o so that |o(V;)| = 1, for all V;. Suppose |o(V;)| > 1,
for some V;. Let o(V;) = ayb, where a,b € {t, f} and y € (t + f)*. V; occurs in
three places in Ps, as the first variable or as the second (this would depend on
how the edge was represented; as (v;,-) or as (_,v;)). If the majority is the first
place, we map V; to “b”, else we map it to “a”. Such a change in the mapping
has to be accounted for in four places, once in P; and thrice in Ps3. First let us
consider its occurrence in the vertex-segment P;. We have shrunk o(V;). The
substring V;y1 ...V, of P; will slide to the left over 77 and 7% that are made
of f’s only. So, there is no change in cost for P;. The sliding also causes one
or more f’s of Py, which were originally matched with a prefix of T3, to now
match with a suffix of Tb. As 1) is a string of t’s and T5 is a string of f’s,
the cost decreases by at least 1. To avoid “disturbing” the alignments in the
edge-segments, we increase the length of o(Dy) by |y| + 1 and the sliding has
no effect in P3. Now let us consider the three occurrences of V; in Ps. Let us
assume that V; occurs a majority number of times as the first variable (the
other case is handled similarly). Consider each of the three places where V;
occurs in the edge-segment. Let e, be the edge in consideration. Then, we set
0(D,—1) « o(D,—1)ay. This does not change the cost. If V; is the second variable
of e,, we set o(D,) < ybo(D,). This could increase the cost by one, as a and b
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may be different. The latter case will occur at most once, as we took majority.
So we have made |o(V;)| = 1, without increasing the cost.

Repeating the above procedure for each variable, we have managed to change
o so that each Vj is either mapped to “t” or to “f”. o now satisfies Property 1 of
the original proof. We can continue as in the original proof to satisfy Property 2
and get the required result. O

COROLLARY 2 The 1,2-Matching problem cannot be approrimated within a fac-
tor of 3313/3312, even when the alphabet is binary.

PRrROOF: A straightforward adaptation of Corollary 1 to the above theorem would
yield a bound of 3745/3744. This can be improved to 3313/3312 if we could
reduce the length of the text from 12.5n to 11n. We do this by using the block
“tfttf” instead of “tfttft” in T3 and adding a single constant ¢ at the end of
the text. The proof of the above theorem has to be modified slightly to handle
this. O

COROLLARY 3 The «, 3-Matching problem is MAXSNP-Complete and cannot
be approximated within a factor of 1+ W.

3 Restrictions to Weighted CS-Matching

We showed that the 1,2-Matching problem is MAXSNP-Complete. In this sec-
tion, we give a 2-approximation algorithm for the problem. We also consider
whether restrictions of the problem have better upper bounds. The first restric-
tion we consider is when the number of variables is bounded by a constant. We
show that this problem can be solved in polynomial time. In the second restric-
tion, we require that the pattern be a string made of variables only. We show
that this problem is NP-Complete and also MAXSNP-Complete. We give an
approximation algorithm for this problem, when the alphabet is bounded. The
following lemma is useful in analyzing the two restrictions.

LEMMA 1 We can verify whether a given instance of the weighted CS-Matching
problem has a feasible assignment or not in polynomial time.

PROOF: Let the input pattern contain k variables, X1, X, ..., X}, each occur-
ring aq,as, ..., a; times respectively. Let the length of the text be n, the total
length of constants in the pattern be ¢ and set n’ = n — ¢. It can be seen that a
feasible assignment exists iff the equation

a1 %X +asxTo+ -+ apxxp =n'

has positive integer solutions in the unknowns x1, ... xg.

We give a simple algorithm based on dynamic programming to solve the
above equation. We compute a n’ x n’ boolean array A, where A, , is true iff
there exists an assignment of positive integers to the z;’s, such that > x; = p
and > a;x; = g. We set Ay to true, where [ = > a;. We set all other entries of
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the first k rows to false. To compute the rest of the array, we use the recurrence
relation,

k
Apq = \/ Ap—1,g-a;

i=1
Finally, there exists a positive integer solution to the equation iff for some p, A, ,,/
is true. O
The above algorithm can be modified to find a feasible assignment. Any
feasible assignment has cost at most 2n, where n is the length of the text. The
optimal assignment has cost at least n. So we have a 2-approximation algorithm.

COROLLARY 4 There is a 2-approximation algorithm for the 1,2-Matching prob-
lem.

We next discuss a problem that occurs in the analysis of the restricted ver-

sions that we consider below.
Fixed Length Weighted CS-Matching Problem: As usual, the input con-
sists of a text T of length n and a pattern P over k variables Vi, Vo, ... Vi,
where the variable V; occurs a; times in P. We are also given a sequence of k
integers Iy, la, . . ., I, satisfying the equation, Y a;*l; = n—c¢, where ¢ is the total
length of the constants in P. Among all assignments o that satisfy the condition,
Vi |o(V;)| = i, the goal is to find an assignment with the least cost.

The above problem can be solved in polynomial time. We can compute the
required mapping for each variable V; as follows. As the lengths of all variables
are fixed, the substrings in the text that align with each occurrence of V; are also
fixed. Let these be y1,y2,. .., Ya,, each of length I;. We set o(V;) to ajaz...aqy,,
where a; is a constant that occurs the maximum number of times in the 4t
position of the strings yi, ¥y, ..., Yaq,. It can be seen that this assignment has the
least cost of all assignments that satisfy the specified lengths.

3.1 Restriction 1: Bounded Number of Variables

THEOREM 3 If the number of variables is bounded by a constant K, an optimal
assignment can be found in polynomial time.

PRrROOF: Finding the assignment o can be viewed as a two stage process. We first
fix the length of the mapping for each variable and then fix the actual mapping.
Once we fix the lengths for o(V;)’s, we get an instance of the fized length weighted
CS-Matching problem, which was shown to be solvable in polynomial time. As
each variable can only have length between 1 and n, the number of ways in which
we can fix the lengths is bounded by n€. So, when K is a constant, the problem
can be solved in polynomial time. O

3.2 Restriction 2: Variable-Only Patterns

THEOREM 4 The CS-Matching problem is NP-Complete even when the pattern
is restricted to be a string of variables only and the alphabet is restricted to be
binary.
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ProOOF: We give a reduction from 1in3SAT. In the 1in3SAT problem, given
a 3SAT formula, we need to check if there is a truth assignment that satisfies
exactly one literal in each clause. This problem is known to be NP-Complete [9].

Let the input formula for the 1in3SAT problem be over n boolean vari-
ables x1, 22, ...x, and contain m clauses. Our reduction outputs an instance of
the matching problem over the alphabet X' = {$,a} and the variable set V. For
cach boolean variable z;, we add two variables X; and X; to V. We also add
another variable Z to V. We output the pattern

X\ X12XoXoZ ... ZXn XnZ 517507 ... ZSmZ

where s; is a string that encodes the 4t clause. For example, if the j** clause
is (1 V@2 V @3) then s; would be the string X1X5Xs3. The text is the string
$(aaa$)™(aaaa$)™. This defines the polynomial reduction. We next show that
the formula has a 1in3 satisfying assignment iff the pattern matches the text.

First, if the input formula has a 1in3 satisfying assignment ¢, we find a
matching assignment o as follows:

— Set 0(Z) =$. o
— If ¢(X;) is true, then set o(X;) =“aa” and o(X;) = “a”.
— If ¢(X;) is false, then set o(X;) = “a” and o(X;) = a”.

It can be seen that o is a matching assignment.

Next, let us assume that the pattern matches the text via a matching as-
signment o. Then o(Z) has to start and end with $. As the number of Z’s in
the pattern is same as the number of $’s in the text, Z has to be mapped to
$. So, for any pair of variables X; and X; either X; is mapped to “aa” and X;
to “a” or vice versa. We then exhibit a 1in3 satisfying assignment for the input
formula. We set z; to true, if X; is mapped to “aa”, and to false, otherwise. As
the pattern and the text are matched, any string s; is aligned with the string
“aaaa”. Thus, of the three variables in s;, exactly one is mapped to “aa” and
the other two are mapped to “a”. This implies that the truth assignment we
constructed is a 1in3 satisfying assignment. O

THEOREM 5 The 1,2-Matching problem is MAXSNP-Complete even when the
over Variable-Only patterns and binary alphabet.

ProOF: We shall adapt the proof of Theorem 2 to achieve this result. The
only changes we require in the original L-reduction are that, P, = ZZ...Z
and Ty = ff...f, where both are of length 11n. The same proof can be used
to show that we can construct an assignment whose cost is, at most, 45 times
|V C*|. For the other direction of the L-reduction, we can use the same proof,
if we can first ensure that Z is mapped to “f”. In any feasible assignment, Z
cannot be mapped to a string of length greater than 1, because Z occurs 11n
times and the text is of length 22n. Every substring of the text of length [ has at
least 1/3 f’s. So, if Z is mapped to “t”, there is an extra-cost of 11n/3. But, we
can easily construct an assignment of extra-cost n. Hence we can assume that Z
is mapped to “f” and proceed with the original proof. O
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THEOREM 6 For Variable-Only patterns, when the alphabet size is bounded by
a constant D, we can approzimate the 1,2-Matching problem within a factor of
1+ 251

PROOF: We first use the algorithm given in Lemma 1 to check if there is some
feasible assignment. The algorithm can be modified to return the lengths of
the assignment for each variable. We now have an instance of the fixed length
weighted CS-Matching problem. We use the algorithm given for the latter prob-
lem to find the best assignment with these lengths. Since we use the majority rule
in fixing the assignment, we are guaranteed to have at least one match for every
(D — 1) mismatches. As the pattern has variables only, the constructed assign-
ment has cost at most n(1 + %). Hence we have the required approximation
bound. a

4 Conclusions and Open Problems

The problem of context sensitive string matching, which has practical applica-
tions, is known to be NP-Complete. We presented a weighted version of the
problem and showed it to be MAXSNP-Complete, even over a binary alphabet.
We also showed that the problem cannot be approximated within a factor of
3313/3312. We considered an interesting restriction where the pattern is made
of variables only and showed that even under this restriction, the problem is NP-
Complete and MAXSNP-Complete. We also gave an approximation algorithm
for this case, when the alphabet size is bounded.

There are several open problems in this area. We gave an approximation al-
gorithm in the case where the pattern is void of constants and the alphabet is
bounded. Finding an approximation algorithm without either or both of these
restrictions could be the next step. Designing improved approximation algo-
rithms even with both the restrictions is another avenue for research. Obtaining
better inapproximability bounds is another interesting area. Studying the prob-
lem where the pattern can be matched to a substring of the text has practical
ramifications.
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Abstract. This paper introduces a new class of strings on {a, b}, called
two-pattern strings, that constitute a substantial generalization of
Sturmian strings while at the same time sharing many of their nice prop-
erties. In particular, we show that, in common with Sturmian strings,
only time linear in the string length is required to recognize a two-pattern
string as well as to compute all of its repetitions. We also show that two-
pattern strings occur in some sense frequently in the class of all strings

on {a,b}.

1 Introduction

In this paper we outline the results of an investigation of the properties of a
new class of strings on {a, b}, derived by the successive action of a sequence of
morphisms on the single letter a. All of the strings so determined are finite, and
we deal with them from a computational point of view: initially, we are interested
in efficient algorithms to recognize such strings and to compute the repetitions in
them; then we go on to estimate their frequency of occurrence among all strings
on {a,b}.

A previous paper [5] specified linear-time algorithms to recognize and com-
pute repetitions in finite substrings of Sturmian strings; the class of strings dis-
cussed here significantly extends this work.

Let p and g denote two distinct nonempty strings on {a, b} such that |p| < A
and |g| < A, where )\ is a finite integer called the scope. We call p and ¢
patterns of scope ). For any pair of finite positive integers ¢ and j such that
1 < j, consider the morphism o that maps single letters into blocks:

a—p'q, b—pq. (1)

We call ¢ an expansion of scope A and observe that it is specified by a 4-
tuple [p, g, 1, j]. Observe also that an expansion can be applied to any (finite or

* Supported in part by grants from the Natural Sciences & Engineering Research
Council of Canada.

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 76-84, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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infinite) string on {a, b} to yield an expanded string
y=o(x).

Given any two morphisms o1 and o2, the composition o1 o o9 is therefore well
defined: z = o1(y) = o1 (02(x)) = (01 0 02) ().

Definition 1. Suppose a positive integer A and a finite sequence
01,02,...,0k
of expansions of scope A are given, where
or = [Pr, Qe ir, Jir)
for everyr =1,2,... k. Then the string
x= (010090 00%)(a)

is a complete two-pattern string of scope X if and only if every pair (pr, qr)
of patterns is suitable (defined in Section 2).

The definition of a suitable pair of patterns is deferred till Section 2 because it
is necessarily somewhat technical. However, the main idea of a suitable pair is
simple: p and g should be dissimilar enough that they can be efficiently distin-
guished from each other by an algorithm that recognizes complete two-pattern
strings.

We can easily provide examples of complete two-pattern strings. If we suppose
that A = 3 and o1 = [ab, ba, 2, 3], 02 = [abb, aa, 1, 4], the following strings are all
complete two-pattern strings of scope 3:

a1(a) = (ab)*ba;
(o1 0 01)(a) = (ab)?ba(ab)>ba(ab)?*ba(ab)>ba(ab)>ba(ab)?ba;
(01 0 02)(a) = (ab)*ba(ab)®ba(ab)®ba(ab)*ba(ab)?ba;
(02 0 01)(a) = (abb)aa(abb)*aa(abb)aa(abb)*aa(abb)*aa(abb)aa.

Observe further that when the scope A = 1, the choice of p and q is restricted
to

(p,q) = (a,b) or (p,q)= (b,a). (2)

If the further restriction is imposed that j = i41, then all the strings generated
by any finite sequence of expansions are finite substrings of Sturmian strings;
in fact, in the terminology of [5], these strings are exactly the set of “block-
complete” finite substrings of Sturmian strings. We note that every complete
two-pattern string of scope A is also a complete two-pattern string of scope A\+1;
thus in particular every block-complete finite substring of a Sturmian string is
a complete two-pattern string.

As noted above, our initial interest in complete two-pattern strings is compu-
tational, following similar studies of Fibonacci [7,4,3] and Sturmian [1,5] strings.
We pose two sets of questions:
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(Q1) What is the complexity of determining whether or not a given string =
x[l..n] is a fragment of a complete two-pattern string? Can an efficient
algorithm be found to make this determination for every x?

(Q2) Given a fragment x of a complete two-pattern string, can an algorithm
be found that computes all the repetitions in @ in linear time?

Since complete two-pattern strings constitute a much more general class of
strings than block-complete finite substrings of Sturmian strings, the following
questions also become of interest:

(Q3) What is the frequency of occurrence of fragments x of complete two-
pattern strings among all strings on {a, b} of length n? What is the asymp-
totic frequency of occurrence of complete two-pattern strings among all
infinite strings on {a,b}?

In this paper we provide a partial answer to (Q1) by outlining an algorithm
that in ©(n) time determines whether or not a given string @[1..n] is complete
two-pattern. Similar to the recognition algorithm in [5], this algorithm outputs
the sequence of expansions (1) by which a is transformed into & — or more

precisely, the sequence of reductions
p'q—a, Pg—b (3)

by which @ is reduced to a. This sequence provides a complete specification of .
Since by (1) each reduction decreases string length by a factor that exceeds

ilp|+lq| > 2, (4)

the recognition algorithm thus yields as a byproduct a potential data compres-
sion technique for complete two-pattern strings «.

The reduction sequence is then used to provide partial answers to (Q2) and
(Q3). Before going on to discuss these questions in more detail, we pause to
provide an introduction and context for them, as well as an outline of the main
results.

In dealing with (Q1), we need to cope with the possibility that at any stage
of the reduction of x, there may be more than one reduction satisfying (3): it
then becomes possible that one of these reductions is a part of a sequence that
reduces x to a, while another one is not. As long as this possibility exists, any
recognition algorithm would be obliged to include provision for backtracking,
leading possibly to an execution time exponential in the number of reductions.
Our main result in this connection is to show however that backtracking is not
required, and that therefore the algorithm that recognizes complete two-pattern
strings requires only ©(n) time.

Of course this does not yet fully solve (Q1). We conjecture that, just as for
Sturmian strings [5], there exists a ©(n)-time algorithm to determine whether or
not a string is a fragment of a complete two-pattern string of scope A. If such an
algorithm were found, it would greatly extend the class of strings that could be
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efficiently compressed using reductions, or whose repetitions could be efficiently
computed.

The view may be taken that interest in (Q2) has been superseded by other
work. It has recently become clear that, as a result of research extending over a
period of a quarter-century, the repetitions in any string x[l..n] on an indexed
alphabet — that is, an alphabet of size @ € O(n) that maps onto the integers
1..cc — can be computed in ©(n) time. The main steps in this development are
as follows:

— an algorithm to compute the suffix tree of « in ©(n) time [3];

— an algorithm to compute the s-factorization of «, given the suffix tree of «,

in ©(n) time [9,11];

the identification of “maximal periodicities” or “runs” as a suitable encoding

of repetitions in strings, and the computation of the leftmost occurrence of

every distinct run in @ in ©(n) time, based on the s-factorization [10];

— the proof that the number of runs in any string is O(n), and the extension
of the algorithm [10] to compute all occurrences of every run in @ in ©(n)
time, still based on the s-factorization [8].

Impressive as this intellectual edifice is, it nevertheless appears, at least in the
context of strings on the alphabet {a,b}, to be rather indirect in its approach,
perhaps involving more sophistication than is really required. Indeed, it is not
clear that the @(n)-time algorithm given in [3] is preferable in practice to classical
O(nlogn)-time algorithms for suffix-tree construction. Further, the very long
and technical proof that number of runs is linear in string length shows that a
constant of proportionality exists, but provides no information about its size;
at the same time, computer experiments described in [3] provide convincing
evidence that the maximum number of runs in any string is at most n, and that
this maximum occurs in strings on {a, b}! Thus, in a sense, the existing theory
serves to remind us of how little, rather than how much, we know of periodicity
in strings, perhaps especially those on {a, b}.

For (Q2) we adopt a more direct approach, an extension of the methodology
used in [5] for Sturmian strings. Making use of the reduction sequence computed
by the recognition algorithm, we show how to compute all the runs in complete
two-pattern strings x[1..n] in @(n) time. Essentially, we show that if y is derived
from « by a reduction (3), then the nontrivial runs in @ can be computed directly
from certain special configurations occurring in y; thus, over the whole reduction
sequence, the runs in @ can be computed on a step-by-step basis, from one
reduction to the next. It is the special configurations that are of interest here,
since they provide insight into the way in which repetitions are formed.

Finally, we report on progress with (Q3), in estimating the frequency of
occurrence of complete two-pattern strings among all strings on {a, b}. We claim
that for A sufficiently large with respect to n, complete two-pattern strings are
dense in the set of all strings. We claim also that for some values of k and fixed
A, the number of distinct strings of length k (the complexity) can exceed 2k
— can in fact even be exponential in k.

Sections 2-4 deal with questions (Q1)-(Q3) respectively.
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2 Recognizing Two-Pattern Strings in Linear Time
Before proceeding with our development, we need to provide a definition of the
term “suitable pair” mentioned in Section 1:

Definition 2. A string q is said to be p-regular if and only if there are strings
u # g, v together with nonnegative integers ny,...,ng, k> 1, and r such that

— p is neither a prefix nor a suffix of w;

— p is neither a prefiz nor a suffix of v;

— there are at most two integer values my and ms such that for each i €
1.k, n; =mq orn; =ma, ie |[{n;:i € 1.k} <2;

- q = (up"vp™)(up"vp™?) - - (up"vp"™*)u;

— if r =0, then v = & (the empty string).

The next definition formalizes the notion that the two strings p and g are funda-
mentally distinct and can be used as “building blocks” for complete two-pattern
strings.

Definition 3. An ordered pair of nonempty strings (p,q) is said to be a suit-
able pair of patterns if and only if

— p is primitive, i.e. has no nonempty border;
— p is neither a prefix nor a suffix of q;

— q 1is neither a prefix nor a suffix of p;

— q is not p-reqular.

Using these definitions, we can now show how to reduce a nontrivial complete
two-pattern string. Let

x = abbabaaabbababbababbababbabaaabbababbabaaabbababbababbababbaba
aabbababbababbababbabaaabbababbababbababbabaaabbababbabaaabbab.

Consider the reduction p; = [a, bbab, 1,3] and observe that according to Defini-
tion 3, (a,bbab) is a suitable pair. Then applying the reduction

a(bbab) — a, a®(bbab) — b,

we find that
x1 = p1(x) = abaaababaaabaaabaaabab.

Similarly for ps = [a, b, 1, 3], we find
X2 = pa2(x1) = ababbba,
while for p3 = [ab, bba, 2, 3],
x3 = p3(x2) = a.
Thus & = x[1..124] is completely described by the three-term reduction sequence

[a,bbab, 1,3], [a,b,1,3], [ab,bba,2,3],
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and so is a complete two-pattern string of scope 4.

In the context of possible applications to data compression, it is worth re-
marking that in general the number of terms in a reduction sequence is by (4) at
most [log, n| and may be much smaller. In our example, n = 124 and sequence
length 3 = log, 39 124.

We now introduce formally an idea mentioned in the introduction: a canonical
reduction that is identified by patterns that are somehow “shortest”:

Definition 4. A reduction p = [p,q,1i,j] of a binary string x using patterns of
scope \ is A-canonical if and only if for every reduction p1 = [p1,q1,i1,71] of
x using patterns of scope \:

(a) either |p| < |p1|, or [p| = |p1| and |q| <|q1|, or |p| = [p1| and [g| = |q1].
(b) @ = p1"q1 implies x = p'q.

It is then possible to prove that it suffices to reduce x using a sequence of
canonical reductions:

Theorem 1. x is a complete two-pattern string of scope A if and only if there

is a sequence of A\-canonical reductions {p1, p2, -+, pn} reducing x to a string a.
O

We omit the fairly predictable details of the algorithm REC that is based on
this theorem. We state however the main result:

Theorem 2. For any A > 1, the recognition algorithm REC determines in
O(2X\8|x|) steps whether or not x is a complete two-pattern string of scope A,
and if so, the algorithm outputs the A-canonical reduction sequence of . O

3 Computing the Repetitions in Linear Time

We describe here the main ideas that permit the repetitions in a complete two-
pattern string to be computed in linear time. Just as for Sturmian strings [5],
it turns out that the repetitions that occur in an expansion y = o(x) of a two-
pattern string @ are formed as a result of the application of o to certain well-
defined configurations in @. Thus, with the help of the expansion (reduction)
sequence that determines a complete two-pattern string, it is possible to track
and output the repetitions as they are formed by each expansion in the sequence.
As mentioned in the introduction, a crucial factor that ensures the efficiency of
this process is the encoding of the repetitions as runs.

Definition 5. A repetition in x = x[l..n] [2] is a triple (i,p,r) of positive
integers, where 1 < n, r > 1,

xli.i+rp—1] =xi..i+p—1]",

and x[i + rp.i+(r+1)p—1] # x[i..i+p—1]. The period of the repetition is p and
its generator is x[i..i+p—1].
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Crochemore [2] showed that Fibonacci strings, a special case of two-pattern
strings, contain (2(nlogn) repetitions. To avoid 2(nlogn) processing just for
output, we therefore introduce:

Definition 6. A run in x[1l..n] [10] is a 4-tuple (i,p,r,t) where

(i,p,?“), (i—l—l,p,?“), R} (l-i—t,p,?“)

are all repetitions, while (i—1,p,r) and (i+t+1,p,r) are not. The period and
generator are defined as for (i,p,r).

It is easy to prove that for any constant k, all the runs in & whose period p < k
can be output in at most c,n steps, where ¢, is a constant whose value depends
only on k. In particular, this result is true for the choice kK = 3\. For p > 3\, we
require the following lemma, the main result of this section:

Lemma 1. For |p| < )\, |q| < A, let 0 = [p, q,1i,]] be an expansion of x, so that
y = o(x). Then for every run R in y whose period p > 3\, one of the following
holds:

— R is an expansion under o of a run in x,
— R is determined by a square u? in x that is derived from a substring of = of
one of the following forms:

aa, ab, ba, bb, avbva, bvavb, bvaavb, avbv, bvav,

for any nonempty substring v. O

The details of “deriving” u? and of using it to “determine” R are lengthy and
complicated, to be found at web site

http://www.cas.mcmaster.ca/ franek/
The analysis found there enables us to claim that

Theorem 3. There exists an algorithm RUN such that for every integer A > 1,
RUN computes all the runs in every complete two-pattern string € = x[l..n] of
scope A, based on the reduction sequence of x, in at most cyxn steps, where cy is
a constant whose value depends only on A. O

4 Frequency of Two-Pattern Strings

In this section we first present results showing that infinite two-pattern strings
(that is, two-pattern strings formed from an infinite sequence of expansions) have
complexity at least k+1, while for some values of k£ the complexity can even be
exponential in k. Since Sturmian strings have complexity k+1, we can accord-
ingly claim that two-pattern strings are in some sense more frequent among all
strings on {a, b} than Sturmian strings are. Nevertheless, for fixed A the relative
frequency of two-pattern strings approaches zero as string length approaches
infinity.
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Another point of view is also of interest. We find that if we consider only
those values of n that are close to A, then two-pattern strings occur frequently
among all strings of length n. In other words, for sufficiently large A, a large
proportion of strings on {a, b} turn out to be two-pattern strings.

We begin by recalling the notation LCP(u,v) and LCS(u,v) for arbitrary
strings w and wv: longest common prefix and longest common suffix, respectively.
It is then convenient to define, for any integer m > 0,

Ay = Ap(u,v) = mlp| + [LCP(u, v)| + [LCS(u, )|
Using this notation, we state:

Theorem 4. Let x be an infinite two-pattern string of scope A reducible by
[p,q,i,j]. Then the complexity Cy, = Ci(x) satisfies

(a) Cx > k+1 when |p| <k < A;;
(c) Crp > k+1+4+(j—i—1)|p| when k> A;_1+2;

where A, = Ay, (p,q). O

This result provides lower bounds on the complexity Cj that are in fact sharp.
We have also established upper bounds on Cj that are however not sharp. To
show that the complexity can for some values of £ be much larger than k+1,
consider an infinite two-pattern string « with substring pgp, where p = aaaabbbb
and g = aababbab are a suitable pair of patterns. It is easy to check that in the
substring pgp there are 2* substrings of length 4 — for k = 4 the complexity is
exponential in k.
In order to state our final results, we introduce the constant [0]

¢ = lim P(n)/2" ~ 0.26778684,
n—o0

where P(n) is the number of primitive strings (with no nonempty border) of
length n on {a,b}. The frequency of occurrence of two-pattern strings for A
large with respect to n can then be estimated in terms of ¢:

Theorem 5. Forn > 2, let f(n) denote the frequency of occurrence among all
strings of length n of two-pattern strings x[l..n] = pq, where p,q is a suitable
pair of scope X > [n/2]. Then f(n) > ¢/2. O

Theorem 6. Forn >4, let f(n) denote the frequency of occurrence among all
strings of length n of two-pattern strings x[l..n] = p*q, where i > 1 and p,q is
a suitable pair of scope X > n—2. Then f(n) > 15¢/16. O
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Abstract. The traditional edit-distance problem is to find the minimum
number of insert-character and delete-character (and sometimes change
character) operations required to transform one string into another. Here
we consider the more general problem of strings being represented by
a singly linked list (one character per node) and being able to apply
these operations to the pointer associated with a vertex as well as the
character associated with the vertex. That is, in O(1) time, not only can
characters be inserted or deleted, but also substrings can be moved or
deleted. We limit our attention to the ability to move substrings and leave
substring deletions for future research. Note that O(1) time substring
move operations imply O(1) substring exchange operations as well, a
form of transformation that has been of interest in molecular biology. We
show that this problem is NP-complete, show that a “recursive” sequence
of moves can be simulated with at most a constant factor increase by a
non-recursive sequence, and present a polynomial time greedy algorithm
for non-recursive moves with a worst-case log factor approximation to
optimal. The development of this greedy algorithm shows how to reduce
moves of substrings to moves of characters, and how to convert moves
with characters to only insert and deletes of characters.

1 Introduction

The traditional edit-distance problem is to find the minimum number of insert-
character and delete-character operations required to transform a string S of
length n to a string T' of length m. Sometimes the costs of inserts and deletes
may differ, and change-character operations may have a different cost from a
delete plus an insert. Here we restrict our attention to just the insert-character
and delete-character operations where both have unit cost, although we believe
that much of what we present can be generalized to non-uniform costs.

It is well known how to solve the edit distance problem in O(n - m) using
dynamic-programming (see for example the book of Storer [11] for a presentation
of the algorithm and references). If the whole matrix is kept for trace back to
find the optimal alignment, the space complexity is O(n - m), too. If only the
values of the edit distance is needed, only one row of the matrix is necessary,
and the space complexity is O(m).

In addition to the insert and delete operations, we allow move operations
that transfer a sequence of characters from one location in S to another at a

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 85-98, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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constant cost. One way to model the move operation is by viewing strings as
singly-linked lists (one character per vertex), and allow operations to apply to
the pointer associated with a vertex as well as the character associated with the
vertex. To define the problem properly, we can assume that special characters
# and $ are first added to S to form the string #S5$, and the problem is to
transform #S5% to #7'$ with the stipulation that # and $ cannot be involved in
any operation, although #’s pointer might be ($’s pointer is always nil). That is,
# defines the list head, the process must produce a list that goes from # to $, and
the characters stored at the vertices traversed are the transformed string, which
must be equal to T' (all vertices unreachable from # after the transformation is
complete are considered deleted). For simplicity, we assume that all operations
(insert-character, insert-pointer, delete-character, and delete-pointer) have the
same unit cost. In terms of what can be done in O(1) time, what has been gained
with the addition of the insert-pointer and delete pointer operations is the ability
to:

1. Move a substring in O(1) time.
2. Delete a substring in O(1) time.

We limit our attention to the ability to move substrings and leave substring
deletions for future research. Note that O(1) time substring move operations
imply O(1) substring exchange operations as well, a form of transformation
that has been of interest in molecular biology. Move operations can perform
transformations in O(1) time that could not be done in O(1) time in the standard
edit distance model. For example, let S = a"b™c"d™e™ and T = a"d™c"b™e",
where m << n but m is not a constant. The usual edit distance between S and T’
is O(m), as we would like to swap every b with every d, and visa verse. Using
the new model the edit distance is reduced to O(1), by changing O(1) pointers.

Kececioglu and Sankoff [6] and Bafna and Pevzner [1] consider the reversal
model, which takes a substring of unrestricted size and replaces it by its reverse in
one operation. Move operations can be simulated with O(1) reversal operations.
For example, instead of moving a substring B to the right in S, let C' be the
substring of S between A and its destination position (so for some possibly
empty strings A and D we wish to transform S = ABCD to ACBD) and we
can simply reverse BC' and then reverse each of B and C separately. However,
a reversal cannot in general be simulated by O(1) moves (so the reversal model
is more powerful than the move model).

Muthukrishnan and Sahinalp [9] consider approximate nearest neighbors and
sequence comparison with block operations, and without “recursion”. With block
operations, they include moves, copies, deletes, and reversals. The addition of
the copy and reversal block operations changes the problem greatly. Reversals
are more powerful than moves (i.e., reversals can simulate moves with at most
a constant factor increase in cost but it is not necessarily true that moves can
simulate reversals). Copies allow one to do in O(1) cost something that is not
possible in O(1) time under normal assumptions about the manipulation of lists.
They show NP-completeness and give a close to log factor approximation algo-
rithm for related problems, but their construction is much more complex than
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presented here and does not seem to directly apply to this more simple model
of just deletes and moves.

Bafna and Pevzner [2] refer to moves as transpositions; this is motivated by
observing that if S = wvwz is transformed by moving substring w to T' = uwvz,
then the effect is to have exchanged the two substrings w and v. For the case
that S is a permutation of the integers 1 through n, they give a 1.5 approximation
algorithm for the minimum number of transpositions needed to transform S to a
different permutation 7. Although similar in related to the problem considered
here, the restriction that all characters are distinct greatly changes the problem.

Lopresti and Tompkins [8] consider a model in which two strings S and T
are compared by extracting collections of substrings and placing them into the
corresponding order. Tichy [12] looks for a minimal covering set of T with re-
spect to a source S such that every character that also appears in S is included
in exactly one substring move; unlike our model, one substring move can be used
to cover more than one substring in 7'. Thus, S is constructed by using the copy
operation of substrings of the minimal covering set. Hannenalli [5] studies the
minimum number of rearrangements events required to transform one genome
into another; a particular kind of rearrangement called a translocation is consid-
ered, where a prefix or suffix of one chromosome is swapped with the prefix or
suffix of the other chromosome, and a polynomial algorithm is presented which
computes the shortest sequence of translocations transforming one genome into
another.

We now give a formal description of the three operations insert, delete,
and move. Let Y denote a finite alphabet. For a character ¢ € X, a string
S = s1--+s, and a position 1 < p < n, the operation insert(o,p) inserts
the character o to the p'® position of S. After performing this operation, S
is of the form sy ---$,-108,--s,. The operation delete(p) deletes the char-
acter which occurs at the p** position of S, and returns the character which
was deleted, ie., s = s1---5,_15p41---5, and it returns the character s,.
Given two distinct positions 1 < p; # po < n and a length 1 < ¢ < n —
p1 + 1, move(l,p1,p2) moves the string at position p; of length ¢ to posi-
tion py. After performing the move operation, if p; < po then S is in the form
of 81+ 8p,—18p,4€" " Sps—15p; " * Spr44—15py * = * S, and if pa < py, S is in the
form of 51+ 8p,—15p, *** Sp140—15ps ** * Spy—1Sp1+£ * - * Sn. For simplicity, we may
write move(str,p1,p2), where str is the string which is moved.

In the following section we show that computing the edit-distance between
two linked lists is NP-complete (substring deletions are not needed for this con-
struction, move-string operations suffice to imply NP-completeness). In Section
3 we simplify the problem of finding a constant factor approximation algorithm
by showing that the elimination of recursive moves cannot change the edit dis-
tance by more than a constant factor. In Section 4 we present a greedy algorithm
that works by repeatedly replacing a given number of copies of a longest com-
mon substring of S and T" by a new character, and then section 5 shows how a
reduction to the standard edit distance algorithm can be used. Sections 6 and 7
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then show that this greedy algorithm gives a log factor worst-case approximation
to optimal. Section 8 mentions some areas of future research.

2 NP-Completeness of Edit Distance with Moves

THEOREM: Given two strings S and T, an integer m € N, using only the three
unit-cost operations insert, delete, and mowe. It is NP-complete to determine
if S can be converted to T" with cost < m.

PROOF: Since a non-deterministic algorithm need only guess the operations and
check in polynomial time that S is converted into T with cost < m, the problem
is in NP.

We employ a transformation from the bin-packing problem, which is:

Given a bin capacity B, a finite set of integers X = {x1, ..., 2, } where z; < B,
and a positive integer k, the bin packing problem is to determine if there is a
partition of X into disjoint sets X1, ..., X, such that the sum of the items in
each X; is exactly B. The BIN-PACKING problem is NP Complete in the
strong sense (e.g., see Garey and Johnson [3]); that is, even if numbers in the
statement of the problem instance are encoded in unary notion (a string
of n 1’s representing the number n), it is still a NP-complete problem.

Given an instance B, X = {x1,...,z,}, and k of the bin-packing problem,
let a, #, and $ denote three distinct characters, and let:

S = g* H#a“
=1

T = (aB$)" 4"

m=n

Since the bin-packing problem is NP-complete in the strong sense, we can
assume that the lengths of S and 7' are polynomial in the statement of the
bin-packing problem.

CLAIM: S can be converted to T" with a cost < m if and only if there is a
partition of X into disjoint sets X7, ..., X} such that the sum of the items in
each X, is B.

For the if portion of the proof, suppose that there is a partition of X into
disjoint sets X7, ..., X%, such that the sum of the items in each X; is B or less.
Then S can be transformed to T' by, for each item z; € X;, 1 < j < k, moving
the corresponding a’s to between the $ of the corresponding bin. That is, perform
move(a®?, k—i—zz;i (x¢ +1),(j—1)B), for a total of Z?Zl Dmex; 1= Y l=
n operations.

For the only if portion of the proof, the full draft of this paper uses a sequence
of lemmas to show that if the edit distance with moves between S and T is < n,
then there is a bin packing in k& bins of size B of the items of X. O
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3 Recursive Moves

In this section we simplify the problem of finding an approximation algorithm by
showing that the elimination of recursive moves cannot change the edit distance
by more than a constant factor. For simplicity we refer only to move operations,
which is justified in section 6. N

A sequence A = aq, as, ..., a, of legal move operations produces a division, A,
of the string S into blocks of characters. More formally, a move operation in A
of the form move(i, j,¢) defines a partition of S = s1---s, into four blocks: if
i < j the blocks are: [s1...5;—1),[Si...Site—1], [Site...5j—1] and [s;...s,], otherwise,
the blocks are: [s1...5;-1],[$;...8:], [Si---Sire—1] and [Siye...5n].

The next move operation of A refines this partition by adding at most 3
blocks (two blocks at the source location and one at its destination). Note that
any sub sequence of A defines a partition of S, and if A; C Ay are two sub
sequences of A, then the partition of S, Az, defined by As is a refinement of the
partition A, defined by S;.

Definition: A sequence, of move operations is recursive if it contains a move op-
eration which moves a string for which its characters did not occur continuously
in S.

For example, if S' is the string abede and the character b was moved to obtain
the string T = acdbe, then moving the substring dbe or ac are both considered
as recursive moves.

The following example shows us that performing recursive moves can reduce
the cost of the edit-distance. Let S = zababycdcdz and T = xzcddeyabbaz. If
we do not allow recursive moves the minimum cost of converting S into T is
6 (Move(ab,2,7), Move(a,3,8), Move(b,4,8), Move(cd, 7,2), Move(c,8,3) and
Move(d,9,3)). By allowing recursive moves we can reduce the cost to be 4 op-
erations (Move(b, 5,4), Move(d, 10,9), Move(abba,2,7) and Move(cdde,7,2)).

THEOREM: Suppose there is a recursive sequence, A, of size n which converts S
into T'. Then a non recursive optimal algorithm uses no more than 3n moves.

PROOF: By induction on n.

A worst case example: In the full draft of this paper we give an infinite class
of strings for which non-recursive is a factor of 3 more costly than recursive.

4 The Greedy Algorithm

In this section we present a polynomial time approximation algorithm for the
minimum move edit-distance. It is a greedy method that reduces the two strings .S
and T to two other strings, so that we can perform the traditional edit distance
algorithm on the new strings. Define LC'S(S,T') as the longest common sub-
string of the two strings S and T. For example: LC'S(abed, edbc) = 2, since be
is the longest common substring of S and T, and consists of 2 characters, but
LCS(abe,def) = 0, since there is not any common character of these two strings.
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The algorithm uses two procedures. The ed(S, T') procedure computes the tradi-
tional edit distance of S and T' by using the dynamic programming method. The
check_move(S, T) procedure checks whether we can reduce the edit-distance by
using move operations instead of inserting and deleting the same character. The
algorithm is given in Figure 1.

Stage 1: while (|[LCS(S,T)| > 1) {
P — LCS(S,T)
Let A be a new character, i.e., A ¢ X.
Replace the same number of occurrences of P in S and in T by A.
Y — Y U{A}

Stage 2: d < ed(S,T)
Stage 3: d < check_move(S,T)
return d

Fig. 1. The Greedy algorithm

In this section we explain the algorithm and in the following section we
discuss the check_move procedure it uses. Consider the following example: let
Y =A{a,b,c,d,e}, S = cdeab and T = abcde. After the first stage of the greedy
algorithm, S = AB and T' = BA, where A = cde and B = ab. In the second
stage, by performing the traditional edit distance on S’ and T, we find that
d < 2. The third stage does better by using check_move to determine that S can
be converted to T by performing A « delete(1) and insert(A,2) (which deletes
and inserts the same character A), and therefore d = 1 since we can simply move
the string cde to the end of S.

The greedy algorithm reduces the strings S and T' to (possibly) shorter strings
by replacing the LC'S(S,T) by a new single character. In a first attempt it seems
as if we must replace every occurrence of the LC'S(S,T') by a new character, with-
out bothering about the same number of replacements in S and T'. Otherwise, if
the number of occurrences of the LC'S(S,T) in S and T is not equal, the copies
which were not replaced by the same new character, are not noticed as resemble
ones, which might increase the edit-distance. In the following Lemma we show
that this is not the case. We denote the edit distance returned by this version of
the greedy algorithm by greedy’ (i.e., the version without the restriction of the
equal number of replacements in both S and T'). Let opt denote the edit-distance
returned by an optimal algorithm which allows move operations.

LEMMA 1: The unrestricted version of the greedy algorithm is not bounded.

PROOF: For every n there exists an example such that %;fy/ > n. Let X =
{a,b}. Let S = (ab)*" and let T = (ab)*" (ba)>".

The optimal edit distance is 2 ( insert(b,4n + 1), b < delete(8n) ). By this
version of the greedy algorithm S is reduced to the string AA and T is reduced
to the string A(ba)®", where A = (ab)*™. The edit distance is 2n + 1 which
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includes the operations: A « delete(2), insert(b,i — 1) and insert(a,i) for i,
4n+2§i§8n.Now,%§‘Z@/:%>n. o

The problem is that A occurs twice in 7" and only once in S. Therefore the al-
gorithm could not identify any resemblance between A and (ba)2". We overcome
this problem by replacing the same number of occurrences of the LCS(S,T)
in S and in T as done by the greedy algorithm with the replace operation of the
while loop.

Note that the greedy algorithm is based on the traditional edit distance
algorithm. Therefore, it does not perform any recursive move, as every block
participates in no more than one operation. However we have shown that by not
allowing recursive moves we do not increase the number of move operations by
more than a constant factor.

We now examine the running time of the greedy algorithm. The first stage
can be done using a suffix trie in O(min(n,m) - max(n,m)) processing time,
where n and m are the length of the strings S and T', respectively. We construct
the suffix trie, in O(n + m) processing time, for the string S$T#, where $ and
# are two new symbols. We then traverse this suffix trie in post-order and label
each vertex as to whether it has descendants in only S, in only 7', or in both S
and T (once you know this information for the children it is easily computed for
the parent), to find the non-leaf vertex of lowest virtual depth that has both.
This is repeated at most M times, which happens when all the common
substring consist of 2 characters, and all characters participate in these common
substrings. The second stage can be done in O(n - m) processing time, using the
dynamic programming method. In the following section we prove that the third
stage can be done in O(n + m) processing time. Therefore, the entire processing
time of the greedy algorithm is O(n - m).

5 Identifying Move Operations

In the third stage of the greedy algorithm we are interested in identifying move
operations which were done in the second stage. A move operation of a character
o is simply an insert and a delete operation of the same character o. At a first
sight we might think that we cannot separate these two stages. It seems as if in
every stage of the dynamic algorithm, after computing the cheapest operation of
the current character, we must check if we could reduce the cost by combining
it with an opposite operation of the same character and changing it to a move
operation. We show that it is enough to identify move operations after computing
the edit-distance, and we do not have to take it into account in the inner stages.

We use the following notations: Let P denote a way to convert a string S into
a string 7' by using inserts and deletes. Let us denote by IZ/DF the number of
insertions/deletions of the character o € X which where done when converting .S
into T using the path P. The edit-distance between the string S and 7" which is
done according to path P would be denoted by ed” . The edit-distance between S
and 7', including move operations is denoted by edm?” , i.e., if P includes both
insert(c) and delete(o) for any o € X, this would be calculated as one operation.
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If we are interested in the minimum edit-distance we use ed for the traditional
edit distance and edm for the edit-distance with move operations.
LEMMA 2: For any two paths P and P’ and o € ¥, |IF — DP| = |I¥" — DF'|.

PROOF: Denote by nJ and n! the number of appearances of a character o in
the strings S and T, respectively. For any path P which converts S into T
[I; = D7| = n3 —ngl. O
CONCLUSION 1: Any two paths P and P’ differ only by move operations.

Note that Ya,b € N, a + b = 2min(a,b) + |a — b|. Assuming that the cost of
insert, delete and move operations are equal, we obtain:

ed” =Y (15+D§) -3 (2-min(lf,D§) P —D5|) (1)

ceX oeX
edm®” = 3" (If +DP — min(If,D5)> 2)
oceX
-y (mm (IP . DP) + |IF - Df|) (3)
oceXy

LEMMA 3: The minimal edit distance with move operations occurs in any optimal
path of the traditional edit-distance.

PROOF: Suppose P and P’ are two paths converting S into 7', and that ed” <
ed” . By using Lemma 2 and equation (1) we find that

> (2-min(i2.0%)) < 3 (2-min(zf’ . DY)

oceX oceX

So by using Lemma 2 again and equation (3) we find that edm®” < edm”. O

Lemma 2 and Lemma 3 show that after computing the edit-distance, we
can take any optimal path which transfers S into 7', and reduce the cost by
exchanging inserts and deletes of the same character with one move operation.
This can be done in O(n + | X|) time, with the help of a | X size array.

6 Reduction to Only Move Operations

Using Lemma 2 we already know that for any two paths P and P’ and any
character o € ¥, |IP — DP| = |IF" — DZ'|. Recall that n$ and nZ denote the
number of appearances of ¢ in the strings S and T, respectively.

Given two strings S and T, we preprocess these strings and construct two
new strings S’ and T as follows:

1. Let # and $ be two new characters, i.e. #,$ ¢ X.
2. Define Xt = {0 € ¥ : n? <nT}aLndE2 {o € ¥:nL <nS}.
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For example: If S = abcab and T = abcdce then after preprocessing these strings
we get that S’ = abcab#d#c$$ and T' = abede##%$a$b. This way Vo € X U
{#,$} nS =nI", and we can deal only with move operations.

LEMMA 4: If the cost assigned to each insert, delete and move operation are all
equal then edm(S,T) = edm(S",T").

PROOF: Suppose A is a sequence of move, insert and delete operations which are
needed in order to convert S into 7' by a minimum cost. The insert and delete
operations are done only when there is a missing or an additional character, re-
spectively. The following operations convert S’ into 7”. Every insert operation is
changed into a move operation of the appropriate character within the new char-
acters into the same position in S. Every delete operation is a move operation
of the character which is deleted to an appropriate position following a $ sign.
Every move operation remains unchanged. Therefore, edm(S’, T") < edm(S,T).
As there are no two consequent # signs in S’, but they must occur continuously
in T’, and as the $ signs occur continuously in S’ and must be separated by one
Character in 7", there are at least . .. [nZ — nJ| operations needed in order
to locate the 2062 InI —nS| # and $ symbols at their final position. These
operations do not influence the original characters of S and 7. The number
> yex Ind —nf| is the number of insert and delete operations done when con-
verting S into T. If edm(S’,T") < edm(S,T) it means that some of the move
operations done to convert S into T' were not done when converting S’ into 7”.
Therefore, there is a cheaper way to convert S into 7', which contradicts the
minimalism of edm(S,T). ad

7 Bounds between Optimal and Greedy

Finding a bound on the number of greedy phrases, as a function of the optimal
phrases, gives us a bound on the number of move operations (see Lemma 6).
Obviously, we are not concerned with the greedy blocks which contain optimal
ones. Therefore, let us look at an optimal block in .S which contains N greedy
blocks. The following Lemma gives us a bound on the number of greedy blocks
of the corresponding optimal block in 7', which contain “most” of these phrases.

LEMMA 5: Let N be the number of optimal phrases, and let L be the number
of characters in the longest optimal phrase. If B is an optimal block which con-
tains m greedy blocks in S, then at least O(m —log L) of these blocks are part of
at most O(log L) greedy blocks, in the correspondence occurrence of B in T'.

PRrOOF: Denote by B’ the sub block of B containing exactly these m greedy
blocks. The greedy algorithm creates a non increasing sequence of the lengths
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n,

Fig. 2. Schematic view of Lemma 5’s proof. The curve lines represent the greedy
phrases of the optimal block given by the vertical lines

of the LCS’s. As we know that B’ is a string which occurs in both S and T, we
examine the point in time when the greedy algorithm had chosen other phrases.
Suppose C' is the first greedy phrase chosen, which overlaps B’. As B’ occurs
in both S and T, and was not chosen by the greedy algorithm, it must be
that C' was chosen in T, and that |C| > |B’|. Obviously, C' crosses an optimal
block boundary. Without loss of generality, let us assume that it crosses the left
boundary of B" in T If C' contains at least O(m — log L) greedy phases, we are
done. If there exists a block in T" which crosses B’’s right boundary denote it
by D. If C' and D contain together at least O(m — log L) greedy phases, we are
done. Let us define the sequence G = {g1, g2, ..., gr } to be a particular sequence
of greedy blocks ordered by time, which occur in S or in T, with the following
properties: The first greedy block in this sequence is C, i.e., g1 = C, and for
1 > 1, g; is a substring of B’, which includes at least one more character of B’
which does not already occur in the previous greedy blocks {g1, ..., gi—1}. Thus
the g;’s form an increasing cover of B’. Note that the set G is finite since both S
and T are finite strings, and that |g;| > |git+1]-

OBSERVATION 1: If g5 was chosen in T, then C(= ¢1), D and ga, cover the m
greedy blocks of S, in particular they include O(m —log L) greedy phases. (Since
the string between C' and D occurs in both S and T and is still free to be chosen).

OBSERVATION 2: If g;_1 and g; (i > 1), were both chosen in S/T', then these two
greedy blocks end the G sequence, i.e. i = k. Since the adjacent block to g; in
S/T is the longest common substring in B’ of S and T', and these two occurrences
are still free to be chosen. In this case, about half of these k greedy blocks of T'
cover the O(N — £) greedy blocks of S.

We still have to prove that kK = O(logn). That is, that the longest sequence
of alternating g;’s is of order logn. For i > 2, define n; to be the number of
characters in the suffix string of B’ starting at the first position of g;. Before
choosing the block g;4+1, S and T share a common substring in B’ of length n; —
|gi|. We have chosen g;41 since |gi+1| > n; — |g;|- Using the fact that |g;| > |git+1].
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we find that |g;| > n; — |gi|, thus
n:
e ()

Since the greedy blocks in S/T do not overlap, the difference between n; and n;o
(i =2,...,k—2) is at least |g;|, i.e., n; — ;42 > |gi|. Therefore, by using equation
(4), 2|gi| = ni > |gi| + nit2, so we find that

lgi] > nigo (5)

The longest sequence of {g;}’s occurs when they are chosen alternately in S
and in 7" and their lengths are as small as possible, i.e., when |g;| = % If
lgi| = %, then by using equation (5), after j stages: n; > 2n;40 > 4n;44 > --- >
2Ini42;5. This alternate series terminates when the last block consists of exactly
one character, i.e., when n;42; = 1. In particular, L > |B| > ng, so we find that
L > 27 - 1. Therefore, log L > j. This means that there are at most log L greedy
phrases in the G sequence, and that the {g;}’s in T correspond to the m greedy
blocks of B excluding those who belong to the {g;}’s in S. o

A greedy block is called a primary one, if it is a member of the sequence G.
Intuitively, a primary block is one of the “big” greedy phrases either in .S or in 7.
We have proved that the primary blocks alternate, and that the corresponding
occurrence of the string of a primary block of S does not contain a primary block
of T, and vise verse.

The following theorem gives us a bound on the number of greedy phrases.

THEOREM: The number of phrases in a greedy parsing is at most a log(L) times
the number of phrases in an optimal parsing.

PROOF:Given an optimal and greedy parsing of the strings S and T, recall that
the number of optimal phrases is denoted by N. We show that the greedy parsing
does not consist of more then O(N log L) phrases. The reduction to only move
operations which was presented in the previous section ensures that each greedy
or optimal phrase in S occurs also in 7', and vise verse.

Let us relate to the N optimal phrases of S. There are at most N log(L)
primary phrases, of which about half of them are in S. We now count the number
of the remaining phrases in S, by associating each one of them to a different
primary phrase of S or to a different optimal boundary of S. Since there are
not more than Nlog(L) primary phrases and not more than N — 1 optimal
boundaries, this concludes our proof.

Consider a primary block, C', in T which covers ¢ greedy phrases of S, where
¢ >= 1. The block C occurs in S, too. We refer to the correspondence string of the
block C as C. If C' crosses an optimal boundary, this boundary can cross at most
one of the ¢ original greedy phrases. We associate this particular phrase with
this optimal boundary. Otherwise, suppose C' is fully contained in an optimal
block « in S, and therefore appears in the corresponding occurrence of o in 7.
If C'in S is a non primary block of «, then the correspondence occurrence of the
string C in T is contained in a primary block D of T', and we continue to the
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C

Fig. 3. Schematic view of the proof. The bold curve lines represent primary
phrases of the greedy algorithm corresponding to different occurrences of the
string C

following appearance of D in S. Finally we end this process when the string C
occurs in a primary block of S.

Let us refer to the correspondent occurrence of this primary block in 7'. The
greedy phrases of C' were not merged by the greedy algorithm, since at least £—2
of these original greedy phrases are covered by at most 2 greedy phrases. We
associate these two uncovered phrases to this primary block of S. This process
ends when there are not two adjacent original greedy phrases which remain
attached in 7. Otherwise these adjacent blocks can be merged into one larger
block. Since every primary block is charged at most once, and each greedy block
in T was separated (and therefore was counted), we have included all ¢ phrases
in this count. O

The following Lemma gives us a bound on the number of move operations
when the bound on the number of phrases is known.

LEMMA 6: FEvery parsing of N blocks, gives a lower bound of % move opera-
tions, and an optimal upper bound of N — 1.

PROOF: If these blocks occur in their reversed order, then every block except
one must be moved, which gives us N — 1 operations. Every move operation
creates at most 3 new boundaries (two in its source location, and one in its
destination). Thus, N blocks, which have N + 1 boundaries, reflect at least %
move operations. O

COROLLARY: The number of move operations in a greedy parsing is at most a
log L factor times the number of move operations in an optimal parsing.

PROOF: Lemma 6 gives us at most a factor of three on the number of moves. O

To illustrate the different parsing of the greedy and optimal algorithms, sup-
pose S = abaxxxababarxxxrab and T = baxxxxababaxxxaba. Using the greedy
algorithm we get that 8" = BAzab and T = baxAB, where A = zxxababarzz
and B = aba. The edit distance of S" and 7" is 4 (since these blocks occur at
their reverse order). The optimal parsing of S and T' includes only two blocks in
which require only one move operation,move(baxzzab, 1).
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Fig. 4. The Different parsing of the Greedy and Optimal algorithms

8 Future Research

Here we have shown the edit distance problem with substring move operations
to be NP-complete and have presented a greedy algorithm that is a worst-case
log factor approximation to optimal. We have limited out attention to when all
operations have unit cost, and hence an obvious area of future research would
be to extend these ideas to non-uniform costs. Another area of interest is the
incorporation of substring deletions, which are needed to capture the full power of
the linked list model (to within a constant factor). Experiments with the greedy
algorithm on real-life data (e.g., from molecular biology) are also of interest,
although given the NP-completeness of an optimal computation, a framework
for measuring performance of greedy for a particular application needs to be
addressed.
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Abstract. We present exact algorithms for the NP-complete LONGEST
COMMON SUBSEQUENCE problem for sequences with nested arc annota-
tions, a problem occurring in structure comparison of RNA. Given two
sequences of length at most n and nested arc structure, our algorithm
determines (if existent) in time O(3.31%17%2 . n) an arc-preserving subse-
quence of both sequences, which can be obtained by deleting (together
with corresponding arcs) k1 letters from the first and k2 letters from the
second sequence. Thus, the problem is fixed-parameter tractable when
parameterized by the number of deletions. This complements known ap-
proximation results which give a quadratic time factor-2-approximation
for the general and polynomial time approximation schemes for restricted
versions of the problem. In addition, we obtain further fixed-parameter
tractability results for these restricted versions.

1 Introduction

Given two or more sequences over some fixed alphabet Y, the LONGEST COM-
MON SUBSEQUENCE problem (LCS) asks for a maximum length sequence that
occurs as a subsequence in all of the given input sequences. This is consid-
ered to be a core problem of computer science with many applications, see,
e.g., [4,5,12,18,19]. With the advent of computational biology, structure com-
parison of RNA and of protein sequences has become a central computational
problem, bearing many challenging computer science questions. In this context,
the LONGEST ARC PRESERVING COMMON SUBSEQUENCE problem (LAPCS)
recently has received considerable attention [6,7,8,13,17]. It is a sound and mean-
ingful mathematical formalization of comparing the secondary structures of
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molecular sequences: For a sequence S, an arc annotation A of S is a set of un-
ordered pairs of positions in S. Focusing on the case of two given arc-annotated
input sequences S and So, LAPCS asks for a maximum length arc-annotated se-
quence T that forms an arc-annotated subsequence of S; as well as Ss. More pre-
cisely, this means that if one deletes k; letters (also called bases) from S;—when
deleting a letter at position i, then all arcs with endpoint ¢ are also deleted—and
one deletes ko letters from Sy, then 7" and the resulting sequences are the same
and also the arc annotations coincide. For related studies concerning algorithmic
aspects of (protein) structure comparison using “contact maps,” refer to [10,15].
Whereas LCS for two sequences without arc annotations is solvable in quadratic
time (it becomes NP-complete when allowing for an arbitrary number of input
sequences), LAPCS for two sequences is NP-complete [6,7]. According to Lin et
al. [17], however, LAPCS for nested arc annotations is “generally thought of as
the most important variant of the LAPCS problem.” Here, one requires that no
two arcs share an endpoint and no two arcs cross each other. This problem is re-
ferred to by LAPCS(NESTED,NESTED ). Answering an open question of Evans [6],
Lin et al. [L7] showed that LAPCS(NESTED,NESTED) is NP-complete. In addi-
tion, they gave polynomial time approximation schemes (PTAS) for (also NP-
complete) special cases of LAPCS(NESTED,NESTED). Here, matches between
two given input sequences are allowed only in a “local area” (of constant size)
w.r.t. matching position numbers (refer to Section 2 for details). As to the gen-
eral LAPCS(NESTED,NESTED) problem, Jiang et al. [13] gave a quadratic time
factor-2-approximation algorithm.

By way of contrast, our main result is an exact, fixed-parameter algorithm that
solves the general LAPCS(NESTED,NESTED) problem in time O(3.31%17%2 . p)
where n is the maximum input sequence length. This gives an efficient algorithm
in case of reasonably small values for k; and ko (the numbers of deletions al-
lowed in Sy and Ss, respectively), providing an optimal solution. Observe that
the PTAS algorithms obtaining a good degree of approximation get prohibitive
from a practical point of view due to enormous running times. And, the factor-2-
approximation might be not good enough for biological and other applications.
In summary, in terms of parameterized complexity [1,5,9], our result shows that
LAPCS(NESTED,NESTED) is fixed-parameter tractable when parameterized by
the number of deletions allowed, perhaps the most natural problem parameter-
ization. Moreover, we obtain fixed-parameter tractability results for restricted
versions of LAPCS(NESTED,NESTED) as studied by Lin et al. [17]." In the re-
stricted cases, we additionally prove fixed-parameter tractability when taking
the length of the common subsequence as the problem parameter. Our algo-
rithms employ the bounded search tree paradigm of parameterized complexity
in a highly nontrivial way.

! Actually, we show fixed-parameter tractability for more general problems, allowing
more complicated (e.g., crossing) arc annotations.
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2 Preliminaries and Previous Work

Besides its central importance in computer science and applications, the classical,
NP-complete LCS is particularly important from the viewpoint of parameterized
complexity [1,5,9]. It is used as a key problem for determining the parameterized
complexity of many problems from computational biology. In this setting, the
input consists of several sequences over an alphabet Y and a positive integer I,
the question is whether there is a sequence from X* of length at least [ that is
a subsequence of all input sequences. For example, with respect to parameter [
the problem is known to be fized-parameter tractable, that is, it can be solved
in time f(I) - N°Y where N denotes the complete input size and f can be an
arbitrarily fast growing function only depending on I.? The decisive point here is
that the combinatorial explosion seemingly unavoidable in optimally solving NP-
hard problems can be completely restricted to the parameter . Note, however,
that for LCS this requires that |X] is of constant size. If |X| is unbounded,
then there is concrete indication that LCS is not fixed-parameter tractable with
respect to parameter [ (by way of so-called W[2]-hardness which is well-known
in parameterized complexity). We refer to [2,3,5] for any details.

Evans [6,7] initiated classical and parameterized complexity studies for the more
general case that the input sequences additionally carry an arc structure each,
which is motivated by structure comparison problems in computational molecu-
lar biology. For a sequence S of length |S| = n, an arc annotation (or arc set) A
of S is a set of unordered pairs of numbers from {1,2,...,n}. Each pair (1, j)
connects the two bases S[i] and S[j] at positions ¢ and j in S by an arc. Since
LAPCS is NP-complete even for two input sequences, here and in the literature
attention is focused on this case. Let S7 and S be two sequences with arc sets A
and As, respectively, and let iy, ia, j1, jo be positive integers. If S1[i1] = Sa[j1],
we refer to this as base match and if S1[i1] = Sa[j1], Si[iz] = Sa[j2], (i1,12) € Ay,
and (j1,j2) € Ao, we refer to this as arc match. A common subsequence T
of S; and Sz induces a one-to-one mapping M from a subset of {1,2,...,n1}
to a subset of {1,2,...,na}, where n; = |S1| and ngy = |S3|. Suppose that
M = {{ir,jr) | 1 < r < |T|}. Then T induces the base matches (i, ),
1 < r < |T|. We say that T is an arc-preserving subsequence (aps) if the arcs
induced by M are preserved, i.e., for all (iy,, jry)s (iry, Jro) € M:

(ipyyiry) € AL <= (Jry, Jro) € As.

Depending on the arc structures allowed, various subproblems of LAPCS can be
defined. We focus here on the NP-complete LAPCS(NESTED,NESTED) [13,17],
where for both input sequences it is required that no two arcs share an endpoint
and that no two arcs cross each other, i.e., for all (i1,i2), (is,i4) with i; < io
and i3 < i4 part of the arc annotation of a sequence, it holds that iz < i1 < iy
iff i3 < is < i4. We will also consider the less restrictive crossing arc structure,
where the only requirement is that no two arcs share an endpoint. Lin et al. [17]
furthermore introduced the following special cases of LAPCS(NESTED,NESTED),

2 Actually, in case of LCS running time O(|Z|" - N) is easily achieved.
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motivated from biological applications [12,16]. For any positive integer ¢, in c-
DIAGONAL LAPCS(NESTED,NESTED) base S1[i] (S2[j], respectively) is allowed
to match only bases in the range Sa[i — ¢,i + ] (S1[j — ¢, j + ¢], respectively).
Herein, for i; < 9, S[i1,i2] denotes the substring of sequence S starting at
position i1 and ending at position i5 and S[i1, +] denotes the suffix of S starting
at position ¢;. Similarly, in ¢-FRAGMENT LAPCS(NESTED,NESTED) all base
matches induced by a longest arc-preserving common subsequence (lapcs) are
required to be between “corresponding” fragments of size ¢ of S; and S5. Lin
et al. [17] showed that ¢-DIAGONAL LAPCS(NESTED,NESTED) is NP-complete
for ¢ > 1 and ¢-FRAGMENT LAPCS(NESTED,NESTED) is NP-complete for ¢ > 2.

3 Search Tree Algorithm for LAPCS(NESTED,NESTED)

In this section, we describe and analyze Algorithm LAPCS which solves the
LAPCS(NESTED, NESTED) problem in time O(3.31%1%%2 . n) where n is the
maximum length of the input sequences. It is a search tree algorithm and, for
sake of clarity, we choose the presentation in a recursive style: Based on the
current instance, we make a case distinction, branch into one or more subcases
of somehow simplified instances and invoke the algorithm recursively on each of
these subcases. Note, however, that we require to traverse the resulting search
tree in breadth-first manner, which will be important in the running time anal-
ysis. Before presenting the algorithm, we define the employed notation.

Recall that the considered sequences are seen as arc-annotated sequences; a
comparison S; = S5 includes the comparison of arc structures. Additionally,
we use a modified comparison Sy =; ; S> that is satisfied when S; = Sy after
deleting at most ¢ bases in S; and at most j bases in S3. Note that we can
check whether S =1 ¢ S or whether S; ~ 1 S2 in linear time. The subsequence
obtained from an arc-annotated sequence S by deleting S[i] is denoted by S—S[i].
When branching into the case of a simplified sequence S — S|i] (or S[2,n], resp.),
the input for the recursive call is Sye 1= S — S[i] (or Spew := S[2,n], resp.)—
hence, |Spew| = |S| —1—and, therefore, Sy,c[i] = S[i+1]. For handling branches
in which no solution is found, we use a modified addition operator “+” defined
as follows: a+b :== a+bif a > 0 and b > 0, and a+b := —1, otherwise. We
abbreviate ny := [S1| and ng := |Sa|.

The most involved case in the algorithm is Case (2.5), which will also determine
our upper bound on the search tree size. The focus of our analysis will, in partic-
ular, be on Subcase (2.5.3). For sake of clarity, we, firstly, give an overview of the
algorithm which omits the details of Case (2.5), and, then, present Case (2.5)
in detail separately. Although the algorithm as given reports only the length of
an lapcs, it can easily be extended to compute the lapcs itself within the same
running time.

Algorithm LAPCS(S1, S, k1, ko)
Input: Arc-annotated sequences S; and Sy, positive integers k1 and k.
Return value: Integer denoting the length of an lapcs of S; and Sy which can
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be obtained by deleting at most k; symbols in S7 and at most k2 symbols in Ss.
Return value —1 if no such subsequence exists.

(Case 0) /* Recursion ends. */

If k1 <0 or ks < 0 then return —1. /* No solution found. */
If |S1] = 0 and |S2| = 0, then return 0. /* Success! Solution found.*/
If |S1] = 0 and |S2| > 0, then /* One sequence done... */

if ko > |Sa], then return 0, else return —1. /* ...but not the other. */
If |S1] > 0 and |S2| = 0, then /% ditto */

if k&4 > |S1], then return 0, else return —1.
(Case 1) /* Non-matching bases. */
If Sq[1] # S2[1], then return the maximum of the following values:
[ LAPCS(Sl [2,77,1], SQ, kl - ]., k2) /* delete Sl[].] */
° LAPCS(Sl, 52[2, ’Ilg], k/’l, kg — 1) /* delete 52[1] */
(Case 2) /* Matching bases */
If 51[1] = 52[1], then
(2.1) /* No arcs involved. */
If both Si[1] and S2[1] are not endpoints of arcs, then return
1+LAPCS(51 [2, nl], 52[2, ’Ilg], k/’l, kg)
/* Since no arcs are involved, it is safe to match the bases. */
(2.2) /* Only one arc. */
If Sy[1] is left endpoint of an arc (1,7) but S3[1] is not endpoint of an arc,
then return the maximum of the following values:
e LAPCS(51[2,n1], S2, k1 — 1, ko) /* delete S1[1] */,
e LAPCS(S1,S2(2,na], k1, ko — 1) /* delete S3[1] */, and
L] 1+LAPCS((51 - Sl[i])[Q, +], 52[2, ’Ilg], kl - 1, k’g) /* match */
/% Since there is an arc in one sequence only, Si[l] and S2[1] can be
matched only if Sii] is deleted. */
(2.3) /* Only one arc. */
If S5[1] is left endpoint of an arc (1, 5) but S;[1] is not endpoint of an arc,
then proceed analogously as in (2.2).
(2.4) /* Non-matching arcs. */
If S [1] is left endpoint of an arc (1,4), Sa[1] is left endpoint of an arc (1, j)
and S1[i] # S2[j], then return the maximum of the following values:
[ ] LAPCS(Sl[Q, nl], Sg, kl — 1, k’g) /* delete Sl [1] */,
° LAPCS(Sl, SQ [2,%2], kl, k/’g — 1) /* delete 52[1] */, and
e 1+LAPCS((S1—51[i])[2, +], (Sa—Sa2[i])[2, +], k1—1, ka—1) /*match*/.
/% Since the arcs cannot be matched, S1[1] and Sa[1] can be matched only
if S1[i] and S3[j] are deleted. */
(2.5) /* An arc match is possible. */
If S1[1] is left endpoint of an arc (1,4), So[1] is left endpoint of an arc (1, j),
and S1[i] = Sa[j], then go through Cases (2.5.1), (2.5.2), and (2.5.3) which
are presented below (one of them will apply and will return the length of
the lapcs of S and Ss, if such an lapcs can be obtained with k; deletions
in S7 and kg deletions in So, or will return —1, otherwise).
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In Case (2.5), it is possible to match arcs (1,4) in Sy and (1, j) in S since S1[1] =
Sa[1] and S1[i] = Sa[j]. Our first observation is that, if S1[2,7 — 1] = S2[2,j — 1]
(which will be handled in Case (2.5.1)) or if S1[i+1, n1] = Sa[j+1, n2] (which will
be handled in Case (2.5.2)), it is safe to match arc (1,4) with arc (1, 7): no longer
apcs would be possible when not matching them. We match the equal parts
of the sequences (either those inside arcs or those following the arcs) and call
Algorithm LAPCS recursively only on the remaining subsequences. These cases
only simplify the instance and do not require to branch into several subcases:

(2.5.1) /* Sequences inside the arcs match. */
If S1[2,i — 1] = S22, j — 1], then return
Z—I—LAPCS(Sl [Z +1, nl], SQ[] +1, TLQ], k1, k2).
(2.5.2) /* Sequences following the arcs match. */
If Sq[i + 1,n1] = Sa[j + 1, ng], then return
24+(n1 — i)+LAPCS(S1[2,i — 1], S2[2, 5 — 1], k1, k2).

If neither Case (2.5.1) nor Case (2.5.2) applies, this is handled by Case (2.5.3),
which branches into four recursive calls: we have to consider breaking at least
one of the arcs (handled by the first three recursive calls in (2.5.3)) or to match
the arcs (handled by the fourth recursive call in (2.5.3)):

(2.5.3) Return the maximum of the following four values:

(] LAPCS(51[2, nl], SQ, kl - ]., k2) /* delete Sl [1] */,

[ ] LAPCS(Sl, SQ[Q,TLQ], kl, k/’g — 1) /* delete 52[1]. */,

e 1+LAPCS((S1 — S1[i])[2, +], (S2 — S2[j])[2, +], k1 — 1, k2 — 1)
/* match S1[1] and S3[1], but do not match arcs (1,4) and (1,7); this implies
the deletion of Si[i], Sa[j], and the incident arcs. */,

e [ (computed as given below) /* match the arcs. */

Value [ denotes the length of the lapcs of S1 and Sy in case of matching arc (1,14)
with arc (1,7). It can be computed as the sum of the lengths I’, denoting the
length of an lapcs of S1[2,i — 1] and S2[2,j — 1], and I”, denoting the length of
an lapcs of Si[i + 1,n4] and Sa[j + 1, no; each of I’ and I” can be computed by
one recursive call. Remember that we already excluded 51[2,7 — 1] = S2[2, j — 1]
(by Case (2.5.1)) and Si[i + 1,n1] = S2[j + 1,ng] (by Case (2.5.2)). For the
running time analysis, however, we will require that the deletion parameters k;
and kg will be decreased by two in both recursive calls computing I’ and [”.
Therefore, we will further exclude those special cases in which I’ or {” can be
found by exactly one deletion, either in S7 or in S5 (this can be checked in linear
time); then, we need only one recursive call to compute . Only if this is not pos-
sible, we will invoke the two calls for I’ and {”’. Therefore, [ is computed as follows:



Towards Optimally Solving the Longest Common Subsequence Problem 105

j+LAPCS(51 [’L + 1,711], SQ[] +1, ’Ilg], ki —1, kg)
if 51[272 — 1] %1,0 52[2,.7 — 1],
’L+LAPCS(51 [’L + 1,711], SQ[] +1, ’Ilg], ki, ko — 1)
if 51[2,2 — ].] ~0,1 SQ[2,] - 1],
l:= 2+(n2 - ])+LAPCS(51[2, 1 — 1], 52[2,] - 1], kl - ]., k2)
if Sl[l + 1,’[7,1] %170 Sg[j + 1,%2],
2-+(nq —i)+LAPCS(S:1(2,i — 1], S2[2,5 — 1], k1, k2 — 1)
if Sl[l + 1,’[7,1] %071 Sg[j + 1,%2],
2+1'+1" (defined below) otherwise.

Computing I’, we credit the two deletions that will certainly be needed when
computing I”. Depending on the length of Si[i+1,n1] and Sa[j + 1, na], we have
to decide which parameter to decrease: If |S1[i + 1,n1]| > [S2[j + 1, no]|, we will
certainly need at least two deletions in Si[i + 1,7n4], and can start the recursive
call with parameter k1 — 2 (and, analogously, with ko — 2 if |S1[i + 1,n1]] <
[S2[j + 1,n9]| and both k; — 1 and ko — 1 if Sq[i + 1,n1] and Sa[j + 1, no] are of
same length):

LAPCS(Slp,Z* 1],52[2,] — 1],]131 — 2,]132) ifny —i>no -7,
U= LAPCS(Slp,Z* 1],52[2,] — 1],k1,k2 — 2) ifny —i<ng 7‘]',
LAPCS(51[2,’L— 1],52[2,] - 1],]@’1 - 1,]@’2 - 1) if ny — 1= N9 —j.

Computing I, we decrease k1 and ko by the deletions already spent when com-
puting I', where kj ; := i —2—1{" denotes the number of deletions spent in S;[1, 1]
and k3 ; := j — 2 — 1’ denotes the number of deletions spent in Sa[1, j]:

"= LAPCS(Sl [Z + 1, ’Ill], SQ[] + 1,712], k1 — kll,la ko — k;71).

Correctness of Algorithm LAPCS. To show the correctness, we have to
make sure that, if an lapcs with the specified properties exists, then the algo-
rithm finds one; the reverse can be seen by checking, for every case of the above
algorithm, that we only make matches when they extend the lapcs and that the
bookkeeping of the “mismatch counters” ky and ks is correct. In the following,
we omit the details for the easier cases of our search tree algorithm and, instead,
focus on the most involved situation, Case (2.5).

In Case (2.5), S1[1] = Sa[1], there is an arc (1,7) in S; and an arc (1,7) in Sa,
and S1[i] = S2[j]. In Cases (2.5.1) and (2.5.2), we handled the special situation
that S1[1,¢] = S2[1, j] or that Si[i+1,n1] = Sa[j+ 1, n2]. Observe that, if we de-
cide to match the arcs (Case (2.5.3)), we can divide the current instance into two
subinstances: bases from S;[2, i —1] can only be matched to bases from S3[2, j—1]
and bases from S1[i 4+ 1, n1] can only be matched to bases from Sa[j + 1, na]. We
will, in the following, denote the subinstance given by S1[2,i— 1] and S2[2, j — 1]
as part 1 of the instance and the one given by S1[i + 1,n1] and Sa[j + 1, no]
as part 2 of the instance. We have the choice of breaking at least one of the
arcs (1,4) and (1, 7) or to match them.

We distinguish two cases. Firstly, suppose that we want to break at least one arc.
This can be achieved by either deleting S;[1] or Sa[1]. If we do not delete either of
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these bases, we obtain a base match. But, in addition, we must delete both .S [i]
and Sa[j], since otherwise we cannot maintain the arc-preserving property.
Secondly, we can match the arcs (1,4) and (1, 7). Then, we know, since neither
Case (2.5.1) nor (2.5.2) applies, that an optimal solution will require at least
one deletion in part 1 and will also require at least one deletion in part 2.
We can further compute, in linear time, whether part 1 (or part 2, resp.) can be
handled by exactly one deletion and start the algorithm recursively only on part 2
(part 1, resp.), decreasing one of k; or ko by the deletion already spent. In the
remaining case, we start the algorithm recursively first on part 1 (to compute )
and, then, on part 2 (to compute I”). At this point we know, however, that
an optimal solution will require at least two deletions in part 1 and will also
require at least two deletions in part 2. Thus, when starting the algorithm on
part 1, we can “spare” two of the ki + ko deletions for part 2, depending on
part 2 (as outlined above). Having, thus, found an optimal solution of length I
for part 1, the number of allowed deletions remaining for part 2 is determined:
we have, in part 1, already spent k7 ; := i — 2 — [’ deletions in S1[2,i — 1]
and k5, := j — 2 — I’ deletions in S3[2,j — 1]. Thus, there remain, for part
2, k1 — K ; deletions for Sy[i + 1,n1] and kz — k5 ; deletions for Sy[j + 1, 7).
This discussion showed that, in Case (2.5.3), our case distinction covers all sub-
cases in which we can find an optimal solution and, hence, Case (2.5.3) is correct.

Running time of Algorithm LAPCS.

Lemma 1. Given two arc-annotated sequences S1 and Ss, suppose that we have
to delete ki symbols in Sy and kb symbols in Sz in order to obtain an lapes.3
Then, the search tree size (i.e., the number of the nodes in the search tree) for a
call LAPCS(S1, Sa, K|, k) is upperbounded by 3.31%1+k> .

Proof. Algorithm LAPCS constructs a search tree. In each of the given cases,
we do a branching and we perform a recursive call of LAPCS with a smaller
value of the sum of the parameters in each of the branches. We now discuss
some cases which, in some sense, have a special branching structure. Firstly,
Cases (2.1), (2.5.1), and (2.5.2) do not cause any branching of the recursion.
Secondly, for Case (2.5.3), in total, we perform five recursive calls. For the fol-
lowing running time analysis, the last two recursive calls of this case (i.e., the
ones needed to evaluate I’ and ["") will be treated together. More precisely, we
treat Case (2.5.3) as if it were a branching into four subcases, where, in each of
the first three branches we have one recursive call and in the fourth branch we
have two recursive calls.

In a search tree produced by Algorithm LAPCS, every search tree node corre-
sponds to one of the cases mentioned in the algorithm. Let m be the number of
nodes corresponding to Case (2.5.3) that appear in such a search tree. We prove
the claim on the search tree size by induction on the number m.

3 Note that there might be several lapcs for two given sequences Si and Sz. The
length ¢ of such an lapcs, however, is uniquely defined. Since, clearly, k7 = |S1| — £
and k5 = |S2| — ¢, the values k7 and k5 also are uniquely defined for given Si and S.
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For m = 0, we do not have to deal with Case (2.5.3). Hence, we can determine
the search tree size by the so-called branching vectors (for details of this type
of analysis we refer to [14]): Suppose that in one search tree node with current
sequences S, Sy and parameters kf, kb, we have ¢ branches. We analyze the size
of the search tree in terms of the sum k' := &k} +k) of the two parameters. Suppose
that in branch ¢, 1 < t < ¢, we call LAPCS recursively with new parameter
values ky , and kj 4, i.e., with a sum k'(t) := k] , + kg ;. Letting p; := &' — K'(1),
1 <t < g, the vector (p1,...,p,) is called the branching vector for this branch.
It corresponds to the recurrence

T =Thr—py + -+ Thr—p,,

where T; denotes the size of the search tree for parameter value i. The charac-
teristic polynomial of this recurrence is

2P — ZPTPU L P Pa (1)

where p = max{p1,...,pq}. If ¢ is a root of (1) with maximum absolute value,
then T}y is ¢* up to a polynomial factor and c is called the branching number that
corresponds to the branching vector (p1,...,pq). Moreover, if ¢ is a single root,
then even Ty = O(ckl).4 The branching vectors which appear in our search
tree are (1,1) (Case 1), (1,1,1) (Cases 2.2, 2.3), (1,1,2) (Case 2.4), (1,1,2)
(Case 2.5.3 with m = 0). The worst-case branching number ¢ for these branching
vectors is given for (1,1,1) with ¢ = 3 < 3.31.

Now suppose that the claim is true for all values m’ < m — 1. In order to prove
the claim for m, we have to, for a given search tree, analyze a search tree node
corresponding to Case (2.5). Suppose that the current sequences in this node
are S; and Sy with lengths n; and ns and that the optimal parameter val-
ues are ki and k5. Our goal is to show that the branching of the recursion for
Case (2.5.3) has branching vector (1,1,2,1) which corresponds to a branching
number ¢ = 3.31 (which can be easily verified using the corresponding recur-
rence). As discussed above, for the first three branches of Case (2.5.3), we only
need one recursive call of the algorithm. The fourth branch is more involved. We
will have a closer look at this fourth subcase of (2.5.3) in the following. Let us
evaluate the search tree size for a call of this fourth subcase. It is clear that the
optimal parameter values for the subsequences S1[2,7 — 1] and S2[2,j — 1] are
ki1 =(i—2)—1"and ky ; = (j —2) —I’. Moreover, the optimal parameter values
for the subsequences S1[i + 1,n1] and Sa[j + 1,no] are k] 5 = (n1 — i) — 1" and
k5 o = (n2—j)—1". Since, by Cases (2.5.1) and (2.5.2) and by the first four cases in
the fourth branch of Case (2.5.3), the cases where kj  +ky < Lorky o +k5 5 <1
are already considered, we may assume that we have &} ; + k5 1, k] o + k5 5 > 2.
Hence, by induction hypothesis, the search tree size for the computation of I’ is
3.31’“/1w1+kl211, and the computation of [” needs a search tree of size 3.31F121k22,

4 For the branching vectors that appear in our setting, ¢ is always real and will always
be a single root.
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This means that the total search tree size for this fourth subcase is upper-
bounded by
3.31Matk20 4 3 31k tke (2)

Note that, since k; is assumed to be the optimal value, we have
ky=n;, —1U'=1"-2 fort=1,2,
and, hence, an easy computation shows that
k/’z,1 + kg,g =k, fort=1,2.
From this we conclude that,
3.31Fa+k2n 4 3314tk < 3 31ktke T (3)

Inequality (3) holds true since, by assumption, &} | +kj 1, k1 o +k5 5 > 2. Plugging
Inequality (3) into Expression (2), we see that the search tree size for this fourth
case of (2.5.3) is upperbounded by 3.31k1 k-1, Besides, by induction hypothesis,
the search trees for the first and the second branch of Case (2.5.3) also have size
upperbounded by 3.31K1+*2=1 and the search tree for the third branch of Case
(2.5.3) has size upperbounded by 3.31F1+k>~2,

Hence, the overall computations for Case (2.5.3) can be treated with branching
vector (1, 1,2, 1). The corresponding branching number ¢ of this branching vector
is 3.31 (being the root of (1) with maximal absolute value for the branching
vector (1, 1,2, 1)). This is the worst-case branching number among all branchings.
Hence, the full search tree has size 3.31k1tkz O

Now, suppose that we run algorithm LAPCS with sequences S1, S2 and param-
eters ki, ka. As before let k] and k4 be the number of deletions in S; and So
needed to find an lapcs. As pointed out at the beginning of this section, the
search tree will be traversed in breadth-first manner. Hence, on the one hand,
we may stop the computation if at some search tree node an lapcs is found (even
though the current parameters at this node may be non-zero). On the other
hand, if it is not possible to find an lapcs with &y and ko deletions, then the
algorithm terminates automatically by Case (0). Observe that the time needed
in each search tree node is upperbounded by O(n) if both sequences S; and So
have length at most n. This gives a total running time of O(3.31%1+F2 . ) for
the algorithm. The following theorem summarizes the results of this section.

Theorem 1 The problem LAPCS(NESTED, NESTED) for two sequences S1 and
Sy with |S1],|S2| < n can be solved in time O(3.31%17k2 . n) where ky and ko are
the number of deletions needed in S1 and Ss. O

4 Algorithms for Restricted Versions

In this section, we investigate the so-called ¢-FRAGMENT LAPCS(CROSSING,
CROSSING) and the ¢-DIAGONAL LAPCS(CROSSING, CROSSING) problems.
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In the setting of ¢-FRAGMENT, the sequences S; and S5 are divided into frag-
ments Sfl), ceey Sg‘sll/d) and Sél), ceey Sé“sﬂ/d), respectively, each fragment of
lengths exactly ¢ (the last fragment may have length less than ¢) and we do not
allow matches between distinct fragments, i.e., between bases in Sft) and Sétl)
with ¢ # ¢'.

In the setting of ¢-DIAGONAL, a base S1[i] (1 <14 < [S1]) is only allowed to match
bases in the range Sa[i — ¢,7 + ¢].

We give algorithms for these problems when parameterized by the length [ of
the desired subsequence. The versions c-DIAGONAL and ¢-FRAGMENT of LAPCS
(NESTED, NESTED) were already treated by Lin et al. [17]. They gave PTAS’s
for these problems. The running times for the following algorithms are based
on worst-case analysis. The algorithms are expected to perform much better in
practice.

The problem c¢-FRAGMENT LAPCS(CROSSING, CROSSING). The algorithm
presented here extends an idea which was used for the 1-FRAGMENT case by Lin
et al. [17]. We translate an instance of the ¢-FRAGMENT LAPCS problem into
an instance of an INDEPENDENT SET problem on a graph G = (V, E) of bounded
degree. Since INDEPENDENT SET on graphs of bounded degree is fixed-parameter
tractable, we also obtain a fixed-parameter algorithm for c-FRAGMENT LAPCS.
The following lemma uses a straightforward search tree algorithm.

Lemma 2. Let G be a graph of degree bounded by B. Then, an independent set
of size k can be found in time O((B + 1)¥B + |G|). O

The graph GG which is obtained when translating an instance of the c-FRAGMENT
LAPCS(CROSSING, CROSSING) problem has degree bounded by B = ¢? +2c¢—1,
which gives us the following result.

Proposition 1 The ¢-FRAGMENT LAPCS(CROSSING, CROSSING) problem pa-
rameterized by the length | of the desired subsequence can be solved in time
O((B +1)!B + ¢3n), where B = ¢ + 2¢ — 1.

Proof. Let (S1, A1) and (S2, A2) be an instance of ¢-FRAGMENT LAPCS (CROSS-
ING, CROSSING), where S; and Sy are over a fixed alphabet X.°

We construct a graph G = (V, E) as follows. The set of vertices of G corresponds
to all possible matches, i.e., we define

Vii=Avi; | Sili] = Sa[j] and [i/c] = [j/c]}.

Note that for the c-FRAGMENT problem we are only allowed to match two sym-
bols which are in the same fragment.

Since we want to translate the LAPCS instance into an instance of an IN-
DEPENDENT SET problem on G, the edges of G will represent all conflicting

® We assume that both sequences have the same length, i.e., n = |Si| = |Sa|. If the
sequences do not have the same length, we extend the shorter sequence by adding a
sequence of a letter not in the alphabet at its end.
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matches. Since such a conflict may arise from three different situations, we let
FE := FE; U FE5 U E3, where

By = {{viy j1,Vis o } | (11 #d2 A J1 = J2) V (i1 =2 A j1 # Ja)} (4)

(the two matches represented by v;, ;, and v;, j, share a common endpoint),

Eo = {{vi, jy,Vip o } | (12 <'i2) A (1 > J2)) V (11 > d2) A (J1 < j2))}  (5)

(the two matches represented by v;, j, and v;, j, are not order-preserving), and

o u | sie) € Av A (G, G2) ¢ A2) V
Es = {{U’LlJl? 12712}‘ ((i1,d2) & A1 A (j1, j2) € As) } (6)

(the two matches represented by v;, ;, and v, j, are not arc-preserving).

By construction, it is clear that all lapcs’s of length [ which match positions Q1 =
{i1,...,4;} in Sq to positions Q2 = {j1,...,71} in Sz one-to-one correspond to
independent sets of the form V' = {v;, j, | t = 1,...,l} in the graph G. We then
use the algorithm from Lemma 2 to determine an independent set in G of size [
and, hence, an lapcs of length [ for (S1, A1), (S2, A2).

For the running time analysis of this algorithm, note that there can be up
to ¢? vertices in G for each fragment. Hence, we can have a total of cn ver-
tices.

Each vertex v; ; in G can have at most ¢? + 2c — 1 adjacent edges:

— If a base match (i,j1) shares with another base match (i, jo) the same
base S1[¢], then an edge must be imposed between the vertices v; ;, and v; j, .
There can be at most ¢ — 1 such base matches, which share Sy [i] with (i, j),
and at most ¢ — 1 base matches, which share S»[j] with (7, j). Thus, v; ; can
have at most 2(c — 1) adjacent edges from the set Fj.

— If Sy[i] is the first base in one fragment of S; and S3[j] is the last base in the
same fragment of So, then the base match (i, j) can violate the order of the
original sequences with at most (¢ — 1)? other base matches. Thus, at most
(¢ —1)? edges from E» will be imposed on vertex v; ;.

— If Sy[i] and S5[j] both are endpoints of arcs (i,i ) and (j,5 ), then all base
matches involving S1[i'] or Sa[j'] (but not both) with base match (, j) cannot
be arc-preserving. Since S)[i | and Sa[j’] can be in two different fragments
and each of them has at most ¢ matched bases, the edges from the set F3
adjacent to vertex v; ; can amount to 2c.

Thus, the resulting graph G has a vertex degree bounded by B = ¢ + 2¢ —
1. According to Lemma 2, we can find an independent set in G of size [ in
time O((B + 1)!B + |G|). Moreover, since we have cn vertices, G can have at
most O(c3n) edges. The construction of G can be carried out in time O(c*n).
Hence, the ¢-FRAGMENT LAPCS(CROSSING, CROSSING) problem can be solved
in time O((B + 1)!B + ¢®*n), where B = ¢ + 2¢ — 1. O
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°®

Fig. 1. c-diagonal LAPCS. Vertex v; ; is created for the base match (i, j). The
lines 1, 2, 3, and 4 represent other four base matches, each of them corresponds
to a vertex in G. Since the base match (1) shares base S;[i] with (7, j), an edge
is imposed between vertices v; ; and vertex (1). Base matches (2) and (7, j) cross
each other. Hence, an edge is also imposed between their corresponding vertices.
It is clear that neither the pair of base matches (3) and (7, j) nor (4) and (i, j) is
arc-preserving. Two edges are added to the graph G. Note that A, B, X, and Y
are all substrings of length ¢

The problem ¢-DIAGONAL LAPCS(CROSSING, CROSSING). A similar approach
as the one for c-FRAGMENT LAPCS(CROSSING, CROSSING) can be used to obtain
a result for the c-DIAGONAL case. It can be shown that, in this case, that graph G
for which we have to find an independent set has degree at most B = 2¢?+7¢+2.

Proposition 2 The ¢-DIAGONAL LAPCS(CROSSING, CROSSING) problem pa-
rameterized by the length | of the desired subsequence can be solved in time
O((B +1)!B + ¢®*n), where B = 2¢®> + Tc + 2.

Proof. Again, we translate the problem into an INDEPENDENT SET problem on
a graph G = (V,E) with bounded degree and use Lemma 2. For given arc-
annotated sequences (51, A1), (S2, A2), the set of vertices now becomes

Voi={vi; | Sili] = S2[jland j € [i — ¢, i + ]},

since each position ¢ in sequence S; can only be matched to positions j €
[i —¢,i+ c] of Sa. The definition of the edge set E can be adapted from the case
for c-FRAGMENT (cf. Equations (4),(5), and (6)). We put an edge {vi, j,,Visj» }
iff the corresponding matches (i1, j1) and (iz, j2) (1) share a common endpoint,
(2) are not order-preserving, or (3) are not arc-preserving. Fig. 1 illustrates this
construction. Obviously, |V| < (2¢ + 1) - n. In the following, we argue that the
degree of G = (V, E) is upper-bounded by B = 2¢% + 7c + 2:

— Because a base can be matched to at most 2¢+ 1 bases in another sequence,
a base match can have common bases with up to 2¢c + 2¢ = 4c¢ other base
matches. E.g., in Fig. 1, base match (i,j) shares base Si[i] with the base
match denoted by (1).
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— We can observe in Fig. 1 that a vertex in G has a maximum number of edges
from Fs, if the distance between the bases involved in its corresponding base
match is equal to ¢. Consider, e.g., base match (i, j) in Fig. 1. There, a base
match crossing (7, j) must be from one of the following sets: My = { (i1, j1) |
Sili1] is in substring B, Sa[j1] is in substring X }, My = { (i2, j2) | Silie] is
in substring B, S2[j2] is in substring Y, and ja —is < ¢}, or M3 = { (i3, j3) |
Siliz] is in substring A, Sa[js] is in substring X, and j3—i5 < ¢ }. The set M;
can have at most ¢? elements. The number of elements of the other two sets
can amount to ¢ — c. Therefore, each vertex in V' can have at most 2¢? — ¢
edges which are imposed to guarantee the order-preserving property.

— If the two bases, which form a base match, both are endpoints of two arcs,
like the base match (i,7) in Fig. 1, then this base match cannot be in an
arc-preserving subsequence with base matches, which involve only one of the
other endpoints of the arcs. Two such base matches are marked in Fig. 1
with (3) and (4). Those base matches can amount to 4c + 2.

Consequently, the graph G has degree bounded by B = 2¢?+7¢+2. With (2¢+1)n
vertices, G has at most O(c3n) edges. The construction of G can be done in time
O(c®n). Hence, the c-DIAGONAL LAPCS(CROSSING, CROSSING) problem can be
solved in time O((B + 1)!B + ¢?n), where B = 2¢* 4 7c + 2. O

The problems ¢-FRAGMENT (¢-DIAGONAL) LAPCS(UNLIMITED,UNLIMITED).
Note that the observation that the graph G = (V, E') above has bounded degree
heavily depends on the fact that the two underlying sequences have CROSSING arc
structure. Hence, the same method does not directly apply for c-FRAGMENTED
(¢-DIAGONAL) LAPCS(UNLIMITED, UNLIMITED). However, if the “degree of a
sequence” is bounded, we can upperbound the degree of G. The degree of an
arc-annotated sequence (S, A) with UNLIMITED arc structure is the maximum
number of arcs from A that are incident to a base in S. Clearly, the so-called
cutwidth of an arc-annotated sequence (see [6]) is an upper bound on the degree.

Proposition 3 The ¢c-FRAGMENT (and ¢-DIAGONAL, respectively) LAPCS (UN-
LIMITED, UNLIMITED) problem with bounded degree b for its sequences, parame-
terized by the length | of the desired subsequence, can be solved in time O((B +
1)!B + ¢n) with B = ¢® + 2bc — 1 (and in time O((B' + 1)'B’ + ¢*n) with
B’ =2¢? + (4b + ¢)c + 2b, respectively).

Proof. The ¢-FRAGMENT (¢-DIAGONAL) LAPCS(UNLIMITED, UNLIMITED) prob-
lem can also be translated into an INDEPENDENT SET problem on a graph
G = (V, E) with bounded degree using a similar construction as shown above.
The number of vertices in the resulting graph is equal to the one obtained in the
proofs of Proposition 1 and 2, but the bound on the degree changes. In the con-
structions in the proofs, we added three sets of edges to G. Since the first two sets
have nothing to do with arcs, these edges remain in the graph for UNLIMITED arc
structure. In the constructions above, 2¢ edges for c-FRAGMENT and 4c—+ 2 edges
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for c-DIAGONAL are added into E5 for a base match (i, j) with two arc endpoints,
(i,91) € Ay and (j,71) € As. These edges are between vertex v; ; and the ver-
tices, which correspond to the base matches involving one of Si[i1] and Ss[j1]. In
UNLIMITED arc structure with bounded degree b, a base S1[i] can be endpoint of
at most b arcs, we denote them by (4,41), (¢,42), ..., (4,4). The third set of edges
must be extended to include the edges between (i,7) and all vertices, which
correspond to base matches involving one of S1[2], ..., Si[b], S2[2],..., S2[b].
The amount of edges in this set can increase to b(2¢) for ¢-FRAGMENT and to
b(4c + 2) for ¢-DIAGONAL LAPCS(UNLIMITED, UNLIMITED). The degree of the
resulting graph for ¢-FRAGMENT is then bounded by B = ¢ + 2bc — 1, and the
one for ¢-DIAGONAL by B = 2¢2 + (4b + 3)c + 2b. O

5 Conclusion and Future Work

Adopting a parameterized point of view [1,5,9], we have shed new light on the
algorithmic tractability of the NP-complete LONGEST COMMON SUBSEQUENCE
problem with nested arc annotations, an important problem in biologically mo-
tivated structure comparison. Immediate questions arising from our work are
to further improve the exponential terms of the running times of our exact
algorithms and to determine the parameterized complexity of (non-restricted)
LAPCS(NESTED,NESTED) when parameterized by subsequence length instead
of number of deletions. Depending on what (relative) length of the longest com-
mon subsequence is to be expected, one or the other parameterization might be
more appropriate. In the case of a “short” lcs, the subsequence length is more
useful as a parameter, and in the case of “long” lcs, the number of deletions is
the preferable parameter. Our complexity analyses are worst-case, however, and
it is a topic of future investigations to study the practical usefulness of our algo-
rithms by implementations and experiments. In this context, it is also meaningful
to take a closer look at the (special case) problem “APS(NESTED,NESTED),”
where one asks whether a given sequence forms an arc-preserving subsequence
of another. Results in [13] make us confident that this is doable in polynomial
time, but, if so, to get the degree of the polynomial as small as possible remains
a research issue of theoretical as well as practical importance, see [11] for more
details.
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Abstract. We study local similarity based distance measures for point-
patterns. Such measures can be used for matching point-patterns under
non-uniform transformations — a problem that naturally arises in im-
age comparison problems. A general framework for the matching prob-
lem is introduced. We show that some of the most obvious instances of
this framework lead to NP—hard optimization problems and are not ap-
proximable within any constant factor. We also give a relaxation of the
framework that is solvable in polynomial time and works well in prac-
tice in our experiments with two—dimensional protein electrophoresis gel
images.

1 Introduction

The point-pattern matching problem is, given two finite sets A and B in d-
dimensional Fuclidean space, to find the best matching of A and B under some
quality measure. Point-pattern matching problems arise in many applications.
For example, in two—dimensional gel electrophoresis proteins are separated to
form spots in a planar gel, and one wants to match the same proteins from
different experiments; Figure 4 in Section 5.3 gives an example of a pair of gels
to be matched. Such gels may contain partly different proteins, and protein spots
may be distorted non-uniformly. Also the spot intensities and sizes vary from
one gel to another (the amount of variance is actually what is interesting to the
biologists using the gels). Therefore the problem is normally reduced to matching
the midpoints of the detected spots.

In computational geometry, point-pattern matching problems under uni-
form transformations (like translation, rotation, and scaling) are widely stud-
ied (see [2] for a survey). Allowing non-uniform transformations complicates
the problem substantially, and a version of the problem has been shown NP-
complete [1,8].

In practice, greedy methods are used to cope with non-uniform transfor-
mations: Some pairs of points ("landmarks”), that should match, are selected
first and one point-pattern is interpolated with respect to the other so that
the selected pairs become aligned. This procedure is repeated until all possible
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matching pairs are determined. Usually, the selected pairs are determined inter-
actively with the user. This kind of procedure was first proposed by Appel et.
al. [3].

A key issue when coping with non-uniform transformations is that although
global similarity has not been preserved in the patterns to be compared one can
still assume that some local similarity is present. Otherwise the problem would
be infeasible. There are many proposals to formalize this criterion. Akutsu et.
al. [1] and Jokisch and Miiller [3] used an absolute criterion for this: Find the
largest matching whose all pairs are consistent with a local similarity criterion.

In more detail, the criterion of [1] is the following. Given positive parameter e,
and two point-patterns A = {a1,...,am,} and B = {b1,...,b,} in d-dimensional
Euclidean space, find a maximum matching M = {(a;,,b;,),...,(a;,b;,)} C
A x B satisfying for all h, k (h # k)

1 bj, —b;
<|Jh ]k|<1+6.
1+e |aih 7aik|

The problem is NP-hard when d > 2. For d = 1, a dynamic programming
algorithm was given that solves this problem with time complexity O(m?n?).
As noted in [10], this algorithm assumes that the points in the matching M
are in increasing order (i.e. a;; < ... < a; and bj, < ... < bj,). Without this
assumption, the problem is NP-hard also when d = 1 as shown by Jokisch and
Miiller [8].

In this paper we introduce a framework for defining local similarity preserving
point-pattern matching in Euclidean spaces. A matching of point-patterns A
and B preserves local similarity, if the points of A that are close to each other
are translated in about the same way in the matching to the points of B. This also
means that the neighborhoods of the points of A are preserved in the matching.

Our framework is based on the following technical idea: If the local similarity
is preserved then the translation which takes a point a of A to the corresponding
point of B should be the same as what one would expect based on the actual
translations of the neighbors of a. This suggests the concept of an expected
translation. We then define the cost of a matching as the difference between the
actual and the expected translations. One has to find matching for which this
difference is smallest possible.

We give different concrete instances of defining the expected translations
in the framework. Unfortunately it turns out that finding the corresponding
shortest distances and optimal matchings is typically NP-hard and not effi-
ciently approximable. We also discuss different possibilities of allowing out-
lier points (i.e., mismatches) in the matchings, including a technique based on
many-to-one matchings. By relaxing the local similarity constraint we obtain a
polynomial-time solvable variant whose evaluation reduces to minimum weight
perfect matching in bipartite graphs. This method works well in practice: We re-
port some performance results from our experiments with two—dimensional pro-
tein electrophoresis gels. The method finds fully automatically matchings that
are almost identical to our reference matchings obtained using an interactive
system.
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2 Point-Patterns and Matchings

A point-pattern is any finite set in the Euclidean d—dimensional space. Our main
application is in the two—dimensional space in which case the patterns are called
2D point-patterns. However, most of the results are valid in the general case.

Let A and B be two point-patterns. A matching of A and B is any set
M C Ax B. With the obvious correspondence with the bipartite graph matching
in mind, we call the members of M the edges of the matching. An edge (a,b)
can be interpreted as a vector from a to b. Then it gives the translation that
makes a to match b.

A matching M is one—to—one if whenever (a,b) and (a’,b") are two different
edges in M then a # o’ and b # V', and many—to—one if (a,b) is an edge in M
then at most one of a and b can belong to some other edge in M. A many—to—one
matching is perfect if each point of A and B belong at least in one edge in M;
in the standard graph theory terminology such an M is an edge cover of AU B.
If |A| = |B| then a one—to—one matching M of A and B such that |[M| = |A] is
perfect.

3 Local Similarity Preserving Distance Functions

Our goal is to find the best perfect matching between point-patterns A and B
such that the local neighborhoods of the points of A are preserved in the match-
ing. That is, we want that points of A that are close to each other are translated
to the points of B in about the same way. Hence, as the edges of the matching
give these translations, we want that the edge vectors are locally similar.

Depending on the application, the neighborhood of a point that is expected
to behave similarly in matching may vary significantly. Thus, it is of interest to
study different ways of defining local similarity.

The actual distance between A and B will be defined as the smallest possi-
ble sum of differences between the actual translations (edges) applied on each
element of A and the ’expected’ translations that would be consistent with the
neighboring translations.

A general framework for distances of this type will be defined as follows. Let
M denote the set of all perfect matchings between A and B (which in this case
have to be of equal size) and M™% the set of all perfect many—to—one matchings
between A and B. Let f : M x R? — R? be a function that given a perfect
one-to-one matching M and a point a gives another point f(M,a). Here the
translation from a to f(M, a) is the expected translation on a given by f while the
actual translation on a is given by the edge(s) adjacent to a in the matching M.
The purpose is that the expected translation is (almost) the same as the actual
translations that M gives for the neighbors of a; later on we will give concrete
examples of functions f. A corresponding function fmany : Mmany x R4 — R4
for perfect many—to—one matching is defined similarly.

Now our local similarity distance will measure the difference between the
expected and the actual translations as follows.
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Definition 1 Let M = {(a1,b1),...,(a@m,bm)} be a perfect (one-to-one or
many-to—one) matching between A and B, and let the cost of M with respect
to f be

| M|

w(A, B, M) =" |bx — f(M,ay)|.

k=1
The local similarity distance d; over perfect one-to-one matchings between A
and B is defined as

d¢(A,B) = min{wys(A,B,M) | M € M},

and the distance d?any over perfect many—to—one matchings between A and B
as

™™™ (A, B) = min{wy(A, B, M) | M € M™™},

A matching M that gives the value ds(A, B) or d;cnany is called the best perfect
matching of A and B with respect to f.

As we use only the perfect matchings in this definition, we assume in the se-
quel that the matchings considered are perfect if not explicitly stated otherwise.

There are many ways of choosing function f in Def. 1. It is desirable to
have a function that captures local similarity and leads to a polynomial time
computable distance. We will give below four different definitions for f, which
all capture local similarity in some intuitive sense. The definitions range from
very local to a full global condition in which all other points have an effect on
the expected translation of a point. We are interested in the complexity of the
distance evaluation problem in all these cases.

First think of the very local condition for local similarity in which the ex-
pected translation of a equals the actual translation of the nearest neighbor of a.
This gives f = fyn as

nN(Mya) =a+ (b —d), (1)
where @’ is the nearest neighbor of a in A, and (a/,0') € M. We call the corre-
sponding distance function dy, the nearest neighbor distance.

An extension of the nearest neighbor distance would be the K -nearest neigh-
bors distance dfi, where K is an integer, and the expected translations are
given as

Za/ ’ b/_a/
frnn(M,a) =a+ (a/ b )EMK o)

where My C M consists of all (a’,b") € Mg such that o’ belongs to the K
nearest neighbors of a in A.

Finally a global condition can be defined, where all actual translations have
an influence on the expected translation. We make the strength of the influence
to depend on the distance: We use a weighted average over the different actual
translations, where the weights are inversely proportional to the distances from a:

b —a’

D (' b)eMoa'#a (Ja—a'])"

T 3)

Z(a’,b')eﬂ[,a’;ﬁa (|a—a’|)7‘

h(M,a)=a+
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where r > 1 is a constant. We call the corresponding distance dy, the interpola-
tion distance.'

To illustrate the three distance functions defined, one should easily see that
if B is a translation of A then the distance between them equals 0 in all three
cases.

4 Complexity of Local Similarity Preserving Distance

We will now prove the negative result that the three distances d sy, d finn , andd f,
are NP-hard to compute. We will start with d .

Theorem 2 It is NP-hard to compute the nearest neighbor distances dpyy

and d'7™
NN

Proof. We use reduction from the 3-PARTITION problem [5]. The reduction
is similar to what Jokisch and Miiller used for distance-congruence [3]. The 3-
PARTITION is defined as follows:

Definition 3 Let P be a set of 3p elements, S > 0 a constant number, and
s+ P — N a cost function with S/4 < s(a) < S/2 for all @ € P such
that Y ,cps(a) = pS. The 3-PARTITION s the problem to find a parti-
tion Pr,..., Py of P such that y_,cp s(a) =S forallie {1,...,p}.

The 3-PARTITION is strongly NP-complete [5], and thus NP-complete even
if the costs s(a) are bounded by a polynomial in the length of the input. We use
this property in the reduction.

We construct two point-patterns from an instance of the 3-PARTITION as
shown in Figure 1. The two point-patterns, A and B, have both pS points. The
points in A are grouped according to the costs of the elements of P: the group i
corresponds to the ith element a; of P and has s(a;) points. The points in B are
grouped in equal size slots of size S corresponding to the partition of P.

With this reduction one can solve by computing the nearest neighbor distance
between point-patterns A and B also the 3-PARTITION decision problem. To
see this consider the following cases.

! One might notice the connection between the interpolation distance and the image
warping problem. In image warping, we have an image that should be warped onto
another surface. For some of the pixels we know where they should be mapped.
We would like to interpolate these mapping vectors so that the whole image is
continuously transformed onto the other surface. This kind of interpolation can be
done using fi(M,p), where M represents the set of mapping vectors and p is a pixel
whose mapping is to be calculated. The new location of p becomes p’ = p+ fi(M,p).
Hence finding the interpolation distance can be seen as an inverse problem for the
image warping. Such warping methods have been proposed in the literature, cf. [12]
for a survey. However, a common problem in these methods is overfitting; although
smooth and continuous, the warp looks too variable for eye. Usually low-degree
polynomials are incorporated to make the warp look more natural.
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Fig. 1. Reduction from the 3-PARTITION to the nearest neighbor distance

1. Assume that there is a partition for the 3-PARTITION instance. Then there
is a matching My.s between A and B such that in each group of A all the
points are mapped in the same order onto points in the same group of B;
This matching is perfect and its cost is

s(a;)—1

Wi (4, B, Myes) = ) (2¢ + je) (4)

a;, €P Jj=2

which has an upper bound Y-, . p(2¢ + (5)%€) = 3p(2¢ + (5)%).

2. Assume that there is no partition. Now we know that there is no perfect
matching between A and B that would map all the points in each group
of A into the same group of B; there must be a point a € A whose nearest
neighbor a’ is mapped in a perfect matching into a different group of B. This
gives us the lower bound 1 — S for the distance dy, (4, B), since a may be
mapped onto the end point of one group of B and a’ onto the beginning point
of the next group. On the other hand, there are many-to-one matchings M
that do not break the groups but these cannot define a partition for the
3-PARTITION problem. A proper many-to-one matching M must have at
least one more edge than a perfect matching. Thus the distance d;. "™ (4, B)
is at least wyyy (A, B, Myes) + €. Noting that a perfect matching is a spe-
cial case of many-to-one matching, we altogether obtain the following lower
bound: d7"Y (A, B) > min(1 — Se, Wiy (A, B, Myes) + €).

By choosing small enough rational €, the above lower bounds become larger
than the distance (4). Hence we can solve the decision problem 3-PARTITION by
computing the nearest neighbor distance between A and B (either d s or d7 ™)
and testing the value against (4). The NP-hardness follows as A and B can be
constructed in polynomial time from the instance of 3-PARTITION.

The above reduction can be done in one-dimensional space as patterns A
and B can be put on the same line. Hence the theorem is valid in Euclidean

spaces of any dimension. O

Theorem 4 It is NP-hard to compute the K-nearest neighbors distance d .y -
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Proof. We construct point-patterns A and B from an instance of 3-PARTITION
almost like in the previous proof, but we double S and all the values s(a;) until
s(a;) > K for all a; € P. This guarantees that the K nearest neighbors will be
found inside the same group in A. Note that the status of the 3-PARTITION
decision problem remains the same in this transformation. Thus, we can safely
assume that we have been given an instance in which s(a;) > K for all a; € P.
The reduction is shown in Figure 2. The distances x1, z2, ... between the groups
in B will be defined below.

Fig. 2. Reduction from the 3-PARTITION to the K-nearest neighbors distance

Now, if there is a partition for the 3-PARTITION instance, then there is a per-
fect one-to-one matching My between A and B with cost w (4, B, Myes) <
pSe. This is because the average vector over the K nearest neighbors for each
point in A maps the point to at most distance € from a point in B.

If there is no partition, then there must be at least one broken group in A
whose points are mapped into different groups in B in any perfect one-to-one
matching M,,. We will obtain a lower bound for w . (4, B, M) by calculating
the cost of mapping only one point. Here one must take the following fact into
account: Since we are taking the average over the vectors of the K nearest
neighbors, a point could be mapped in the "right” place even inside a broken
group due to symmetry. To prevent the possibility for symmetry, we define the
distances between groups in B as follows: z; = 2(K — %)((Z;;ll zj)+i(S—1)(1+
€)) for 1 <i < p.

Let a be a point of a broken group in A such that at least one of the K
neighbors of a is mapped into a different group. We can now calculate the lower
bound for wy (4, B, My,,) by a case analysis. There are three cases: (1) All
the neighbors of a that are mapped into a different group than a, are mapped
to the left from where a is mapped. (2) All the neighbors of a that are mapped
into a different group than a, are mapped to the right from where a is mapped.
(3) The point a has neighbors such that some of them are mapped to the left
and some to the right from the group which a is mapped into. A lower bound
for the cost in case (1) is easy to achieve; clearly the smallest cost is achieved
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when a is mapped to the first element of the second group in B, one of the K
neighbors is mapped to last element of the first group in B, and all the other K —1
neighbors are mapped to last element of the second group in B. A straightforward
calculation gives that the cost of matching a is at least (S —1)(1+¢). The lower
bound for the case (2) can be derived similarly, but evidently it is greater than
(S —1)(1 + €). The case (3) goes also similarly; the smallest cost is achieved
when a is mapped to the last element of some group in B, say B;, one of the K
neighbors is mapped to first element of the next group, Bj;1, and all the other
K — 1 neighbors are mapped to first element of the first group in B, B;. The
reduction is constructed such that not depending which group a is mapped into,
the lower bound cost will be the same as before, (S — 1)(1 + €). As My, is
arbitrary, it follows that ds (A4, B) > (S —1)(1 +€).

Now it is clear that choosing small enough rational value € such as € = p%’
we can solve the decision problem 3-PARTITION by computing the K-nearest
neighbors distance d¢,,,. Again, A and B can be put on the same line, hence
the result is true in all Euclidean spaces. a

many
frNN

Corollary 5 It is NP-hard to compute the K-nearest neighbors distance d

Proof. The upper bound for the positive instances of the 3-PARTITION as well
as the cases (1), (2), and (3) for the negative instances given in the proof of
Theorem 4 hold also for d?:;lg We still show that in the negative case there
can not be many-to-one matchings that do not break the groups and whose cost
would be less than pSe.

As |A| = | B|, any perfect matching that is properly many-to-one must have at
least one point of A, say a, that is mapped into two points in B, say b’ and b”. The
cost of these edges can be expressed as b — (a+ X')|+ [0 — (a+ X")|, where X’
and X" are the average vectors that are calculated using the K neighbors of a.
The average vectors depend only on a, not on its pairs in B, and thus X' = X"
Hence the cost of the two edges is [0/ — (a+X)|+|b"— (a+X)| > |b—V'| > 14+€ > 1.
This is also a lower bound for the total cost of any many-to-one matching. Thus,
by choosing € = ]% we have d}," " (A, B) < 1 for positive instances of the 3-
PARTITION and d7"" (A, B) > 1 for negative ones. a

Theorem 6 It is NP-hard to compute the interpolation distance dy,, when the
constant r of the function fi is > 1.

Proof. Again, we use a reduction from the 3-PARTITION, illustrated in Fig-
ure 3. The distances between the groups of A (values Y in the figure) and of B
(values 1,22, ...) are defined as follows: z; = 352((23;11 z;)+i(S—1)(1+¢€))
for 1 <i < p,and Y = x,41. This guarantees that distance Y is longer than the
diameter of B.

As before, we want to show that a partition for a positive 3-PARTITION in-
stance corresponds to a one-to-one matching My..s between A and B whose cost is
minimal over all one-to-one matchings. We can estimate the cost wy, (A, B, Myes)
as follows. In My all the points in the same group of A are mapped into the
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Fig. 3. Reduction from the 3-PARTITION to the interpolation distance

same group of B. The contribution w((a, b)) of one particular edge (a,b) of Myes
to the cost can be estimated upwards by assuming that the edge has at least one
supporting edge in the same group (an edge (a’,b’) is called a supporting edge
for (a,b) if |(b —a) — (b/ — a’)] < € where € is a parameter to be fixed below),
and the points in the other groups try to take a as far away from b as possible.
The goal is to select the parameter e such that the effect of one supporting edge
dominates over the total effect of the edges starting from the points in the other
groups. Surely an upper bound for the worst effect is achieved when we assume
that all the other points lie as near a as possible, i.e. at distance Y from a. Since
we can place B after A on a same line, the points in the other groups can support
a matching vector that would take a at most to distance diam(A) + diam(B)
from b, where diam(S) means the diameter of point-pattern S. Now, we can
estimate the cost contribution of the edge (a,b) in My using (3) and the fact
that the points lie on a line:

Z(a’,b’)G]ﬂ,a/;éa ﬁ

)|

D (a b)eMoar£a Tamal)

w((a,b)) =|b— (a+

b—a—e + pS(b—a+diam(A)+diam(B))
<|b—(a+—L " )|
Tt
b—a—e + pS(b—a+pS+pY)
<|b—(a+ —2 S )|
1+ 45
b—a—e + 2pS(pS+pY)
< ‘b — ((1 + ! SYT )|
1+ 4%
<b—a- b—a|+| € ‘+‘2p5(p5+pY)‘
+ Y + Yr ( + YT)
—a 2pS(pS + pY)
b—a— e St
<l|lb—a = i—i |+ €+ | vr \

< €+ €+ €,
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for all € > 0, if we redefine Y such that 1{’[;% >b—a—e€and w
It follows that the latter condition is stromg}ér7 so it is enough to choose Y such
that Y™ > 2pS(pS + pY')/e. This is possible if and only if » > 1. The resulting
upper bound is dy, (A, B) < 3pSe.

We have still to estimate the cost when there is no partition for the 3-
PARTITION instance. We have constructed the point-patterns such that if
there is a matching that breaks the groups in A, its cost is lower bounded by

(S —1)(1 + €). This can be seen similarly as in the proof of Theorem 4.

< €.

Now it is clear that by choosing a small enough rational € (e.g ¢ = 31%5)’
we can solve the 3-PARTITION by computing the interpolation distance dy,.
Again, the result holds true in all Euclidean spaces. a

Using similar arguments as in the proof of Corollary 5 we also obtain the
following.

Corollary 7 It is NP-hard to compute the interpolation distance dr;:any when
r>1. g

The inter-point distances in the reductions remain polynomially bounded
with respect to the input values. Thus all the problems discussed above are
strongly NP-hard.

As the upper bound for the distance in the positive instances of 3-
PARTITION approaches 0 as € — 0 while the lower bound in the negative
case stays away from 0, it follows that also approximating the distances within
a constant factor becomes NP-hard. However, this argument does not hold for
the nearest neighbor distance d\". In this case our bound for the negative
instances vanishes with e.

Corollary 8 I't is NP—har(? tg approzimate dyy, d s d;;a;lz, dfu and d'*"
(the two last with r > 1) within any constant factor ¢ > 1, i.e to give an answer
that is < ¢ x OPT, where OPT is the optimal solution for the corresponding

minimization problem, and c is polynomial time computable on the input. a

4.1 Allowing Mismatches

We have considered so far only distances based on perfect matchings that cover A
and B in full. In typical applications, however, one wants to leave some points
out of the match if this makes it possible to find a very good one-to-one matching
between some subsets of A and B. We call the outlier points the mismatches of
the matching.

We will briefly consider two different models of allowing mismatches:

1. Fix a maximum allowed number x for the mismatches in advance;

2. Assign some cost ¢ for the mismatches and find a matching that minimizes
the total cost consisting of the cost of the matched elements as well as of the
mismatches.
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Let us denote the set of all (not necessarily perfect) one-to-one matchings
between A and B as M’. The mismatches induced by a matching M € M’
consist of the elements of A and B that are not adjacent to any edge of M. We
denote by m(M) the total number of such elements.

There is no obvious way of defining the cost function ¢ in the mismatch model
(2). Therefore we just assume that there is available a generic cost function that
gives the cost ¢(A, B, M) of the mismatches induced by M.

Definition 9 Let M = {(a1,b1), ..., (am,bm)} € M’ be a (not necessarily per-
fect) one-to-one matching between A and B, and let the cost of M with respect
to f be
|M]|
(A, B, M) Z\br (M, ay)|.

Let k > 0 be an integer. The local smnlarlty distance with at most x mismatches
d} between A and B is defined as

d3(A, B) = min{ws (A, B,M) | M € M',m(M) < x},

and the local similarity distance with mismatch cost function ¢ between A and B
as
d$(A, B) = min{wg (A, B, M) + ¢(A,B,M)| M € M'}.

The complexity results of Section 4 hold also for the above versions of the
distances allowing mismatches. For an example, evaluating d}, - is NP-hard since
we can assign for each point a mismatch cost that is larger than the cost of My.es
in Theorem 2. Thus, if there is a partition for the 3-PARTITION instance, the
optimal solution for df_  will be the same as for dyy. If the function ¢ depends
on the problem instance, this result naturally does not hold, and a separate proof
seems possible, depending on the details of c.

For d% . we have a stronger result that holds for each fixed k. We can add &
extra points in the reduction such that if any of them are matched, the cost will
be larger than the cost of Myes. Thus, if there is a partition for the 3-PARTITION
instance, the optimal solution for d7_~ will be the same as for dy.

5 Relaxed Problem and a Useful Heuristic

Our local similarity distances turned out NP-hard to evaluate. Therefore we will
next look at relaxed formulations. In practice it might be possible to approxi-
mately evaluate the distance using an iterative approach. Such a method needs
a good matching to start with. It turns out that sometimes we can ignore the
local condition at first.

We define still another function f = fiz as fia(M, a) = a. This gives distance
function dy,, which as compared to our earlier distance functions does not get
anything for free but has to measure the translations of the elements of A in full.

Distance dy,, and its different mismatch variants can be evaluated fast using
a reduction to a well-known graph matching problem, to be described next.
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5.1 Reductions from dg, and Its Variants to Minimum Weight
Perfect Matching

Notice that the distance dy,, corresponds to a known graph problem; it is an Eu-
clidean instance of minimum weight perfect matching in a bipartite graph, when
identifying points with nodes and pairs with edges. Moreover, d?::ny corresponds
to minimum weight edge cover in a bipartite graph. Also, Eiter and Mannila [4]
have proposed a distance measure for point sets called link distance, which equals
to ™. They give in [4] an efficient algorithm for computing d;"™ since they
show a linear reduction from minimum weight edge cover to minimum weight
perfect matching.

The reduction used for d can be modified to cover also dfcid in a spe-
cial case. In this case the cost function ¢ has to be additive in the sense that
¢(A, B, M) has a representation as a sum of individual mismatch costs. That
is, each element a € A U B has a mismatch cost ¢(a), which can depend on A
and B but not on M, and c¢(A, B,M) = Y _; c(a) where M is the set of the
mismatches induced by M.

We only sketch the modifications of the reduction that are needed in this
case. On the top of page 122 in [4], redefine the edge costs for edges of type
e = {a;,aj} (vesp. e = {b;,0}}) as w”(e) = c(a;) (w”(e) = c(b;)), where c(a;)
(c(bj)) is the mismatch cost assigned to point a; € A (b; € B). The optimal

Jroany

perfect matching M G" in this new reduction graph G” corresponds to an optimal
solution M of df,  as follows: If (a;,b;) € MEC" then (a;,b;) € M€, if (a;,d}) €
MG then a; is a mismatch, and if (b;, b;) € MG then b; is a mismatch.

For the distance d} a slightly different reduction is needed. Note first that
we can assume that k — |m — n| is divisible by 2 (after removing x mismatches
we must be able to produce a perfect matching). The reduction is the following:
Add |m —n| points into the largest point-pattern, and then (k—|m—mnl)/2 points
into both point-patterns. Denote this set of ”mismatch sinks” by S =S4 U Sp,
where S 4 is the set of points added to B and Sp is the set of points added to A.
Assign 0 cost for each pair of points of type (a, sq) or (sp,b),a € A, s, € Sa,b e
B, s, € Sp. For all other pairs the cost is the Euclidean distance between the
points. It is easy to see that by computing the perfect matching M* between
AUSpE and BU S4 one gets an optimal solution M* for d?id as follows:

If (a,b) € M®,a € A,b € B then include (a,b) into M*. The other  pairs
contain the mismatches.

Proposition 10 The distances dy,, d}, , d5, (with an additive ¢), and dr;il:ny on
point-patterns A and B of sizes m and n, respectively, can be computed asymptot-
ically as fast as minimum weight perfect matching in a bipartite graph of m +n
nodes and mn edges.

5.2 Heuristic Solution

As such, dy,, does not measure local similarity, but if we replace the Euclidean
distances between points with a local similarity measure between the neighbor-



Local Similarity Based Point-Pattern Matching 127

hoods of the points, we obtain a polynomial time solvable problem that takes
local similarity into account.

Consider first that there are no mismatches. Assume that the data are such
that when restricted to a small region in the data (e.g. a region with K nearest
neighbors for a point), the mapping that is produced by e.g. optimal solution for
the K-Nearest neighbor distance dy, ., is close to translation. With this kind
of data we can estimate the cost of matching an edge (a,b) by comparing the
neighborhoods of a and b. Thus, we can assign a cost for each edge (a,b), a € A,
b € B. With these costs, we can calculate the minimum weight perfect matching
between A and B.

The cost for an edge (a,b) can be calculated as follows. Take K nearest
neighbors for a in A, translate them with vector b—a, and match each translated
point with its nearest neighbor in B. The result is a matching M of size K +1
(pair (a,b) is included). Assign cost w((a,b)) = |b— funn(M®, a)|.

We can express this matching problem by slightly abusing our framework by
defining

fu(M,a) = —b+ w((a,b)).

Now the corresponding distance df, (A, B) equals to the minimum weight perfect
matching between A and B.

Note that when the minimum weight perfect matching M is calculated with
these costs, the matching is not guaranteed to include any of M?®; it may happen
that a point is matched far away from where its neighbors are matched.

A heuristic solution for preventing the deviation between the matches of
neighboring points in M would be the following. When calculating the cost for
an edge (a,b), we combine the similarity of the neighborhoods with the distance
between a and b. This should work in situations where a and b can be assumed
to be relatively close to each others.

Adding the sensibility for mismatches in this model is non-trivial. First, the
mismatches affect the calculation of the costs for the possible edges (a,b). To fix
this, one could take the "best” portion of the K nearest neighbors that support
the edge (a,b). The second problem is how to separate the mismatches from
the matches. This can be done either by using d’, or d}fny. They both can be
solved in polynomial time using the reductions given in Sect. refsec:idreductions
for dy, (the reductions extend to the cases where non-negative costs are used
as distances between points). In d¥,"™, one can choose the minimum cost edge
from each many-to-one subset of the matching to be a match, and the other
points can be regarded as mismatches.

5.3 Experimental Results

We have implemented a heuristic using the ideas presented above and done some
experiments on two-dimensional protein electrophoresis gels (see Figure 4 for an
example).

The goal is to match two gel images so that the corresponding protein spots
will be matched. Our abstraction of this problem is to identify the spots with
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Fig. 4. Two-dimensional protein electrophoresis gel images

their midpoints and match these sets of midpoints. So the input for our method
is two point-patterns, that both contain a lot of missing points and the trans-
formation between the point-patterns is non-uniform.

To test our method, we had 15 pairs of point-patterns extracted from different
gel images (about 1000 points in each point-pattern). We also had the ”origi-
nal” matchings for these point-patterns to compare, that were constructed with
PDQuestTM software, where the user can give landmarks (trusted matches) and
the program tries to manage from the rest.

For computing the matchings, we used the implementation of Goldberg and
Kennedy [6] for minimum weight perfect matching in a bipartite graph. Due to
the linear time reductions introduced before, also the versions where mismatches
were allowed could be computed efficiently (typically in couple of seconds on a
700MHz Pentium III computer).

Because there were two kind of errors between these point-patterns, missing
points and non-uniform motion, we decided to test first the sensitivity for pure
non-uniformity. For this we removed all the points that were not matched in the
original matching. We compared the original matching with the matching pro-
duced by our method. With most of the point-pattern pairs the result was fully
consistent with the original matching and the largest error was 0.4% (meaning
that 0.4% of the original matches were not detected).

Next we tested the real life situation, where both missing points (10-25%) and
non-uniform motion were present. We used two mismatch models, d, and dr;;a‘ny
In the first one, we needed some estimate for the number of mismatches k. To test
the upper limits of the method, we used the correct value for x that was calcu-
lated from the original matching. The results are shown in Figure 5. Surprisingly,

dp™ managed better than df, although we knew the number of mismatches

beforehand. However, d"™ naturally contained more false negatives than dﬁ
since also the mismatching points were matched. Altogether the results were
many

quite good, on the average 93.7% of the original matches were found by d i
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Fig. 5. Comparing the results of lede and H2=d% against the original
user-assisted matching

We tried to improve the heuristic with basically the following iterative step:
After a matching M is achieved (with d%, or d7™™), assign a cost for each pair
based on the Interpolation distance (w((a, b)) = |b—(a+ f1(M,a))|). Remove X%
of the pairs with the highest cost from M. Move the points in A based on the
matching M using the Interpolation distance (A" = {a + fi(M,a)la € A}, A =
A’"). Either recalculate matching and start the iteration again, or match each
unmatched point in A to the nearest unmatched point in B if it is not more
than Y times farther than the nearest matched point in B.

It turned out that the results did not change much after the first iteration (we
used X = 10% and Y = 2). The results were not significantly better than with
the basic approach, now the average was 94.9% when one iteration was used.
However, the one iteration step was necessary for getting a useful matching,
since the solution of d»™ contained a lot of false positives, which were now
removed. An example of a matching produced by this iterative method is shown
in Figure 6.

As we can calculate the Interpolation distance for a given matching, we can
now compare the quality of the matching proposed by our method with respect
to the original matching. This comparison is shown in Figure 7. As can be seen,
the user-assisted matching has smaller cost in each image pair. However the
difference is quite small, so the heuristic solution is quite close to the optimum
(assuming that the optimum of dy, is close to the user-assisted matching).

6 Conclusions and Future Work

There are several possibilities for future studies, still. We have only considered a
few example definitions for function f in our framework; other definitions could
lead to more practical distance measures. Extremely interesting is the tradeoff
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Fig. 6. Visualization of matchings. The original user-assisted matching is in the
left, and the result of automatic matching is in the right. Both are portions of
the matchings for the images in Fig. 4. As can be seen, the matching ”flow” is
relatively constant when restricted to a small neighborhood. This is essential for
the heuristic to work. Experiments with gels with sparser selection of detected
spots and greater non-uniformity have confirmed this fact

problem: How good local similarity function f one can use such that the problem
can still be solved in polynomial time.

Another direction is to represent the problem as a Metric Labeling Prob-
lem [9], where one seeks for a labeling of objects such that the labeling cost
plus the difference between labelings of neighboring objects is simultaneously
minimized. Here one could identify one point-pattern with objects and the other
as labels. The labeling cost could be the same as what we used in the heuris-
tic in Sect. 5.2; the prior estimate of local similarity between an object and a
label. The difference between labelings of neighboring objects could simply be
measured as the distance between labels (points in the other point-pattern). In
addition, one would need to make the definitions symmetric (i.e. all labels must
be used as well as all objects must be assigned a label). There are approximation
algorithms for some metric labeling problems (e.g. [9]) and even polynomial time
algorithms for some special cases (e.g. [7]). On the other hand, the requirement
of symmetric definitions seems to make the problem harder; it is a special case
of Quadratic Assignment Problem, which in general is NP-hard to approximate
even in the metric case [11].
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Fig. 7. Comparing the solution of the iterative heuristic (H3) to the solution
of the user-assisted matching. The Normalized interpolation distance is dy, /m.
Intuitively the value means how many units (e.g. pixels) on average a point must
be moved once the effect of the overall matching is taken into account
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Abstract. A molecular sequence “model” is a (structured) sequence of
distinct or identical strings separated by gaps; here we design and an-
alyze efficient algorithms for variations of the “Model Matching” and
“Model Identification” problems.

Keywords: String Algorithms, DNA Matching, Search Trees.

1 Introduction

Two important goals in computational molecular biology are finding regularities
in nucleic or protein sequences, and finding features that are common to a set
of such sequences. Both imply inferring patterns, unknown at first, from one or
more strings. In all cases, conservation of a pattern is not strict. Regularities in
a sequence may come under many guises. They may correspond to approximate
repetitions randomly dispersed along the sequence, or to repetitions that occur
in a periodic or approximately periodic fashion, or else to tandem arrays. The
length and number of repeated elements one wishes to be able to identify may
be highly variable. Patterns common to a set of sequences may likewise present
diverse forms. For various problems in molecular biology, in particular the study
of gene expression and regulation, it is important to be able to infer what has
been called “structured patterns”. These correspond to an ordered collection
of p “boxes” (always of initially unknown content), p error rates (one for each
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box) and p — 1 intervals of distances (one between each pair of successive boxes
in the collection). When p = 1, we fall back into the classical pattern inference
problem. Structured patterns allow to identify conserved elements recognized
by different parts of a same protein or macromolecular complex, or by various
complexes that then interact with one another.

Current combinatorial approaches on the other hand work with a model of
how recognition happens that most certainly does not take into account all the
elements that are involved in it. The models adopted by current combinatorial
approaches are therefore probably a huge simplification of reality. Even without
incorporating information that is not at present time, or may ever be obtainable,
such models may be improved. This is worth the effort, because of two main
advantages combinatorial approaches present. The first one comes from the fact
that the algorithms are, by definition, exact. The second reason why it is worth
trying to improve the models used by the combinatorial approaches is that,
though limited, they mimic better how recognition really happens.

We will therefore examine next future models worth exploring and the diverse
ways in which the models adopted by combinatorial approaches be ameliorated.
Here we consider variants of the following Model matching problem: we are given
amodel M and a string S with length n = |S| over an alphabet X and we want to
find an occurrence of M in S. Considering the applications of these problems we
may note that X = {A, C, G, T}, which constitute the bases of the DNA strings.
The structure of model M is predetermined. In this way, the model consists of
a sequence of boxes B; (B; are strings over X'), which are divided by gaps. Each
gap g; must have a minimum min; and a maximum value maz;. In section 2 we
present O(kn) algorithms for two variants of the “Model matching problem”.

We also consider the Model identification problem: we are given a set of
strings S = {S51,952,...,5k}, 5 € X* and we are asked to find a pair P of
strings such that this pair occurs in 5; for each 1 < i < k. In this setting,
the pair P is a model M with two boxes which are identical and with various
restrictions on gaps. Assume that |Sy| + |Sa] + -+ + |Sk| = n. In section 3 we
present two algorithms (with complexities O(n+a) and O(n-log® n+k-logn-a))
for variants of the above problem, where « is the size of the output.

2 A Simplified Model Matching Problem

In this section we present a solution for a simplified version of the Model Match-
ing Problem defined above. In this variant, we assume that all model boxes are
identical, i.e., B = B; = Bj,Vi,j < k. Let m be the length of each box and
let k£ be the the number of boxes in M. Furthermore we have the restriction that
the minimum and maximum bounds of a gap g; coincide (min; = max;); each
gap g; is fixed. By context it will be clear whether by g; we represent a gap or
its length.

Thus, in this problem we are given a string S € X* and a model M, like
the one described above, and we are asked to find all occurences of M in S.
We say that M occurs in position 4 of S if the following hold: S[i,i + m| = B,
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Sli+m+g1,i+2-m+g1] = B and generally S[i+j-m+>7_ g,i+(j+1)-
m+>i_ql=B1<j<k-1

First we need to find all occurrences of the common box B in the sequence S.
We store all such occurrences in a list L sorted by the position of the occurrences
of the boxes. Note that we can generate gaps between consecutive occurrences
of boxes on the fly by a single substraction of their occurrences and their sizes.
We will use an inductive method to construct the final solution. The first step
consists of the search of the occurrences of the boxes inside S. In the i-th step
of the inductive algorithm we would like to extend our sequences of ¢ boxes to
sequences of i + 1 boxes maintaining the invariant that the newly formed gap
between the i-th and the (i+1)-th box is equal to g;. This is realized by sweeping
in each inductive step the list L. However, we must store all occurrencs found
until the i-th step, in a secondary list L’. Thus, in the (i + 1)-th step we sweep
the list L/, and for each occurrence of length ¢ we try to extend it to length 7+ 1.
This is easily accomplished by checking for every occurrence L; ; of length ¢ (4
consecutive boxes define ¢ — 1 consecutive gaps) in list L' whether there is a
box B whose gap with the last box of L; ; has length g;. If the length is g; we
keep the occurrence in the list L', otherwise we remove it.

Since the gaps have strict length it is easy to see that the maximum length
of list L’ will be O(n). Thus, the space usage of the algorithm is linear. Since
for each occurrence in list L’ we check in O(1) time (by maintaining pointers to
the last box of each occurrence) whether it can be extended or not, we deduce
that for each sweeping we need O(n) time. Thus, the time complexity of the
algorithm is O(kn) since there will be at most k sweeps. Finally, if we allow for
the boxes to be approximate we can easily use the above algorithm with the
difference that the string searching algorithm for the occurrences of boxes must
be as well approximate (see [3], [7] Section 5, [1] Section 6 and [6]). The choice
of the string searching algorithm depends on the measure of approximation.

A more general version that the one described above is acquired by allowing
the length of the gaps to be upper and lower bounded. In this way, the box B is
a string of length m over the alphabet X' = {A, C, G, T} and min;, max;, where
1 <i < k—1, are integers with min; < max; < n that bound the length of
gap g;. Here, we are given a sequence S with length n and a model M with k
boxes and we are asked to find all occurrences of M in S. We say that M occurs
in position ¢ of S if the following hold: S[i,i+m] = B, S[i+m+g1,i+2-m+q1] =
B and miny < g1 < maxy and generally Sli+j-m+>i 9,1+ (G+1)-m+
Y/_1qil = B and min; < g; <mazj,1 <j<k-—1

The approach here is similar to the one described above. We extend the occur-
rence of 7 boxes to the occurrence of i + 1 boxes satisfying the gap invariant. The
problem here is that many boxes may satisfy the invariant and so we have many
possible solutions. We need to keep track of all these solutions. Assumming that
min{miny, mina, ..., ming_1} = 0 and that maz{maz,, maxs, ..., maxy_1} =
n — ¢, where c is a constant, then it is obvious that the size of the list L’ will
be at most O(n?). Thus, the space complexity will be O(n?) while the time
complexity will be 2(n?). However, if we assume that the maximum gap has
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constant length /, then we can guarantee that the size of the list L’ will be O(n).
Thus, the procedure will be similar to the one described in section 2. The only
difference will be that during the extension of an occurrence from length (with
respect to the number of boxes) ¢ to length ¢ + 1 we must check ! positions in the
string S. Thus, the space complexity will be O(l - n) while the time complexity
will be O(k - I - n). Since we assumed that [ = O(1) the space usage will be
linear to n while the time complexity will be O(k - n). Finally, as in the previous
problem we can also find approximate occurrences of the boxes and based on
the respective list L solve the problem exactly as in the previous case.

3 The Model Identification Problem

In this section we are given a set of sequences and we want to identify a “simple”
model that occurs at least once in each one of them. We are given a set of strings
S ={51,52,...,5},S; € X* and we are asked to find a pair P of strings such
that this pair occurs in S; for each 1 < ¢ < k. In this setting, the pair P is a
model M with two boxes which are identical and with various restrictions on
gaps. Assume that |Sy| + |Sa| + -+ + |Sk| = n. To control the output size we
restrain the problem to finding maximal pairs of strings. A pair is said to be
left-mazximal (right-mazimal) if the characters to the immediate left (right) of
the two occurrences of the boxes are different and so we cannot extend the pair.
A pair is mazximal if it is both left-maximal and right-maximal. The gap in a pair
is defined as the number of characters between the two occurrences of a box in
the pair.

In Gusfield ([5], Section 7.12.3) there is a simple algorithm that finds all
maximal pairs in a string S of length n without a restriction on gaps. The basic
tool behind his solution was the suffix tree. After contructing a suffix tree for the
string S he uses a bottom-up approach (from leaves to roots) reporting in each
level of the tree the maximal pairs. This can be accomplished by maintaining a
leaf-list at each internal node v of the suffix tree that stores all occurrences of
suffixes of S ending at a leaf in the subtree T, of node v. Maximality of pairs
is guaranteed by using a different leaf-list for every different symbol preceding a
suffix ending at a leaf of T;. Thus, each node is attached at most o lists, where
o = |X] is the number of different symbols of the alphabet . The ascension of
levels is realized by properly concatenating the leaf-lists of brother nodes into
one leaf-list (always with respect to a symbol). The reporting step is realized
by the cartesian product of a leaf-list with all the leaf-lists of its brothers that
correspond to a different symbol. The time complexity is O(n + «), where « is
the size of the output.

Brodal et al. ([2]), based on this algorithm of Gusfield, devised an algorithm
that finds all maximal pairs in an input string S of length n whose gaps are
restricted. When the gap belongs in an upper and lower bounded interval then
their algorithm works in O(nlogn+ «). They also prove that if the upper bound
on the gaps is removed then the maximal pairs are found in O(n + «). They
basically use the algorithm of Gusfield but the leaf-lists are implemented by
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AVL-trees (thus the occurrences are sorted) so that one can search for the start
of the output in the list in logarithmic time. However, this mechanism works only
for right-maximal pairs. In order to find only maximal pairs an additional AVL-
tree is used to store intervals of occurrences in the leaf-lists that are preceded
by the same character. Thus, they do not need to traverse occurrences that do
not belong to the output.

The problem we consider here is a generalization of the previous problems
into a set of strings S. We will consider two variations of this problem depending
on the restrictions on the gaps. In the first version we assume that there is no
restriction on the gaps. Thus, a pair in S; may have gap g; while the same
pair (with respect to the boxes) in string S; (¢ # j) has gap g;. In the second
version we demand that the gap in a pair be the same in all strings, that is g; =
9i, Vi, 7 < n. However, the gap must be upper bounded (and lower bounded if we
wish) by a constant. We extend the algorithm of the first version to acquire the
algorithm for the second version. The main difficulty in this problem is that it
is difficult to define the output complexity of the problem whereas in [5] it was
trivial and in [2] it was pretty easy. In subsection 3.1 we describe the algorithm
for the first version of the Model Identification problem while in subsection 3.2
we describe the algorithm for the second version.

3.1 Maximal Pairs with Arbitrary Gaps

We use an approach similar to that of Gusfield. First we build a generalized
suffix tree for the set of strings S = {S1,52,...,Sc},k > 2 ([5], Section 6.4).
A Generalized Suffix Tree (GST) for a set of strings contains all suffixes of
all strings in set S. The leaves of the GST contain the position in the string
where the suffix occurs and in addition an identifier of the string in which the
suffix belongs. Thus, the pair (i, j) stored in a leaf of a GST corresponds to the
occurrence at position j of a suffix of a string S;. Note that a leaf may store
multiple pairs that correspond to same suffixes in different strings. The GST is a
tree with out-degree of internal nodes at least 2 and at most o = |X|. However,
the algorithm that follows makes the silent assumption that the suffix tree is a
binary tree. In order to binarize the GST we replace each node v with out-degree
|[v| > 2 by a binary tree with |v| leaves and |v| — 1 internal nodes with |v| — 2
edges. Each edge is labelled with the empty string e so that all new nodes have
the same path-label as node v that they replace. The size of the initial GST
was O(n). The size of the binary GST is also O(n) since for each edge in the
initial GST we add two nodes in the binary GST. We assume that the size of
the alphabet o is O(1).

As in Gusfield, we follow a bottom-up approach. Each internal node v is at-
tached a set of leaf-lists. There is a leaf-list for every string in set S and each
leaf-list stores all occurrences of suffixes of the respective strings that occur in
a leaf in the subtree T),. The leaf-list L, ; corresponds to occurrences of suffixes
of S; in the subtree T,,. Each leaf-list consists of sublists Lgfi that stores occur-
rences of suffixes of string S; in T, such that they are preceded by symbol ¢; in
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string S;. The leaf-lists of the leaves consist of the set of suffixes they represent.
First, we describe the bottom-up step and then the reporting step.

Assume that we currently check nodes v and w whose father is z. After
the reporting step we need to construct the leaf-lists of their father z. This
update step is accomplished by concatenation of the leaf-lists of v and w. Each
sublist LZJl is concatenated with the sublist LZJ , and this concatenation results

in Lgfi. The concatenation is a simple list operation that can be realized in O(1)
time since we need not worry about the order of the occurrences of the suffixes
in these sublists. Since the binary GST contains O(n) nodes, there are at most &
leaf-lists and each leaf-list has at most o = O(1) sublists we conclude that for
the whole binary GST this procedure is realized in O(n) time (it is easy to see
that in the worst-case for this setting S; = n/k).

Before the construction of the leaf-lists of the father z we first have to perform
the reporting procedure for all maximal pairs between nodes v and w. Note that
the cartesian product between sublists of a leaf-list is not necessarily part of the
input and thus we need to be very cautious with this procedure. Assume that we
want to generate all candidate pairs from leaf-lists L, ; and L,, ;. To accomplish
this we compute the cartesian product of sublist L'ij with sublists Lzl,i, 1<I<
o and [ # j and then combine with all other cartesian products of all other leaf-
lists. If there is a leaf-list for which all possible cartesian products of its sublists
are empty then no output can be generated from these two nodes.

In order to obtain a good output-sensitive time complexity we store an aux-
iliary structure E, with size O(k). By E, ; we refer to the i-th entry that corre-
sponds to the leaf-list of S;. We would like this structure to answer in O(1) time
whether there is a leaf-list (note that there are k leaf-lists) whose all possible
cartesian-products are empty. This is easy to find by traversing all sublists of
the leaf-lists L, ; and L, ; and finding all of them in one of the two leaf-lists
empty. If this is the case then we store in E,, ;, if L, ; is empty, the value zero,
otherwise we store value one. By implementing F, as a linear sorted list we can
in O(k) time find whether there is an empty leaf-list. In this case, no reporting
is performed since there are not maximal pairs generated by nodes v and w that
occur in all strings of the set S. Otherwise, we perform the reporting step. The
maintenance of structures E, is performed during the update step by spending
O(k) time. However, note that during this step we can store a flag that indicates
whether there is an empty list and as a result we get the O(1) bound. Since there
are O(n) nodes in the binary GST we conclude that O(n) time is sufficient. The
previous algorithm is summarized in the following theorem.

Theorem 1. The above algorithm for the problem of computing all mazximal
pairs occurring in each string of a set of strings S without any restrictions on the
gaps of the different pairs, uses linear space and its time complexity is O(n+ ),
where « is the size of the output.
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3.2 Maximal Pairs with Bounded Gaps

In the previous version of the problem we did not impose any restrictions on the
gaps of the pairs. For example, an occurrence of a pair P in S; may have gap
with length 1 while an occurrence of the same pair in S;,7 # j may have gap
with length |S;| — ¢1, for an arbitrary constant ¢;. In this version we demand
that the gap in a pair, which occurs in all strings of the set S, be the same. Thus,
if a pair P occurs in §; with gap g; then P must occur in all strings S; € 5,4 # j
with gap exactly g;. We will see later in the description of the algorithm that
it is imperative to add the additional restriction that the gaps must be upper
bounded by a constant. The aim is to devise an algorithm with complexity
O(n - polylog(n) + k - ac - logn).

The base structure is the one described in the previous subsection. However,
maintaining the output size in the time complexity is more complicated. Assume
the leaf-lists L,, ; and L, ; for brother nodes v and w. All maximal pairs produced
by the (0 —1)- 0 cartesian products of their sublists are candidate maximal pairs
and must be tested whether they occur in all other strings of set S with the same
gap (from now and on pairs are equal with respect to the boxes and their gap).
However, it is obvious that the (0 — 1) - o cartesian products may lead to O(n?)
candidate solutions. For the worst case, where |S1| = |S2| = -+ = |Sk| = n/k
the number of pairs may be O((%)?). All these candidate maximal pairs may not
be in the output and thus we acquire an algorithm with time complexity O(n?).
In order to alleviate this problem we add the following realistic restriction.

Invariant 1 The mazimum length of a gap may be at most b, where b is a
constant, which is indepedent of the input size n.

This invariant lowers considerably the combinatorial complexity of the carte-
sian products, which we call limited cartesian products. We previously mentioned
that these cartesian products construct O(n?) candidate maximal pairs, but by
using invariant 1 we lower this bound to O(bn). In this way, each occurrence
in a sublist L ’i may be combined with at most 2b occurrences of the sub-
lists Ly ;1 < I < 0,1 # j. This procedure will be executed for each leaf-list
corresponding to strings S; and for all internal nodes of the GST. To bound the
total complexity we use the smaller-half trick, which is given in the following
lemma.

Lemma 1 The sum over all nodes v of an arbitrary binary tree of size n of
terms that are O(ny), where ny < ny are the weights (the number of leaves) of
the subtrees rooted at the two children of v, is O(nlogn).

Thus, by applying lemma 1 we guarantee that the total candidate solutions
considered during the execution of the algorithm will have a total complexity
of O(nlogn). To apply this lemma in the limited cartesian products we must
ensure that the pairs are constructed by traversing the smaller sublist between
the sublists L ;and LY. where | # j. Assume, without loss of generality, that

w,1?
aj

|L7? L < ILy Then, for each occurrence ¢ € L,’; we make at most 2b pairs
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choosing appropriate ¢’ € qulyi such that the gap is bounded by b. To choose the
appropriate ¢’ we must execute a search operation with key the position of the
occurrence. This in turn, requires that the sublists are sorted by position and
they are structured in a search tree so that the search operations are efficient.
First, the following lemma on the merge operation of two height-balanced trees
from [3] must be given.

Lemma 2 Two height-balanced trees of size n and m, where n < m, can be
merged in time O(log ("*™)).

Proof. Assume two height-balanced trees T and 1" of size n and m respectively,
where n < m. Starting, with the smallest element e € T" we insert each element
in 7', This is accomplished by using a finger (see [4] for finger search trees)
that points to the last inserted element. Thus, the total cost for the insertions is
O(logn+ i, logd;), where d; is the distance between the previously inserted
element and the next element in 7. Since Zle d; < n and the sum above
maximizes when all d; are equal (d; = n/m) it follows that the total cost for
insertions is O(logn + Y., logd;) = O(m - log(L)). O

By using lemma 2 we can implement efficiently a multiple search of a set of
elements on the height-balanced tree. The lemma below describes this procedure.

Lemma 3 Given a sorted list of elements ey, es, ..., e, structured in a heigth-
balanced tree T and a height-balanced tree T’ of size m, where m > n, we can
find ¢; = min{z € T'|x > e;} for all 1 <i < n in time O(log ("*+™)).

Proof. The basic idea is to use the merge algorithm of lemma 2 while keeping
the positions where insertions of elements e; € T take place. This change in the
merge algorithm does not affect the time complexity and as a result we can find
all ¢; in time O(log ("er)). d

n

Finally, the lemma below taken from [2] states that following merging pat-
terns like the one described in the previous lemmas on the nodes of the general-
ized suffix tree we may achieve a time complexity of O(nlogn).

Lemma 4 Let T be an arbitrary binary tree with n leaves. The sum over all
internal nodes v € T of terms ("17:”2), where ny < no are the weights of the
subtrees rooted at the two children of v, is O(nlogn).

Proof. See [2]. O

Until this point we have shown in lemma 4 that if we implement the sub-
lists of the binary generalized suffix tree by using height-balanced trees then
we can guarantee a time complexity for the merge operations taking place in
internal nodes between sublists of O(nlogn). In addition, we saw that by using
the smaller-half trick given in lemma 1 we guarantee that the total number of
candidate solutions will be at most O(nlogn) for the whole GST. This implies
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that the maximal pairs under the restriction that the gaps are bounded by a
constant are at most O(nlogn), which is a fact that is stated in [2].

The only remaining pendency is how to query all other leaf-lists using the
candidate solutions produced by one leaf-list. Assume sublists Lgfi and Lzl,i,
where [ # j, and their limited cartesian product C. All pairs p, € C are candi-
date solutions and assume that g, is the gap of pair p,. We would like to have
data structures in each sublist such that given a query lentgh of a gap g, to
answer efficiently the question of whether there is a pair with such gap in this
sublist. If we solve this problem then the construction is completed.

In order to solve this problem we again make heavy use of invariant 1. As-
suming that the gaps are arbitrary and assuming two sublists L'ij and qulﬂ- with
sizes |LZ’1| and |L7/,| respectively, then the number of all possible pairs formed
by their cartesian product is O(|Ly7| - |LY!;|). This combinatorial complexity of
different pairs is prohibitive for our algorithm. However, using invariant 1, it is
easy to see that the number of pairs reduces to O(bmm{|Lg’l|, |L3 ;1}), which is
linear to the size of the sublists. We store the gaps of all possible pairs between
two sublists L'ij and qulﬂ- at the leaves of a height-balanced tree, which we call

henceforth gap tree Gg’l, in order of their length. Each leaf has a pointer to the
sublists identifying the first occurrence of the pair. Since the number of these
gaps is linear to the size of the sublists, so is the size of the height-balanced tree.
In this way, each sublist Lgfi contains o — 1 stuctures for the gaps of all possible
pairs between this sublist and sublists Lgfi,l # j. First, we must merge these
structures (as well as their corresponding sublists) of node v and w and then call
the reporting procedure. In the queries for a gap g, we query each of the o — 1
structures of the sublists of a leaf-list and if we find at least one such gap then
we are certain that the pair with gap g, occurs in the respective string.

The query time in these structures is logarithmic to the size of the corre-
sponding sublists. Thus, the procedure of finding the appropriate pairs out of all
candidate solutions is a procedure that demands O(k-02- % Jog? 7)=0(n log® n).
We have not considered yet the construction algorithm of these structures and
their time overhead. Assume the leaf-list L, ; and the list L,, 1, which correspond
to occurrences of the string S; while nodes w and v are brothers. Assume, that
from this pair of leaf-lists we construct the set of candidate solutions C. Now,
assume all other pairs of leaf-lists (L, i, L), for all 1 < ¢ < k. Then for each
candidate solution p, € C we query with gap g, all other k — 1 pairs of leaf-lists
to find whether there are occurrences of pairs with this gap. If all pairs contain
such a pair then we report it as a maximal pair that occurs in all strings in set .S.
If it is not contained in all pairs then we reject this candidate solution.

Assume sublists L)’ and LJ', where | # j. For each such pair between
leaf-lists L, ; and Ly, ; Wwe construct a height-balanced tree for the gaps of all
possible pairs between those two sublists. Thus, each possible pair of sublists
has attached a tree G{’l. As a result there will be at most (o — 1) -0 = O(1)
such trees for every pair of leaf-lists. The query must be performed on every
such structure and thus their construction precedes the query operation at this
level. The construction of these trees is carried out in parallel with the merging
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of sublists. Thus, for sublists L’’. and L' . we had before the merging o — 1

v,% w,i
7,4

gap trees G,y # j (the gap tree of sublists of symbols o; and o, of the i-th

string of node v) and foi, y # . After the merging of the two sublists we get

o — 1 new gap trees G?'¥,y # j. This is accomplished as following. We merge
both sublists by using lemma 2. For each occurrence inserted in the largest tree
we must also make changes to the o — 1 gap trees. By attaching o — 1 pointers
to each occurrence in the sublists that point in the smallest formed gap in their
respective gap trees we can in O(1) time find where the new gaps must be
inserted. Each occurrence in a sublist may create at most O(2b) gaps in a single
gap tree. Since these gaps may be far apart in the gap tree, we structure them
in a double connected circular list where the head of the list will be the smallest
gap. The occurrence will need only to maintain a pointer to the head of this list
in each gap tree. Thus, after finding where to insert the occurrence in the larger
sublist we pick its predecessor in the sublist (the previous occurrence) and we
condider each double-connected circular list in the gap trees. It is easy to see
that by invariant 1 we have to make O(b?) work in each such gap tree and as a
result the complexity in the merging of the gap trees due to a single insertion to
the largest sublist is O(o - b?) = O(1).

Since, the gap trees have size proportional to the size of their respective
sublists by applying lemma 4 we are able to guarantee an o(n?) time complexity
for the merging of gap trees. From the above, the total time complexity with
respect to the merging of gap trees is O(0? - b2 - n - logn) = O(nlogn). Thus,
concluding the time complexities we get the following: a) O(n log? n) for testing
candidate solutions, b)O(nlogn) for merging sublists of occurrences and gap
trees and ¢) O(k - « - logn) for the complexity of generating the output of size
a. The following theorem states the result.

Theorem 2. The above algorithm for the problem of computing all mazximal
pairs occurring in each string of a set of strings S with equal gaps, uses linear
space and its time complexity is O(n log>n+k-logn - «), where « is the size of
the output.
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Abstract. We show space-economical algorithms for finding mazimal
unique matches (MUM’s) between two strings which are important in
large scale genome sequence alignment problems. Our algorithms require
only O(n) bits (O(n/logn) words) where n is the total length of the
strings. We propose three algorithms for different inputs: When the input
is only the strings, their compressed suffix array, or their compressed
suffix tree. Their time complexities are O(nlogn), O(nlog®n) and O(n)
respectively, where € is any constant between 0 and 1. We also show an
algorithm to construct the compressed suffix tree from the compressed
suffix array using O(nlog®n) time and O(n) bits space.

1 Introduction

The suffix tree is a quite useful data structure for solving string problems. Many
problems can be efficiently solved by using the suffix tree [5]. However the prob-
lem of using the suffix tree is its size. It is said that the suffix tree occupies about
17n bytes for a string of length n. Although a space-efficient representation of the
suffix tree [7] has been proposed, it still occupies more than 10n bytes. Therefore
it is difficult to apply the suffix tree to solve large scale problems. The problem
is severe in treating genome scale strings. For example the whole sequence of
human DNA has length about 3 billion base pairs. Then its suffix tree occupies
at least 30 gigabytes, which is not realistic.

Therefore it is important to develop space-economical alternatives to the suf-
fix tree. Recently many such data structures were proposed, for example space-
efficient suffix trees [10], the compressed suffix array [4,11], the FM-index [3],
data structures for bottom-up traversal of the suffix tree [6], and data struc-
tures for longest common prefixes [12]. However none of them achieves the same
functionalities as the suffix tree.

In this paper we consider the problem of finding maximal unique matches
(MUM’s) between two strings A and B. An MUM is a substring that appears
once in both A and B and is not contained in any longer such substring. The
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MUM’s are used in the algorithm of Delcher et al. [I] for aligning two long
genome sequences. Details are described in Section 3.

Although this problem can be solved in linear time by using the suffix tree of
the strings A and B, it is not space-efficient. We use data structures of linear size,
that is, O(n) bits where n is the total length of the two strings. These improve
the space complexity of the algorithm using the suffix tree by a factor of O(logn)
because the suffix tree requires O(n) pointers, or equivalently O(nlogn) bits.

Our data structures include the compressed suffix array (CSA), parentheses
representation of a tree [9] and the data structures for longest common prefixes
(Hgt array) [12]. Note that these data structures do not store suffix links of
a suffix tree. Therefore we may not be able to solve the problem efficiently.
However in this paper we found a good property of the data structure of the
compressed suffix array that some suffix links can be simulated in constant time,
which allows us to solve the problem efficiently.

We propose an algorithm to solve the problem of finding MUM’s in O(n) time
using O(n) bits space if we are given CSA and Hgt array for a string consisting
of a concatenation of A and B, and the parentheses representation of the suffix
tree for the string. This algorithm utilizes a property of the compressed suffix
array to simulate suffix links in the suffix tree.

We also propose an algorithm to construct the Hgt array and the parentheses
representation of the suffix tree from CSA in O(nlog®n) time and O(n/e€) bits
space where € is any constant between 0 and 1. Note that the CSA can be
constructed in O(nlogn) time and O(n) bits space [3]. Therefore we can solve
the problem in O(nlogn) time and O(n) bits space if we are given the two
strings.

Our data structures are space-efficient both theoretically and practically. For
DNA sequences, our compressed suffix tree occupies only about 12n bits, which
is much smaller than the existing suffix tree of size 10n bytes (80n bits).

The rest of this paper is organized as follows. Section 2 describes the data
structures of suffix trees, suffix arrays, and their compressed versions. Section 3
describes the genome sequence alignment problem, the algorithm of Delcher et
al.[1], and the properties of MUM. In Section 4 we propose new algorithms to
find MUM’s. Section 5 shows concluding remarks.

2 Preliminaries

2.1 Suffix Trees and Suffix Arrays

Let T'[1.n] = T[1]T[2] - - - T'[n] be a string of length n on an alphabet A. Assume
that the alphabet size | A is constant. The j-th suffix of T is defined as T'[j..n] =
T[j]T[j+1]...T[n] and expressed by T;. A substring T'[j..]] is called a prefix of T};.
The suffix array SA[l..n] of T is an array of integers j that represent suffixes 7).
The integers are sorted in lexicographic order of the corresponding suffixes. The
suffix tree of a string T'[1..n] is a compressed trie built on all suffixes of T'. It
has n leaves, each leaf corresponds to a suffix Ts 4[;). For details, see Gusfield [5].
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Let leaf(i) denote the leaf of the suffix tree that corresponds the suffix Tg 4.
Let lca(v, w) be the lowest common ancestor of nodes v and w. Let str(v) denote
the string obtained by the concatenation of edge labels from the root node to
an internal node v of the suffix tree. For each internal node v of the suffix tree
such that str(v) = ca where ¢ is a character in A and « is a string, the suffix
link si(v) is defined as a node w such that str(w) = a. Both the suffix tree and
the suffix array occupy O(nlogn) bits, which are not linear in n.

We construct the suffix tree of T' = A$;B$s, that is, the string T' consists
of a concatenation of two strings A and B, separated by unique terminators $;
and $5. Let ny and ngy be the length of A and B, respectively.

acg$,act$,
i ¥ SA
1]4]4|$,act$,
20018,
3151/ acg$,act$,
416|5| act$,
5|7]2] cg$,act$,
6/8|6 Ct$2
711]3] g$,act$,
8127 t$,

Fig. 1. The suffix tree and the suffix array for “acg$iact$,” and the parentheses
representation

The topology of a suffix tree can be encoded in at most 4n bits [9]. The
tree is encoded into at most 2n nested open and close parentheses as follows.
During a preorder traversal of the tree, write an open parenthesis when a node
is visited, then traverse all subtrees of the node in alphabetic order of the edges
from the node, and write a close parenthesis. Figure 1 shows the suffix tree, the
suffix array, and the parentheses representation of a string “acg$iact$,.” Leaf
nodes are shown by boxes, and numbers in the boxes represent the elements of
the suffix array. Internal nodes are shown by circles.

2.2 Compressed Suffix Arrays and the Hgt Array

The compressed suffix array is a compressed version of the suffix array. It occu-
pies only O(n/e€) bits for a string of length n where 0 < e < 1 is any constant.
Each entry SA[i] of the suffix array can be computed in O(log® n) time. We can
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also compute the inverse of the suffix array, SA~![;], and the character T'[j], in
O(log® n) time [11].
The compressed suffix array stores ¥ function instead of SA.

Definition 1.

i’ such that SA[i'] = SA[{] + 1 (if SA[i] < n)
U] = {0 (it SA[i] = n)

The ¥ function occupies O(n) bits and each entry can be computed in constant
time [4].

Because the parentheses representation of the tree topology of the suffix tree
does not store the information of edge lengths, we need to store the following
array.

Definition 2. Hyt[i| = lep(Tsapi), Ts afi+1])

The Hgt array occupies nlogyn bits without compression. However it can be
represented in linear size by using the suffix array or the compressed suffix array.

Theorem 1 (Sadakane [12]). Given i and SA[i], the value Hgt[i] can be com-
puted in constant time using a data structure of size 2n + o(n) bits.

We can compute Hgl[i] in constant time if the suffix array is stored, or in
O(log n) time if the compressed suffix array is stored.

3 Sequence Alignment and Maximal Unique Matches

Global alignment of sequences has been a long-standing topic in computational
biology, and is becoming more and more important nowadays. With the advance
in biotechnology, the number of organisms whose genomes are completely se-
quenced, increases rapidly over the years. Researchers can now obtain genomes
of interest to compare with, in particular, those genomes which are closely related
and shares large degree of homology. When such genomes are globally aligned,
many interesting biological features may be identified. For example, an occur-
rence of a gene or other conserved regions may be suggested by exact matches,
whereas SNPs (single nucleotide polymorphism), tandem repeats, large inserts
or reversals can be found around the mismatches. On the other hand, with global
alignment, we are able to make a good estimate on how close the two genomes
are related, which can be used to construct evolutionary trees among a set of
species.

Traditional global alignment algorithms takes O(mn) time, for input se-
quences with length m and n respectively. This is, however, impractical for
aligning two whole genomes where m and n are on the order of 10° or even
more.

To circumvent the timing problem, Delcher et al.[l] designed an efficient
heuristic algorithm, which exploits a reasonable intuition that, if a long and
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identical sequence occurs exactly once in each genome (which they called an
MUM), such a sequence is almost certain to be part of the global alignment.
Therefore, when the two input genomes are fairly similar, long and identical
substrings are likely to appear in both genomes. The whole genome alignment
problem is now reduced to finding the MUM’s, aligning the MUM’s and finally
aligning the local gaps between successive MUM’s. In practice, the first two steps
require O(n) time and the last step is generally fast.

We focus on the first step because it is the most space-consuming task. We
propose space-efficient algorithms for it.

Definition 3. A pattern P is said to be a unique match (UM) of two strings A
and B if P appears exactly once in both A and B. A pattern P is said to be
a mazimal unique match (MUM) if P is a UM and it is not contained in any
longer such pattern.

Note that unique match and maximal unique match are similar to maximal
repeat and super-maximal repeat [5] respectively.

Lemma 1. An internal node of the suffixz tree does not represent any MUM if
it has an internal node as its child.

Proof. Assume that an internal node v has a child internal node w. If descendants
of w are from both A and B, v is not MUM because w is also a candidate of MUM
and str(v) is contained in str(w). If all descendants of w are from either A or B,
v is not MUM because str(v) (and str(w)) appears at least twice in a string.

Therefore only internal nodes with two leaves are candidates of MUM. Note that
not all such nodes are MUM’s because some of them are not maximal.
The original algorithm using a suffix tree becomes as follows:

1. create a generalized suffix tree T for A$; B$,.

2. mark each internal node v of T with exactly two child nodes, one is a leaf
from A and the other is a leaf from B.

3. for each internal node v unmark si(v)

4. report all marked nodes.

Note that in step 3 an internal node, pointed from another internal node v, is
unmarked even if v is not marked. We can unmark the nodes in any order. This
is crucial to the correctness of this algorithm and our algorithm. Note also that
the total length of MUM’s is not O(n). Therefore we report them implicitly,
by reporting pairs (p,l) representing a substring of length [ that appears at
position p in A.

Theorem 2. The above algorithm reports all mazximal unique matches of A

and B in O(n) time.

Proof. First we show that all marked nodes in the suffix tree correspond to
MUM’s. Step 2 of the algorithm finds candidates of MUM. After Step 3 any
marked node v corresponds to an MUM because of the following reason: Let v be
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a node of the suffix tree which is marked in step 2 but which does not correspond
to any MUM. Then there exists a node w such that str(w) contains str(v). If
str(v) is a suffix of str(w), there exists a node u such that str(v) is a suffix of
str(u) and |str(u)| = |str(v)| + 1. This implies sl(u) = v. Therefore the node v
is unmarked in step 3. If str(v) is not a suffix of str(w), there exists a node w’
such that str(v) is a prefix of str(w’). Then the node v has a descendant w’'.
This means that v has a node which is not a leaf. Therefore the node v has not
been marked in step 2. Because each step takes O(n) time, the algorithm runs
in O(n) time.

4 New Algorithms

4.1 In Case the Input Is the Compressed Suffix Array of the Strings

First we show a trivial algorithm for the case we are given the compressed suffix
array of a concatenation of two strings A and B. We can find all MUM’s as
follows:

1. construct the Hgt array of A$;B$,
2. fori=1,2,...,n
if Hgt[i] < Hgt[i — 1] and Hgt[i] < Hgt[i + 1]
and leaf(i) and leaf(i + 1) come from different strings
and T[SA[{] — 1] and T[SA[i + 1] — 1] differ
output (SA[i], Hgt[i]) that represents the substring T[S A[i]..S A[¢]|+ Hgt[i] — 1]

Note that the algorithm to construct the Hgt array is described in Section 4.3.

Theorem 3. The above algorithm reports all mazximal unique matches of A
and B in O(nlog®n) time and O(n) bit space.

Proof. It Hgt[i] > Hgt[i — 1] and Hgt[i] < Hgt[i + 1|, lca(leaf(i), leaf(i + 1)) is
a node with two leaf children. Therefore the node represents a UM. If the left
characters T[S A[i] — 1] and T[S A[i + 1] — 1] differ, the node represents an MUM
(see Gusfield [5]). Because Hygt[i] and T[S A[i] — 1] can be computed in O(log® n)
time, the algorithm runs in O(nlog®n) time.

4.2 In Case the Input Is a Compressed Suffix Tree of the Strings

We show that the problem can be solved in linear time and space when the
input is a compressed suffix tree of the two strings. That is, the input is the
CSA and the Hgt array of the concatenation of A and B, and the parentheses
representation of the suffix tree. The above algorithm takes O(nlog®n) time
because computing an element of the compressed suffix array takes O(log®n)
time. On the other hand, we can solve the problem in O(n) time when the
compressed suffix tree is given even if the compressed suffix array is still being
used. Note that the compressed suffix tree does not have suffix links. However
we can simulate suffix links by using the compressed suffix array.
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Definition 4. The compressed suffiz tree of a string A consists of the com-
pressed suffix array of A, the Hgt array of A, and the parentheses encoding of
the topology of the suffix tree of A.

Definition 5. The parentheses encoding of a tree is defined by at most 2n nested
open and close parentheses as follows. During a preorder traversal of the tree,
write an open parenthesis when a node is visited, then traverse all subtrees of the
node in alphabetic order of the edges from the node, and write a close parenthesis.

A high-level description of the algorithm is the following:

1. compute a bit-vector D[i] (i = 1,2,...,n) such that D[i] = 1 if leaf(i) is in A
and D[i] =0 if in B.

2. mark nodes which have two leaves from A and B.

3. unmark non-maximal nodes.

4. report all MUM’s.

In step 1, to compute the bit-vector we compute i = p,¥[p], ¥3[p],...,¥[n —
1] where p is the index such that SA[p] = 1, and set D[i] = 1 in first ny
iteration and set D[i] = 0 in the following ny iteration. Because ¥*[p] = p+k, in
first ny iteration the computed indices ¢ correspond to the lexicographic order of
suffixes of the string A. Therefore we set D[i] = 1. This takes O(n) time because
computing a ¥ value takes constant time.

In step 2, we scan the parentheses encoding of the suffix tree from left to right
to find a pattern ‘(()())’ which corresponds to an internal node of the suffix tree
with two leaves. Let ¢ be the lexicographic order of the left leaf, which can be
computed during the scanning by counting the number of occurrences of ‘().” We
mark nodes with two leaves in another bit-vector V[i] (i = 1,2,...,n). If DJ[i
and D[i 4 1] differ, set V[i] = 1.

Steps 3 and 4 become as follows:

3.1 define a temporary array W
3.2 fori=1,2,...,n W[i] = V]
33 forve=1,2,...,n
if Wi+ 1=v[i+ 1]
W[w[i]] =0
4.1 i=SA"11]
4.2 forj=1,2,....n
if V[i] =1 and W[i] =1
output (j, Hgt[i]) that represents the substring T'[j..j + Hgt[i] — 1]
1 =Uli]

Theorem 4. The above algorithm reports all mazximal unique matches of A
and B in O(n) time and O(n) bit space.

Proof. First we show the correctness of the algorithm, that is, we show that
the string str(w) where w = lca(leaf(i), leaf(i + 1)) is an MUM if and only if
Vi = W[i] = 1 after step 3.
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Assume that str(w) is a UM but not an MUM. If str(w) - « is also a UM,
the node w is not marked (V'[i] = 0) because w has a non-leaf child. If « - str(w)
is also a UM, there exists ¢’ such that V[i'| =1, i = ¥[i’]. Furthermore, because
str(w) is unique in the strings a- str(w) and str(w) share the string str(w). That
is, ¥[i'] +1 = @[’ + 1]. Therefore W[i] = 0 in step 3.

Assume that str(w) is an MUM. We show Wi] = 1 by contradiction. Assume
that W[i] = 0 after step 3. Then there exists ¢’ such that V[i'] = 1 and ¥[i’] +
1=’ +1]. Then str(w) is not an MUM because str(lca(leaf(i’), leaf(i’ + 1)))
contains w.

Next we show the time and space complexity. Step 1 and 2 obviously are
done in O(n) time because computing a value of ¥ takes constant time. Step 3
also takes O(n) time because we know SA[i| = j in each iteration and therefore
we can compute Hgt[i] in constant time. Concerning the space complexity of
the data structure, We need to store the ¥ function of the compressed suffix
array (O(n) bits), a compressed representation of the Hgt array (2n + o(n) bits)
and the parentheses representation of the suffix tree topology (4n + o(n) bits).
Therefore the total is also O(n) bits.

The above algorithm requires only 12n bits space in practice: 3n for the ¥
function, 2n for the Hgt array, 4n for the parentheses sequence, and 3n bits for
the three bit-vectors D, V and W.

4.3 In Case the Input Is only the Strings

Even if we are given only two strings, we can solve the problem using only O(n)
bits space. We show an algorithm to construct the compressed suffix tree of a
string of length n from the string and its compressed suffix array in O(nlog®n)
time and O(n) space.

The Hgt array can be constructed from the text and its suffix array and the
inverse of the suffix array in O(n) time [6]. This algorithm is adapted to using the
compressed suffix array. Because we can compute SA[i], SA™1[j] and T[S A[i]]
in O(log® n) time, the algorithm runs in O(nlog®n) time using the compressed
suffix array.

Next we construct the parentheses representation of the suffix tree topology.
We can construct it by using only a compressed representation of the Hgt array,
the compressed suffix array and a stack. We simulate a bottom-up traversal of
the suffix tree by storing values Hgt[i] (i = 1,2,...,n) in a stack [0]. It takes
O(nlog®n) time. Because the numbers in the stack are always monotone, we
can encode them by the difference from the adjacent number. Then the space
required to store the numbers is bounded by O(n) bits if the differences are
encoded by d-code [2] etc.

The parentheses encoding Cv] of a tree rooted by a node v becomes (Clwy]
Clws] ... Clwy]) where wy,ws,...,wy are children of v. During the bottom-up
traversal we keep pointers to the parentheses encoding of subtrees. If the paren-
theses encoding C|w;] of a subtree rooted by w; occupies only O(logn) bits, we
copy it to the end of Clw;_1]. It takes constant time on RAM model. If Clw;]
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occupies more than O(logn) bits, we make a pointer from Clw;_1] to Clw;]. Tt
also takes constant time. Because we use pointers for only parentheses encod-
ings that occupies more than O(log n) bits, the number of pointers is O(n/logn).
Therefore the pointers occupies O(n) bits.

5 Concluding Remarks

We have proposed linear space algorithms for finding MUM’s between two
strings, which is important to compute the alignment of two long genome se-
quences. We used the compressed suffix array and other space-economical data
structures for suffix trees. Although it seems to be difficult to compute MUM’s
in linear time if the compressed suffix array is used, we found an algorithm for it
by using a property of the compressed suffix array. This result will be extended
to a space-economical representation for suffix links in a suffix tree. This remains
as a future work.
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Abstract. For a string w over an alphabet Y, we consider a com-
posite data structure called the all-suffizes directed acyclic word graph
(ASDAWG). ASDAWG(w) has |w| + 1 initial nodes, and the dag in-
duced by all reachable nodes from the k-th initial node conforms with
DAWG (wlk :]), where w[k :] denotes the k-th suffix of w. We prove
that the size of the minimum ASDAWG (w) (MASDAWG (w)) is O(Jw])
for || = 1, and is O(|w|?) for |X| > 2. Moreover, we introduce an
on-line algorithm which directly constructs MASDAWG (w) for given w,
whose running time is linear with respect to its size. We also demonstrate
some application problems, beginning-sensitive pattern matching, region-
sensitive pattern matching, and VLDC-pattern matching, for which AS-
DAWGs are useful.

1 Introduction

In the field of information retrieval, pattern matching on strings is one of the
most fundamental and important problems. A variety of patterns have been con-
sidered so far, according to various kinds of purposes and aims. The most basic
one is a substring pattern. Let X be a finite alphabet. We call an element in X
a character, and one in X* a string. We say a pattern string p is a substring
of a text string w if w = upv for some strings u,v € X*. When a text w is
fixed and a pattern p is flexible, once constructing a suitable data structure for
w, we can solve the substring matching problem in O(|p|) time, where |p| de-
notes the length of p. In order to solve the problem efficiently, much attention
has extensively been paid to inventing efficient data structures, such as suffix
trees [21,16,20], directed acyclic word graphs (DAWGSs) [3,5], compact directed
acyclic word graphs (CDAWGS) [4,7,11], suffix arrays [14], compact suffix ar-
rays [13], suffix cacti [12], compressed suffix arrays [18,3], and so on.
Meanwhile, the problem finding a subsequence pattern has also been widely
studied. We say a pattern p is a subsequence of a text w if p can be obtained
by removing zero or more characters from w. By means of the directed acyclic
subsequence graph (DASG) for w, we can examine whether or not p is a sub-
sequence of w in O(|p|) time [2,6]. An episode pattern is a “length-bounded”

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 153-167, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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version of a subsequence pattern [15]. An episode pattern is given in the form of
a pair of a string p and an integer k, as (p, k). If p is a subsequence of x such that
x is a substring of w with |z| < k, we say that the episode pattern (p, k) matches
w. The episode directed acyclic subsequence graphs (EDASGs) were introduced
n [19], for a practical solution to the problem.

Now we propose a new kind of pattern matching problem: Given a text string
w=wiwy - wy, (w; € X), a string p and an integer k, examine whether or not
p is a substring of wlk :] where wlk :] = wy...w,. (NOTE: if & > |w|, the
answer is always NO.) We name the pattern (p, k) a beginning-sensitive pattern,
a BS-pattern for short. For any string w € X* DAWG(w) denotes the DAWG
of w. Using the DAWGs for all suffixes of w, this problem is solvable in O(|p|)
time. This simple collection of the DAWGs is called the naive all-suffixes directed
acyclic word graph for w, written as the naive ASDAWG (w). Since the size of
DAWG (w) is O(Jw|), that of the naive ASDAWG (w) is O(|w|?).

In this paper we introduce a new composite data structure, named the mini-
mum ASDAWG (w) and denoted by MASDAWG (w). MASDAWG (w) is the min-
imization of the naive ASDAWG (w). We show that the size of MASDAWG (w)
is O(|w|) if |¥| = 1, and O(|w|?) if |X| > 2. Also, we produce an on-line al-
gorithm that directly constructs MASDAWG(w) in time linear in the size of
MASDAWG (w).

We show further two applications of MASDAWG(w), one of which is as fol-
lows. Let IT = (X U {x})*, where x is a wildcard that matches any string. A
pattern ¢ € II such as ¢ = axbaxc is called a wvariable-length-don’t-care’s pat-
tern (VLDC-pattern), where a,b € X. The language L(q) of a pattern ¢ € IT
is the set of strings obtained by replacing x’s in ¢ with strings. For example,
L(axbaxc) = {aubave | u,v € X*}. This language corresponds to a class of the
pattern languages proposed by Angluin [1]. We declare that the smallest automa-
ton to recognize all possible VLDC-patterns matching a text w is a variant of
MASDAWG (w).

Finding a good rule to separate given two sets of strings, often referred to as
positive examples and negative examples, is a critical task in knowledge discovery
and data mining. In [9], an efficient method, with which a subsequence pattern
is considered as a rule for the separation, was given, and in [10] one using an
episode pattern was proposed. MASDAWG (w) is believed certainly to be a good
“weapon” to develop a practical algorithm to find the best VLDC-patterns to
distinguish given two sets of strings efficiently. In fact, our experimental result
has shown that the average size of the MASDAWGs for random texts of length 1
to 500 over a binary alphabet is proportional to |w|!-?4, in spite of the theoretical
space complexity, O(|w|?).

2 All-Suffixes Directed Acyclic Word Graphs

Strings z, y, and z are said to be a prefiz, substring, and suffix of string w =
xyz, respectively. The sets of prefixes, substrings, and suffixes of a string w are
denoted by Prefiz(w), Sub(w), and Suffiz(w), respectively. The empty string is
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denoted by e, that is, |e] = 0. Let ¥+ = * — {¢}. The substring of a string
w that begins at position ¢ and ends at position j is denoted by w[i : j] for
1< i< j<|w|. For convenience, let wi:j] = ¢ for j < i. Let wi ;] = w[i : |w]]
for 1 < i < |w|+ 1. Assume S is a subset of Y*. For any string u € X*,
uw 1S = {z|uzx e S}

Let w € X*. We define an equivalence relation =, on X* by

T =, y e v Suffiz(w) =y Suffiz(w).

Let [z],, denote the equivalence class of a string z € X* under =,,. The longest
element in the equivalence class [z],, for x € Sub(w) is called its representative.

Definition 1 (Directed Acyclic Word Graph (DAWG)). DAWG(w) is
the dag (V, E) such that

V ={[x]., | © € Sub(w)},
E = {([z].,a, [za],) | ,za € Sub(w) and a € X'}.

If we designate the node [¢],, of DAWG(w) as the initial state and the nodes
[x], with = € Suffiz(w) as the final states, then the resulting automaton is the
smallest automaton that accepts the set Suffiz(w) [5].

Definition 2 (All-Suffixes DAWG (ASDAWG)). ASDAWG(w) is a kind
of deterministic automaton with |w| + 1 initial nodes, designated by integers
0,1,...,|w|, in which the subgraph consisting of the nodes reachable from the
k-th initial node and of their out-going edges is DAWG (w[k + 1 :]).

The simple collection of DAWG (w[1 :]), DAWG(w[2 :]),..., DAWG(w[n)]),
DAWG(w[n + 1 :]) (n = |w|) is an example of ASDAWG (w), referred to as
the naive ASDAWG(w). The number of nodes of the naive ASDAWG(w) is
O(Jw|?). By minimizing the naive ASDAWG(w), we can obtain the minimum
ASDAWG (w), which is denoted by MASDAWG(w). The naive ASDAWG (abba)
and MASDAWG(abba) are shown in Fig. 1. The minimization is performed based
on the equivalence relation defined as follows. Let an ordered pair (u, [z],) denote
a node [z], of DAWG(u). Each node of the naive ASDAWG(w) can be repre-
sented by a pair (u, [x],) with v € Suffiz(w) and x € Sub(u). The equivalence
relation, denoted by ~,,, is defined by

(u, [2].) ~w (v, [y].) & 27" Suffiz(u) = y~' Suffiz(v) .

A node of MASDAWG(w) corresponds to an equivalence class under ~,,. We
write (u, [z],) simply as (u, [z]) in case no confusion occurs.

Proposition 1. Let u € Suffiz(w). Let x be a nonempty substring of u. We
factorize u as u = hat and assume h is the shortest such string. Then, (hxt, [x])
is equivalent to (sxt,[x]) for every suffix s of h. (NOTE: The string x is not
necessarily the representative of [z],.)
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Fig.1. DAWG(z) for each string z € Suffiz(w) is shown on the left, where
w = abba. The collection of them is the naive ASDAWG(w). On the right
MASDAWG (w) is displayed. While there are in total 16 nodes and 16 edges
in the former, there are 9 nodes and 12 edges in the latter. For example, nodes
(abba, [b]) and (bba, [b]) are equivalent due to Case 1 of Lemma 3 and merged into
one. Also, (abba, [abb]), (bba, [bb]), and (ba, [b]) are merged into one node, where
the first two are equivalent due to Case 2 and the last two are equivalent due to
Case 3. The upper four sink nodes are equivalent due to Case 2 and the lowest
one is equivalent to them (see Lemma 2), and therefore the five are merged into
the same sink node

Let hg, h1,...,h, be the suffixes of the string h arranged in the decreasing
order of their length. The above proposition implies an existence of the chain of
equivalent nodes

(hoxt, [z]), (hiat, [x]), ..., (hyat, [x]).

In case more than one string belong to [z],,, the chain length r is maximized by
choosing the shortest one as x. The chain, however, does not necessarily break
at the node (h,xt, [x]). The shortest string in [z], is not necessarily the shortest
in [z],,..: Shorter one may exist. Thus we need a more precise discussion.

Lemma 1. Let h € YT and u,hu € Suffiz(w). If a node of DAWG(u) is
equivalent to some node of DAWG (hu), then it is also equivalent to some node
of DAWG (au) where a is the last character of the string h.

Proof. Let h = ta (t € X*). Assume t # e. Let x € Sub(u) with x # ¢, and
y € Sub(tau) with y # . Assume z~ 1 Suffiz(u) = y~ 1 Suffir(tau). We have two
cases to consider.

— x =, y. In this case, every occurrence of the string y within tau must be
included within the u part. Thus, we have 2~ Suffiz(u) = y~ 1 Suffiz(au).
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4
> b

0 1 2 3 5
fro AR LI o WL o WLAN o W '

Fig. 2. MASDAWG(w) for w = b°. For every i = 0,1,...,4, the initial node
[e],i of DAWG(b?) is equivalent to the node [b],i+1 of DAWG(b'F1)

— & %, y. In this case, (1) y is written as y = sx where s is a nonempty string,
and (2) there is an occurrence of y within taw that covers the boundary
between a and w but the x part of the occurrence of y = sz is contained
in the u part of the string tau. In this case, by truncating an appropriate
length prefix of s we can obtain a string z as a suffix of y = sz such that

r 7L Suffiz(u) = 2z~ Suffiz(au).
The proof is now complete. O

The above lemma guarantees that the DAWGSs sharing one node of
MASDAWG(w) are ‘consecutive’. We therefore concentrate on the relation be-
tween two consecutive DAWGs. First, we consider the equivalence of the initial
node.

Lemma 2. Suppose b € X and u,bu € Suffiz(w). Lety € Sub(bu) and assume y
is the representative of [yl,.. Then, the nodes (u,[g]) and (bu,[y]) are equivalent
under ~., if and only if y = b and u is of the form b* with £ > 0.

See, for example, MASDAWG (bbbbb) shown in Fig. 2.

As an extreme case of Lemma 2 where £ = 0, the node [¢]. of DAWG(¢) is
always equivalent to the sink node [b], of the previous DAWG(D).

Next, we consider the equivalence of nodes other than the initial node.

Lemma 3. Suppose b € X and u,bu € Suffix(w). Let x € Sub(u) with x # «.
Let y € Sub(bu) with y # . Assume x and y are the representatives of [x].
and [y)y., respectively. The equivalence {u, [x]) ~ (bu, [y]) implies that if y €
Prefiz(bu) then y = bx and x € Prefiz(u), and otherwise y = x. Moreover,
(u, [2]) ~u (bu,[y]) holds if and only if either

(Case 1) x & Prefiz(bu) and y = x;

(Case 2) z € Prefix(u), © =py y, and y = bx; or

(Case 3) z =10, y =0, and u is of the form b’s such that i < ¢, and s € X*
does not begin with b nor contain an occurrence of b'.

Proof. Suppose 1 Suffiz(u) =y~ Suffiz(bu). Let ufi +1:] (0 < i < |u|) be the
longest member of this set.

1. When y € Prefiz(bu). Then, ¢ = |y| — 1 and y = by’ with ' = u[1 : i]. Since
uli+1:] € 271 Suffiz(u), we have u = hauli+ 1 :] for some h € ¥*. Namely,
x is a suffix of y' = u[l : 4].
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(a) When v’ &€ Prefix(bu). We have y =, v’ and
()" Suffia(u) C () Suffis(bu) =y~ Suffia(bu) C 2~ Suffin ().

It derives from the assumption that y~!Suffiz(bu) = 2~ Suffiz(u). Thus,
(v") "L Suffir(u) = 2~ Suffiz(u), i.e., v =, y'. Since y' € Prefiz(u), '
must be the representative of [¢'],, = [z].,. Consequently, we have x = y/'.

(b) When y' € Prefiz(bu). String v’ is a prefix of y = by’, and therefore
has a period of 1. Hence we have ¢/ = b* and y = bt!. Since z is a
suffix of 4/ = b’, x = b for some j with 0 < j < 4. If j < i, then
ulj + 1 :] € 7 1Suffiz(u), a contradiction. Thus we have j = i, i.e.,
x = b’. On the other hand, u[l : i] = 3 = b* and thus u is of the form
b's such that ¢ > i and s € X* does not begin with b. We can show that
the string s cannot contain an occurrence of r = b

Note that we have « € Prefiz(u) in both cases.

2. When y ¢ Prefiz(bu). We have y~'Suffiz(u) = y 'Suffix(bu) = 27!
Suffiz(u), which implies =, y. From the choice of x, y must be a suf-
fix of x and z = dy with 6 € X*. Assume, for a contradiction, that
x L Suffiz(bu) # x~'Suffiz(u). Then there must be a suffix u[j + 1 :] of
u such that j < i and bu = haul[j + 1 :] with h € X*. Since x = dy, we have
bu = hdyu[j + 1 :], which implies u[j + 1 :] € y~Suffiz(bu), a contradiction.
Hence we have x =3, y. From the choice of y, x must be a suffix of y. Thus
we have x = y.

O

It should be noted that Case 1 and Case 2 of Lemma 3 fit to Proposition 1,
whereas Case 3 is irregular in the sense that the two equivalence classes [z], and
[y]s. have no common member despite (u, [z]) ~, (bu,[y]). See Fig. 1, which
includes instances of Case 1, Case 2, and Case 3.

The owner of a node of MASDAWG(w) is defined by DAWG (w[k :]) such that
k is the smallest integer for which DAWG (w[k :]) shares the node. We are now
ready to estimate the lower bound of the number of nodes of MASDAWG (w).

Theorem 1. When |X| > 2, the number of nodes of MASDAWG(w) for a string
w is O(|w|?). It is O(|w|) for a unary alphabet.

Proof. The proof for the case of a unary alphabet ¥ = {a} is not difficult.
We can use Lemma 2. We now prove the lower bound in case |X| > 2. Let us
consider string w = (ab)™(ba)™, where a,b are distinct characters from X. For
each i = 2,...,m — 1, let u; = (ab)*(ba)™. Let x = (ba)’ with 0 < j < i. It is
not difficult to show that z #,, ax and = #,, b~ 'z, and therefore [z], = {z}.
Thus x is the representative of [z],,, and we can use the above lemma. Since
x € Prefix(bu;), « € Prefix(u;), and the first character of u; is not b, none of the
three conditions is satisfied, and therefore DAWG (u;) is the owner of the node
corresponding to [z],,. Thus, the nodes of MASDAWG (w) corresponding to

[(ba)']..;. [(ba)?]us - [(Ba) .,



The Minimum DAWG for All Suffixes of a String and Its Applications 159

are distinct and are owned by DAWG (u;). For each ¢ with 1 < i < m, DAWG (u;)
has at least i — 1 own nodes. Thus, MASDAWG (w) has £2(m?) = 2(Jw|?) nodes.
O

3 Construction

Since the construction of the naive ASDAWG(w) takes O(Jw|?) and the mini-
mization can be performed in time linear in the number of edges of the naive
ASDAWG(w) (see [17]), we can build MASDAWG(w) in O(Jw|?) time. On
the other hand, we have shown that the number of nodes in MASDAWG (w)
is O(Jw|?). We are therefore interested in on-line and direct construction of
MASDAWG (w). We obtained the following result.

Theorem 2. MASDAWG(w) can be constructed directly and on-line in linear
time with respect to its size.

The algorithm for the on-line construction of MASDAWG(w) basically simu-
lates the on-line constructions of the DAWGs for all suffixes of a string w. Fig. 3
illustrates the on-line construction of MASDAWG (abbab).

We present a basic idea of the algorithm together with showing several lem-
mas which support it.

3.1 Suffix Link

In the construction, the suffiz links play a key role. One main difference com-
pared with constructing a single DAWG is that a node may have more than one
suffix link. This is because MASDAWG (w) may contain two distinct, equivalent
nodes (u, [z]) and (v, [y]) such that the node to which the suffix link of (u, [z])
points is not equivalent to the one to which the suffix link of (v, [y]) points.
We update MASDAWG (w) into MASDAWG (wa) as if the underlying DAWGs
for w[l :],w[2 :],... were updated simultaneously, as follows. Conceptually, we
reserve all suffix links of these DAWGs, by associating each suffix link with the
corresponding DAWG. Whenever two or more suffix links are duplicated, the
corresponding DAWGs are consecutive due to Lemma 1. Therefore we can han-
dle them at once. This is critical for linear-time performance of our algorithm.
We traverse the dag induced by the suffix links rooted from the sink node, in
the order of the corresponding DAWGs, and process each encountered node ap-
propriately (creating a new edge to the new sink node, separating the node, or
redirecting an edge to the separated node).

3.2 Compact Representation of Node Length Information

In the on-line construction of the DAWG for a single string, there occurs an
event so-called node separation [3]. Formally, this event is described as follows.
We store in each node [z],, of DAWG (w) its length, namely, the length of the
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Fig. 3. On-line construction of MASDAWG (w) for w = abbab. Each initial node
becomes independent whenever a newly appended character violates the condi-
tion of Lemma 2. Node separation of other type occurs only twice. One hap-
pens during the update of MASDAWG (ab) to MASDAWG (abb). The node con-
sisting of (ab, [ab]) and (b, [b]) is separated into two nodes. This is regarded
as a node separation in DAWG(abb). The other occurs during the update of
MASDAWG (abba) to MASDAWG (abbab). The node consisting of (abba, [abb]),
(bba, [bb]), and (ba, [b]) is separated into two. This is a special case in the sense
that no node separation occurs inside any of DAWG (abba), DAWG(bba), and
DAWG (ba) (See the first case of Lemma 7.) (Note: Though each accepting node
is double-circled in any step in this figure, we do not maintain it on-line. After
the construction of MASDAWG (w) is completed, we mark every node reachable
by the suffix-links-traversal from the sink node.)

representative of [z],,. Consider updating DAWG (w) to DAWG(wa) where a is
a character. Let z be the longest suffix of wa that also occurs within w. We call
it the longest repeated suffiz of wa. A node separation happens iff z is not the
representative of [z],,. The node [z],, can be detected by traversing the suffix link
chain from the sink node of DAWG(w) in order to find its parent node [z'].,,
which is the first encountered node on the chain that has an out-going edge
labeled by a. Whenever the length of [z],, is greater than that of its parent [2'],,
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plus one, the node [z],, of DAWG(w) is separated into two nodes [z],,, and [z].,.,
in DAWG(wa), where x is the representative of [z],,.

Recall that a node of MASDAWG (w) corresponds to an equivalence class
under the equivalence relation ~,,, and therefore two or more DAWGs may share
a node of MASDAWG(w). We need to know the length of the corresponding
node of an arbitrary one of them. Naive solution would be to store into a node
of MASDAWG (w) a (|w|+ 1)-tuple of integers, the i-th value of which indicates
the length of the corresponding node of the i-th DAWG, where i =0, 1,..., |w|.
The overall space requirement is, however, proportional to |w|?. Below we give
an idea of compact representation of the tuple.

Lemma 4. Let (w[i + 1:],[z1]),...,{(w[i + £ :],[z]) be the nodes of the naive
ASDAWG (w) which are merged into a single node in MASDAWG (w), where
0 <iandi+ ¢ < |wl + 1. We assume each of the strings xi,...,xp is the
representatives of the equivalence class of it. Then, there exists an integer k with
1 <k </? such that

[ if1<j<k;
T \wklf—k+ 1), ifk<j <L

(See Fig. 4.)
Proof. By Lemma 3. g

For example, MASDAWG (abd) in Fig. 3 has a node consisting of (abb, [b]) and
(bb, [b]). Also, MASDAWG (abba) has a node consisting of (abba, [abb]), (bba, [bb]),
and (ba, [b]).

It follows from the above lemma that the function, which takes an integer
s as an input and returns |xé| if 1 < s < ¢, can be represented as a quartet
(i,¢,k,|zk]), which requires only a constant space (or O(log|w|) space). The
update procedure of the quartet for each node is basically apparent, except for
the nodes to be separated.

3.3 Node Separation

Recall that two or more DAWGs can share one node in MASDAWG (w), and
each of them has a possibility of being separated into two nodes. This seems
to complicate the update of MASDAWG (w). However, we can readily show the
following lemma.

Lemma 5. Suppose b € X and u,bu € Suffix(w). Let © € Sub(u) with x # «.
Let y € Sub(bu) with y # €. Assume x and y are the representatives of [x].
and (Y], respectively. Suppose (u, [x]) ~w (bu, [y]). Let a € X, and let z be the
longest repeated suffiz of bua. Suppose z € [yl,.. If |z| < |y|, then z is also the
longest repeated suffix of ua, and z € [z],. If |z| = |y|, then x is a repeated suffix
of ua (not necessarily to be the longest).
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Fig. 4. The representatives x; of [;].,, such that the nodes (w[i + j ], [x;])
of the naive ASDAWG (w) are merged into a single node of MASDAWG(w)

The next lemma characterizes the node separations that occur during the
update of MASDAWG (w) to MASDAWG (wa).

Lemma 6. Consider the node of MASDAWG(w) stated in Lemma 4
(see Fig. /). Let z be the longest repeated suffiz of wl[i + j :la. Suppose
z2 € [Tj]uliag-

1. When |z| = |zg|: Node separation occurs in none of the DAWGSs for the
strings wli + 7 :], ..., wli +£:].

2. When |z| < |zg|: Let t be the mazimum integer such that z is a proper
suffix of xy. Node separation occurs in each of the DAWGSs for the strings
wli+j :],...,wli +t :]. That is, for each j = 1,...,t, the node [T;].p:;,
of DAWG(w[i + j :]) is separated into [Tjluwiise and [Z]wii. inside
DAWG(w[i + j :]Ja). The nodes (w[i+ j :]a,[z1]), ..., (w[i + £ :]a, [xe]) are
equivalent under ~q, and the new nodes (wli + j :Ja, [2]), ..., (w[i +t 3], [2])
are also equivalent under ~qq.

The node separations of DAWGs characterized in the above lemma lead
to a node separation in the update of MASDAWG (w) to MASDAWG(wa). It
simultaneously performs the node separations within each DAWG caused by the
common z. (For the same z, we can take j as small as possible.)

The remaining problem to be overcome is that there is another kind of node
separation in the update of MASDAWG (w).

Lemma 7. In the update of MASDAWG (w) to MASDAWG (wa), node separa-
tion of the following types may occur, where w € XL* and a € X.

1. When w[i + 1] is of the form b**1s such that w[i] # b ori =0, £ > 1, and
s € X* does not begin with b nor contain an occurrence of bt:
Assume that d is the largest integer such that s contains an occurrence of
bl. MASDAWG (w) has a node consisting of

(wli + 5+ 1:], B, (wli + 5 + 2], b)), . (wli + 5+ &, b)),
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where k = { — (d+j)+1, for each j =0,1,....d. If |s| > 0, s ends with b,
and a = b, then the node is separated into two nodes, one of which consists
of

(wli + 7 +1:Ja, [pTF), (wli + 7 +2 Ja, pTHH1), ..

(wli + j + k — 1]a, [b42]),
and the other consists only of (w[i + j + k :]a, [b?T1]).

2. When wli + 1] is of the form b" with £ > 1 such that w[i] # b or i = 0:
MASDAWG (w) has a node consisting of

@ ], 0 ), (0 D,

foreach j =1,... L. Whenever b # a, the node is separated into two nodes,
one of which consists of

(ba, 7)), (0" a, [B771), - (0T, ),
and the other consists only of (b*7a, [¢]).

For an example of the first case of the above lemma, consider the update of
MASDAWG (w) to MASDAWG(wb) for w = bbbbbab. The naive ASDAWG(w)
and the naive ASDAWG(wb) are shown in Fig. 5, whereas MASDAWG (w) and
MASDAWG (wb) are displayed in Fig. 6.

It should be emphasized that in the node separation mentioned in the above
lemma no node separation occurs inside a DAWG. This kind of node separation
can also be performed during the suffix link traversal started at the sink node.

4 Applications

In this section we show some applications to which the data structure ASDAWG
and its variants effectively contribute.

4.1 Finding Beginning-Sensitive Patterns

Definition 3 (Beginning-Sensitive Pattern). A beginning-sensitive pattern
(a BS-pattern for short) is a pair (p, i) where p is a string in X* and i is a positive
integer.

Definition 4 (BS-Pattern Matching Problem).
Instance: a text w and a BS-pattern (p,i).
Determine: whether p is a substring of w(i :].

This is a natural extension of the substring pattern matching problem with
i = 1. The BS-pattern matching problem is solvable in O(|p|) time for an ar-
bitrary pair (p,i), by using ASDAWG(w). For a given text w, we construct
MASDAWG (w) with the on-line algorithm proposed in Section 3. For a BS-
pattern (p,i), if ¢ > |w|, the BS-pattern never matches w. Otherwise, we start
with the 4-th initial node of MASDAWG(w) and examine whether or not the
string p is recognized.
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Fig. 5. The naive ASDAWG(bbbbbab) on the left, and the naive ASDAWG (w)
on the right. The nodes connected by the dotted lines are equivalent due to Case
3. Recall the value of d mentioned in Lemma 7. In string bbbbbab the value of d
is 1, whereas in string bbbbbabb d = 2 since the new b is added afterward

4.2 Pattern Matching within a Specific Region

Definition 5 (Region-Sensitive Pattern). A region-sensitive pattern (an
RS-pattern for short) is a triple (p,(i,j)) where p is a string in X* and i,
are positive integers.

Definition 6 (RS-Pattern Matching Problem).
Instance: a text w and an RS-pattern (p, (i,7)).
Determine: whether p occurs within the region wli : j] in the text w.

This is a natural extension of the BS-pattern matching problem in which j =
|w|. For a given text w, we construct MASDAWG (w). We assign each node the
integer for the position of the rightmost occurrence of the string corresponding to
the node. For an RS-pattern (p, (¢, 7)), if ¢ > |w]|, the RS-pattern never matches
w. Otherwise, we start with the i-th initial node of MASDAWG(w) and examine
whether or not the string p is recognized. If it is recognized, we compare j with
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Fig. 6. MASDAWG(bbbbbab) is on the left, and MASDAWG(bbbbbabb) is on the
right. Compare the update of MASDAWG (bbbbbab) to MASDAWG (bbbbbabb)
with that of the naive ASDAWG(bbbbbab) to the naive ASDAWG (bbbbbabb)
shown in Fig. 5

the integer k stored in the node at which p finally arrived. Then: If j < k, YES;
Otherwise, NO. Obviously, the problem can be solved in O(|p|) time.

4.3 Finding Variable-Length-Don’t-Care’s Patterns

Definition 7 (Variable-Length-Don’t-Care’s Pattern). Let IT = (X U
{x})*, where % is a wildcard that matches any string. An element q € II is
called a variable-length-don’t-care’s pattern (a VLDC-pattern for short).

For instance, xaxabxbax is a VLDC-pattern for a,b € Y. We say that a
VLDC-pattern ¢ matches a text string w € X* if w can be obtained by replacing
*’s in ¢ with some strings. In the running example, the VLD C-pattern xaxabxbax
matches text abababbbaa by replacing the x’s with ab, b, b and a, respectively.

Definition 8 (VLDC-Pattern Matching Problem).
Instance: a text w and a VLD C-pattern q.
Determine: whether ¢ matches w.

The smallest automaton to recognize all possible VLDC-patterns that match
atext w € X* is a variant of MASDAWG (w). We call the automaton the wildcard
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Fig. 7. WDAWG(w) where w = abbab

DAWG for w, and write it as WDAWG(w). WDAWG (abbab) is displayed in
Fig. 7. In WDAWG(w), a *-transition is added between each node and the
initial node of the “same layer” in MASDAWG(w) (see also MASDAWG (abbab)
in Fig. 3). Note that there exist two additional nodes, one of which is a unique
initial node of WDAWG(abbab). They are added in order that VLDC-patterns
beginning with a can be recognized. For any g € II, the VLDC-pattern matching
problem can be solved in O(|q|) time, by using WDAWG (w).
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Abstract. PSSMs (Position-Specific Score Matrices) have been applied
to various problems in Bioinformatics. We study the following problem:
given positive examples (sequences) and negative examples (sequences),
find a PSSM which correctly discriminates between positive and negative
examples. We prove that this problem is solved in polynomial time if the
size of a PSSM is bounded by a constant. On the other hand, we prove
that this problem is NP-hard if the size is not bounded. We also prove
similar results on deriving a mixture of PSSMs.

1 Introduction

Position-Specific Score Matrices (PSSMs) have been applied to various prob-
lems in Bioinformatics such as detection of remote homology, identification of
DNA regulatory regions and detection of motifs [3]. Usually, PSSMs are derived
from training data. Therefore, how to derive a good PSSM from training data
(examples) has been a key issue in these applications. Various methods have
been proposed for this purpose. Among them, simple statistical methods based
on residue frequencies and local search algorithms (such as Expectation Maxi-
mization algorithms) have been widely used [3]. However, from the algorithmic
viewpoint, almost no theoretical studies have been done on the derivation of
PSSMs. Therefore, we study the following fundamental version of the problem:
given positive examples (sequences) and negative examples (sequences), find a
PSSM which completely discriminates between positive and negative examples.
We prove that this problem is NP-hard in general but can be solved in polyno-
mial time if the size of a PSSM is bounded. It follows from the latter result that
derivation of position non-specific score matrices can be derived from examples
in polynomial time, where hydropathic indices [9] are well-known examples of
position non-specific score matrices.

Before reviewing related results, we formally define PSSMs and the derivation
problem (see also Fig. 1). Let X be an alphabet. Let POS = {P!, P% ...} and

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 168-177, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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B PSSM

e | 55 | 5] [

ﬁ> G35 | |G35 G 2.0

S T: 4.0 T:-1.5 T:-3.0

[G[G[c]T[T[G[T]A]

5 \ ! / NEG
[T[T]A[T[C]T]

Threshold = 8.0 5

Fig.1. An example of PSSM. Sy (resp. S4) is classified as a positive sequence
because f(TGC) =9.3 > 8.0 (resp. f(AGC) =8.8 > 8.0)

NEG = {N',N?% ...} be sets of strings on X, where POS and NEG mean a set
of positive examples and a set of negative examples, respectively. For string .S,
S[i] denotes the i-th letter of S and S; ; denotes the substring S[i]S[i+1]...S[j]
of S. For strings S7 and Sy, S1-S2 denotes the concatenation of S; and Ss. Let L
be a positive integer indicating the length of a motif region to be detected.

Definition 1 (PSSM). A PSSM is a function fi(a) from [1,..., L] x X to the
set of real numbers, where k € [1,...,L] and a € X.

For string S of length L, we define f(.S) (the score of S) by f(S) = ZZ—LZI 1i(S[i)).

Problem 1 (Derivation of a PSSM from examples).
Given X, POS, NEG and L, find a PSSM and a threshold © which satisfy the
following conditions:

— For all P" € POS, f(P]-ffjJrLA) > O holds for some j € [1,...,|P" —L+1],
— For all N" € NEG and for all j =1,...,|[N" — L+1, f(N;fHL_l) < 6.

There are many studies on related problems. For example, hardness results
and approximation algorithms were obtained for local multiple alignment [2,11]
and the distinguishing string selection problem [10], and hardness results were
obtained for learning string patterns from positive and negative examples [7,12].
However, techniques used in these papers are not directly applicable to the
derivation problem of PSSMs.

We also consider derivation of a mizture of PSSMs. Mixtures of PSSMs are
also used in Bioinformatics since a single PSSM is not always sufficient for char-
acterizing sequences having common biological properties. As in the above, there
are almost no theoretical studies on derivation of a mixture of PSSMs. We prove
that this problem can be solved in polynomial time if the size of a PSSM is
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bounded. We also consider a special case in which the regions to be identified
are already known. In this case, derivation of a single PSSM can be done in
polynomial time by a naive algorithm based on linear programming. However,
we show that derivation of a mixture of two PSSMs is NP-hard even for this
restricted case.

Relating to derivation of PSSMs, Akutsu and Yagiura studied the following
problem [1]: given correct alignments and incorrect alignments, find a score func-
tion with which the scores of the correct alignments are optimal and the scores
of the incorrect alignments are not optimal. They proved that this problem is
computationally hard for multiple alignment with SP-scoring, but is polynomial
time solvable for pairwise alignment by using a reduction to linear programming.
In this paper, we consider the problem of deriving score matrices for pairwise
alignment under the condition that each (positive or negative) example con-
sists of a pair of sequences (i.e., alignment results are not given). This definition
is reasonable because we can obtain sets of homologous sequences and sets of
non-homologous sequences by human knowledge, but it is very difficult to know
correct alignments. It should be noted that a score matrix is usually obtained
from the results of sequence alignment using another score matrix [3,6,8]. But,
it seems that this approach is not adequate because a circular reasoning method
is used. Therefore, we study this problem and prove that it is NP-hard for a
general alphabet.

2 Deriving a PSSM from Examples

In this section, we show that Problem 1 is NP-hard in general but can be solved
in polynomial time if the size of a PSSM is bounded by a constant.

Theorem 1. Problem 1 is NP-hard.

Proof. We use a polynomial time reduction from 3SAT.

Let C = {c1,...,cm} be a set of clauses over a set of boolean variables
X ={x1,...,x,}, where each clause consists of three literals.

From this instance, we construct an instance of the PSSM derivation problem
(see Fig. 2). Let X = {0,1} and L = 4n. Let S(i1,i2,...) denote the string of
length 4n such that S[i] = 1 for i = 4y, i, ..., otherwise S[i] = 0. Then, NEG is
defined by

NEG={5(),S(4n) } U {S(i,j)|1<i<j<dn} U
{SG)|i=1,...,4n} U { S(2i—1,2i,4n) |i=1,....n }.

It should be noted that the (2 — 1)-th position and the (2i)-th position (i =
1,...,n) of each string correspond to literals z; and 77, respectively.

Let ¢; = Ui, V liy, V liy, where [;, is either z;, or 7;, . We define g(ix) by
g(ix) = 2i — 1 if l;, = x;,, otherwise g(ix) = 2ix. Then, P’ is defined by P! =
S(g(i1),4n)-S()-S(g(ia),4n)-S()-S(g(i3),4n). POS consists of P, P2 ... P™.
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NEG
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Fig. 2. Construction of POS and NEG in Theorem 1

First we show that if C' is satisfiable then there exists a PSSM fi satisfying
the condition of Problem 1 for © = 3. From the truth assignment to X satisfying
all the clauses, we construct fi by:

—fori=1,...,n,
f2i-1(0) =0, fo;—1(1) =1, f2;(0) =0 and fo;(1) = —1 if x; is true,
f2i-1(0) = 0, fa;—1(1) = =1, f2:(0) = 0 and f5;(1) = 1 otherwise,
—fori=2L+1,...,4n—1, f;(0) = fi(1) =0,
— f4n(0) = 0 and f4,(1) = 2.

Then, it is easy to see that f(N") < 3 holds for all N* € NEG, and either
f(Plthn) = 3’ f(PSh:rH—l,lQn) =3or f(Plhén-i-l,QOn) = 3 holds for all Ph € POS.

Next we show that if there is a PSSM satisfying the condition of Prob-
lem 1, there exists a truth assignment satisfying all the clauses in C. Let @; =
faic1(1) = f2i-1(0), Ti = f2i(1) = f2:(0) and @ = fan(1) = f4n(0). Let f(S()) = 2.
Then, it is easy to check that for all P* € POS, all substrings of length L ex-
cept P{f4n, P8hn+1712n and P{%,,L_,_LQO,L appear in NEG. Therefore, the following
relations hold if Problem 1 has a solution:

—2<0,z+a<06O

— 40+ l}- < O for all [; # 1, where [; (resp. [;) is either z; (resp. x;) or Z;
(resp. T5),

— z—l—l}<@foralll,-,

— z+ & +T; +a < O for all 2,

— 2415, +a > O holds for some k € [1,2,3] for all ¢ = 1;, V1, V I;,.
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From f and O satisfying the above relations, we construct a truth assignment
to X as follows: z; is true if z + 4 +a > O, x; is false if z +7; +a > O,
otherwise z; is arbitrary.

It is sufficient to show that either z + #; +a < © or z + T; + a < © holds.
Suppose that z + 2; +a > O held. Then, £; > 0 would hold from this inequality
and z+a < O. Froma; >0and 24+ 4 +T;,+a < O, 2+ T; + a < O would
hold. a

Theorem 2. Problem 1 can be solved in polynomial time if X and L are fized.

Proof. We construct an arrangement of hyperplanes, where the arrangement is
a well-known concept in computational geometry [1]. We construct the arrange-
ment in the (| X|L+1)-dimensional Euclidean space for the following hyperplanes:

— f(PJij+L71) —O©=0forj=1,...,|P"| — L+ 1 and for all P"* € POS,
- f(N;fj_FL_l) —©=0forj=1,...,|N" — L+1 and for all N* € NEG.

Then, we pick an arbitrary point (which corresponds to a pair of f and ©) from
each cell and check whether or not the conditions of Problem 1 hold. Since the
sign of each function (i.e., f(Pjifj+L71) - 0O, f(N;fjJrLA) — ©) does not change
within a cell, this algorithm correctly solves Problem 1.

Since the arrangement of hyperplanes in fixed dimensions can be constructed
in polynomial time and the combinatorial complexity of the arrangement is also
polynomially bounded [4], the algorithm works in polynomial time. ]

It should be noted that if L and X are fixed, the number of possible sequences
is bounded by a constant and thus Theorem 2 is trivial. However, the proof can
be extended for the case where L is not fixed but the size of a PSSM is fixed
(i.e., the number of parameters in a PSSM is bounded by a constant). In this
case, the number of possible sequences is not necessarily bounded by a constant.

Derivation of hydropathic indices [9] is such an example. Hydropathic indices
have been used for the identification of transmembrane domains of membrane
proteins. Usually, hydropathic indices are not position-specific, i.e., f;[a] = f;[a]
for all 7 # j. The algorithm above can also be applied to this case. In this case,
the arrangement in the (|X] + 1)-dimensional Euclidean space is constructed.
Since | X| is 4 or 20, we have:

Corollary 1. Hydropathic indices satisfying the condition of Problem 1 can be
derived from examples in polynomial time.

In most cases of deriving hydropathic indices, positive examples given as
training data contain information about the positions of the transmembrane
domains. Therefore, various learning algorithms have been applied to derivation
of hydropathic indices. But, the above theorem suggests that hydropathic indices
can be derived even if the positions of the transmembrane domains are not
known. Of course, the time complexity of the algorithm is still too high even for
| Y| = 4. Thus, an improved algorithm should be developed.
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3 Deriving a Mixture of PSSMs from Examples
In this section, we consider the following problem.

Problem 2 (Derivation of a mixture of PSSMs from examples).

Given X, POS, NEG, L and N where N denotes the number of PSSMs, find a
set of PSSMs with cardinality N and a threshold ©@ which satisfy the following
conditions:

— For all P* € POS, (P, 1) > © holds for some j € [1,...,|P;| - L+1]
and for some k € [1,...,N],

— For all N' € NEG, for allj =1,...,|N'|=L+1 and for allk € [1,...,N],
fk(N]l',jJrL—l) <0,

where f* denotes the score given by the k-th PSSM.

Clearly, Problem 2 is NP-hard from Theorem 1. As in Theorem 2, Problem 2
can be solved in polynomial time if the size of a PSSM is fixed (i.e., the number
of parameters in a PSSM is bounded by a constant) and N is a constant.

Theorem 3. Problem 2 can be solved in polynomial time if the size of a PSSM
18 fized and N is bounded by a constant.

Proof. We show the proof for the case of N = 2. Extension of the proof to an
arbitrary constant N is straight-forward.

As in the proof of Theorem 2, we construct an arrangement in (d + 1)-
dimensional Euclidean space, where d is the number of parameters in the PSSM.
Each point in the space corresponds to a pair of PSSM and ©. For each point p in
the space, p? denotes the value of the coordinate corresponding to ©. We pick a
pair of points (p1, p2) from each pair of cells (¢1, ¢2) such that p; € ¢q, p2 € co and
(p1)9 = (p2)9 if such a pair exists. It is easy to check whether or not such a pair
exists: we simply compare the maximum and minimum values of the coordinate
corresponding to © in the cells. Then, we check whether or not the conditions
of Problem 2 are satisfied for the pair of PSSMs corresponding to (p1,p2). Since
the combinatorial complexity of the arrangement is polynomially bounded, this
algorithm works in polynomial time. O

Here, we consider a special case of the problem in which the regions to be
identified are given. It is a reasonable restriction because the regions are known
for training data in several applications. For example, transmembrane domains
are usually known for training data of membrane proteins. In such a case, we
treat the regions in POS as positive examples and we can assume that all of
sequences are of the same length L. We denote this special case by Problem 3.

Proposition 1. Problem 3 can be solved in polynomial time if N =1 or N >
|POS]|.
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Proof. The case of N = 1 is trivial and well-known. We simply construct the
linear inequalities: f1(P") > O for all P € POS, and f!(N") < © for all N* €
NEG. Then, we can obtain a PSSM and @ by applying any polynomial time

algorithm for linear programming.
In the case of N = |POS)|, we solve the following inequalities: f"(P") > ©
for all P € POS, and f*(N") < © for all N" € NEG and for all k € [1...N].
O

Theorem 4. Problem 3 is NP-hard even for N = 2.

Proof. We reduce NOT-ALL-EQUAL 3SAT (LO3 in [5]) to Problem 3.
Let U be a set of variables and C' be a set of clauses over U such that each clause
¢ € C has |c| = 3. Given the instance (U, C) for NOT-ALL-EQUAL 3SAT, we
define an instance I(U, C') for Problem 3 as follows.

Let L denote the set of literals over U and let p : L — {1,...,2|U|} be a
bijection such that for each u € U p(u) = p(u) + 1 holds. We define POS' as the
set

POS = {0°102V1=i=1 | j =0,...,2|U| — 1}
and NEG as

NEG ={ 0i1102IU1—i—2 |i=0,2,....2]U -2} U { 021U YU
{ 0P =11 gr =P =11 gp() =P 11 2V1=2) | {3y 2} € C,
p(z) <p(y) <p(2) }

We denote the Problem 3-instance consisting of POS and NEG as I(U,C). We
say a string in POS corresponds to a literal in L, iff the 1 appears at the p(L)-th
position in the string. For a literal [ € L, we denote the string corresponding to [
with w;. In the same way, we denote strings 0°110%Y1="=2 ¢ NEG as w, 3 for
the variable v € U with p(u) =i+ 1.

We have to show that there is a not-all-equal truth assignment for (U, C), iff
there is a solution for I(U, C') with 2 matrices.

Let o be a not-all-equal truth assignment. Call the set of all strings of PO.S,
for which the corresponding literal is satisfied by o, POS 4, and the set of all other
strings of POS POSp. Let A denote the PSSM, which assigns the value 1 to
all occurrences of the character 1 at positions corresponding to satisfied literals,
the value —2 to all other occurrences of 1, and the value 0 to all occurrences of
0. In the same way, let B denote the PSSM assigning 1 to the occurrences of
1 at positions corresponding to literals not satisfied by ¢ and —2 to the other
occurrences.

For ©® = 1, A accepts all strings in POS 4 and B accepts all strings in POSp.
Furthermore, for every clause ¢ € C, there is a literal in c¢ satisfied by ¢ and a
literal not satisfied by o. Therefore, for every string s € NEG, A(s) < 0 and
B(s) < 0, which shows that (A, B) is a solution for I(U, C).

It remains to show, that there is a not-all-equal truth assignment for C, if
there is a solution for I(U, C'). Let A, B be PSSMs solving I(U, C'). Let ¢ denote
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the truth assignment satisfying all literals, for which the corresponding string in
POS is accepted by A, and unsatisfying all other literals. If there were a variable
u € U with o(u) = o(u), then A(w,) + A(wg) > 20 or B(w,) + Blwg) >
26 would hold. Therefore, since A(w,) + A(wg) = A(02Y1) + A(w, 7) holds
(and analogously for B), 02Ul or wy,w would be accepted by either A or B, a
contradiction. Thus, o is well-defined.

To see that ¢ has the not-all-equal property, assume that there is a clause
{z,y,2} € C with o(x) = o(y) = o(z). If o(x) = 1, then we have

Alwg) + A(wy) + A(w.) > 36.
Moreover,
Alwg) + A(wy) + A(w,) = 2A4(021VN) + A(wy )

holds, where w;, , . denotes the string of NEG corresponding to clause {z,y, z}.
Therefore, since A(w; ,, ») < © holds, we have A(0%Y1) > O, contradicting 021V €
NEG. If o(z) = 0, the same contradiction follows for B. O

4 Deriving a Score Matrix for Pairwise Alignment

Let S7 and S> be sequences over Y. An alignment of S; and Ss is obtained
by inserting gap symbols (denoted by ‘—’) into or at either end of S; and S
such that the two resulting sequences S| and S are of the same length [ [3].
Let f(z,y) be a function from X’ x X’ to R that satisfies f(z,y) = f(y,x) and
flz,—=) = f(—,y)=gforall z,y € X and f(—,—) = —o0, where X/ = Y U{-}.
Note that we consider a linear gap penalty [3] and g denotes the penalty per
gap. The score of an alignment is defined by Zizl f(S1[i], S4[i]). The optimal
alignment between S; and So is the alignment with the mazimum score. Let
s(S1,S%) denote the score of alignment (S7,55) and let opt(Sy,S2) denote the
score of the optimal alignment between S; and Ss.

In this case, we assume that each example is a pair of sequences (i.e., POS
and NEG are sets of sequence pairs over X).

Problem 4.
Given POS and NEG over X, find f(x,y) and © which satisfy the following
conditions:

— For all (SHSJ) S POS; Opt(Siasj) 2 9’
— For all (S;,8;) € NEG, opt(S;,S;) < O.

Theorem 5. Problem 4 is NP-hard for a general alphabet.

Proof. We use a reduction from 3SAT.
Asin the proof of Theorem 1, let C be a set of clauses over a set of variables X .
We let ¥ = {z;,Ti|z; € X} U {a, 8}. Then, POS and NEG are defined by

POS = {(o, a), (e, ac), (8, 3), (B8, 88)} U
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{(a,xix_i) | x; € X} U {(ﬁa,ﬁlilli2li3) | li1 \/Zi2 \Y li3 S C},
NEG = {(a,a0),(8,88)} U {(ao,z;7) | x; € X} U
{(ﬂaaﬂaaa)} U {(6a1’z)a (6;1'_1) | T € X}

First we show that if C' is satisfiable then there exists a score matrix f(x,y)
satisfying the conditions of Problem 4 for ® = 1. We define f(z,y) by
- f(Oé,Oé) = f(ﬁaﬁ) =1 and g = _15
— fla,z;) =2 and f(o, @) = —2 if a; is true,
— fla,2z;) = =2 and f(a,T;) = 2 if a; is false,
— f(z,y) = —1 for the other pairs (z,y).

Then, it is easy to see that the conditions are satisfied.

Next we show that if there is a score matrix satisfying the conditions of
Problem 4, there exists a truth assignment satisfying all the clauses in C.

From («, ), (aa,ac) € POS and (a,ac) € NEG, we have g < 0 and
g < f(a, ). Similarly, we have g < f(3, 3). From opt(a, 2;7;) > © > opt(a, a)
and opt(aa,z;T;) < O < opt(aa, aa), either f(a,z;) > f(a,a) > f(a,T;) or
flayz;) < flo,a) < f(a,T;) must hold for each x;. Then, we construct an
assignment to X by:

x; is true iff. f(a,z;) > f(a, a).
Since opt(Ba, Bli, liyliy) > opt(Ba, Bacca), f(B,0) > f(B,1;) and f(o, a) >
f(68,1;) for all j, f(a,lx) > f(a, o) must hold for some k € {i1,i2,i3}. Therefore,
we can satisfy all the clauses. ]

This result is interesting because this general case can be solved in polynomial
time if alignment results are given [1]. It is not yet known whether Problem 4 is
NP-hard for a fixed alphabet.

5 Concluding Remarks

In this paper, we have shown that derivation of a PSSM is NP-hard in general
but is polynomial time solvable if the size of the PSSM is bounded by a constant.
We also showed that derivation of a mixture of two PSSMs is NP-hard even if
the regions to be identified are known. Development of approximation algorithms
for the NP-hard problems and development of faster algorithms for derivation
of bounded-size PSSMs are important future work.
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Abstract. We consider a version of pattern matching useful in process-
ing large musical data: d-matching, which consists in finding matches
which are d-approximate in the sense of the distance measured as maxi-
mum difference between symbols. The alphabet is an interval of integers,
and the distance between two symbols a, b is measured as |a — b|. We
present d-matching algorithms fast on the average providing that the
pattern is “non-flat”and the alphabet interval is large. The pattern is
“flat” if its structure does not vary substantially. We also consider (4, )-
matching, where 7 is a bound on the total number of errors. The algo-
rithms, named §-BM1, §-BM2 and 0-BM3 can be thought as members
of the generalized Boyer-Moore family of algorithms. The algorithms are
fast on average. This is the first paper on the subject, previously only
“occurrence heuristics” have been considered. Our heuristics are much
stronger and refer to larger parts of texts (not only to single positions).
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We use J-versions of suffix tries and subword graphs. Surprisingly, in the
context of J-matching subword graphs appear to be superior compared
with compacted suffix trees.

1 Introduction

A musical score can be viewed as a string: at a very rudimentary level, the alpha-
bet could simply be the set of notes in the chromatic or diatonic notation, or the
set of intervals that appear between notes (e.g. pitch may be represented as MIDI
numbers and pitch intervals as number of semitones). Approximate matching in
one or more musical works play a crucial role in discovering similarities between
different musical entities and may be used for establishing “characteristic signa-
tures” [3]. Such algorithms can be particularly useful for melody identification
and musical retrieval. The approximate matching problem has been used for
a variety of musical applications (see overviews in [8,3,11,1]). It is known that
exact matching cannot be used to find occurrences of a particular melody. Ap-
proximate matching should be used in order to allow the presence of errors. The
amount of error allowed will be referred to as §. This paper focuses in one special
type of approximation that arise especially in musical information retrieval, i.e.
d-approximation. Most computer-aided musical applications adopt an absolute
numeric pitch representation (most commonly MIDI pitch and pitch intervals in
semitones; duration is also encoded in a numeric form). The absolute pitch encod-
ing, however, may be insufficient for applications in tonal music as it disregards
tonal qualities of pitches and pitch-intervals (e.g. a tonal transposition from a
major to a minor key results in a different encoding of the musical passage and
thus exact matching cannot detect the similarity between the two passages). One
way to account for similarity between closely related but non-identical musical
strings is to use Jd-approximate matching. In d-approximate matching, equal-
length patterns match if each corresponding integer differs by not more than §.
For example, a C-major {60, 64, 65,67} and a C-minor {60, 63, 65,67} sequence
can be matched if a tolerance of § = 1 is allowed in the matching process. For a
given sequence of length m, the total amount of error is bounded by O(d - m).
This increases dramatically for large values of §, and therefore, we can restrict it
to a maximum of . This further restriction will be referred as (9, v)-approximate
matching. In [2], a number of efficient algorithms for §-approximate and (4,)-
approximate matching were presented (i.e. the SHIFT-AND algorithm and the
SHIFT-PLUS algorithm, respectively). These algorithms use the bit-wise tech-
nique. In [5] exact string matching algorithms are adapted to d-approximation
using heuristics on the alphabet symbols. Here, we present three new algorithms:
0-BM1, 5-BM2 and §-BM3. They can be thought as members of the Boyer-Moore
family of algorithms. The two first algorithms implement a heuristic based on
a suitable generalization of the suffix trees data structure. The third algorithm
uses a heuristic that considers fingerprints for selected substrings of the pattern
and compares them with corresponding fingerprints of substrings of the text to
be processed. The algorithms are fast on average. We provide experimental re-
sults and observations on the suitability of the heuristics. Our algorithms are
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particularly efficient for “non-flat” patterns over large alphabet intervals, and
many patterns are of this kind.

2 J-Approximate Dictionaries

Let X' be an alphabet of integers and § an integer. Two symbols a,b of X are
said to be d-approximate, denoted a 2 b, iff |a — b < 5. We say that two
strings x,y are d-approximate, denoted z 2 y if and only iff |z| = |y|, and x[i] 2
yli], for each i € {1..]z|}. For a given integer v we say that two strings x,y are
y-approximate, denoted x L y if and only if
2l = lyl, and 2 [afi] - yli)] < .

Two strings z,y are (,~)-approximate, denoted x o y, if and only if x and y
satisfy both conditions above. The Boyer-Moore type algorithms are very effi-
cient on average since scanning a small segment of size k allows, on average, to
make large shifts of the pattern. Eventually this gives sublinear average time
complexity. This general idea has many different implementations, see [4]. Our
approach to d-matching is similar, we scan a segment of size k in the text. If this
segment is not d-approximate with any subword of the pattern we know that no
occurrence of the pattern starts at m — k positions to the left of the scanned
segment. This allows to make a large shift of size m — k. The choice of k affects
the complexity. In practice small & would suffice. Hence the first issue, with this
approach, is to have a data structure which allows to check fast if a word of
size k is d-approximate to a subword of pat. We are especially interested in the
answer “no” which allows to make a large shift, so an important parameter is
the rejection ratio, denote by Ezact-RR. It is the probability that a randomly
chosen k-subword is not d-approximate with a subword of pat. If this ratio is
high then our algorithms would work much faster on average. However another
parameter is the time to check if the answer is “no”. It should be proportional
to k. We do a compromise: build a data structure with smaller rejection ratio
but with faster queries about subwords of size k. Smaller rejection ratio means
that sometimes we have answer “yes” though it should be “no”, however if the
real answer is “no” then our data structure outputs “no” also. This is the nega-
tive answer which speeds up Boyer-Moore type algorithms. The positive answer
has small effect. The data structure is an approximate one, its rejection ratio is
denoted by RR, and it is hard to analyze it exactly. Hence we rather deal with
heuristics. The performance depends on particular structure, the parameter k
and class of patterns. Another important factors are rejection ratios: Ezract-RR
and RR. If Ezact-RR is too small we cannot expect the algorithms to be very
fast. On the other hand we need to have RR as close to Ezact-RR as possi-
ble. The applicability is verified in practice. The starting structure is the suffix
trie, it is effective in searching but it could be too large theoretically, though
in practice k is small and k-truncated suffix trie is also small. Surprisingly we
do not have linear size equivalent of (compact) suffix trees, but we have a lin-
ear size equivalent of subword graphs: §-subword graphs, this shows that suffix
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trees and subword graphs are very different in the context of d-matching. Below
we give formal definition of our data structures and rejection ratios. Denote by
SUB(z, k) the set of all substrings of = of size k. Denote also:

0-SUB(xz, k) ={z| = 2 y for some y € SUB(z, k)}
An approzimate dictionary for a given string x is the data structure D, which
answers the queries:
D.(z): “z€§-SUB(x, k) 7

Let D, (z) be the result (true or false) of such query for a string z given by the

data structure D,. By D! we denote the corresponding data structure for the

Lo . . s,
queries involving the equality z = y. In order for our data structure to work

fast we allow that the answers could be incorrect. By an efficiency of D, we
understand the rejection-ratio proportion:

=€ XF | Dy(2) = false}|
B P '

RRy (D)

Optimal efficiency is the exact rejection-ratio for x:

 |5-SUB(x, k)|

Ezact-RRy(z) =1 Bk

In other words the efficiency is the probability that a random substring z of
length % is not accepted by D, or (in the case of Fzract-RR) it is not an element
of 6-SUB(z, k). Our data structures D are partially correct:

§-SUB(x, k) C {2z | D.(2) = true}

Denote i ©9 = max{i —J,min{¥}} and i ® 6 = min{i+ J, max{X}}. We
define §-suffiz tries and d-subword graphs algorithmically. The §-suffiz trie of a
pattern z is built as follows:

— build the trie T' = (V, E) recognizing all the suffixes of # where V is the set
of nodes and E CV x X x V is the set of edges of T’

— replace each edge (p,a,q) € E by (p, [max{0,a—4d}, min{max{X'},a+4d}], q);

— for all the nodes v € V, if there are two edges (v, [a,b],p), (v,[c,d],q) € E
such that [a,b] N [c,d] # () then merge p and ¢ into a single new node s and
replace (v, [a, b],p) and (v, [¢,d],q) by one edge (v, [min{a, c}, max{b, d}], s).

We have an equivalence relation on the set of vertices: two vertices are equivalent
iff they are roots of isomorphic subtrees. In the d-suffix trie construction we
process nodes by taking at each large step all vertices which are in a same
equivalence class C. Then in this step we process all edges outgoing from vertices
from C. All these vertices are independent and we can think that it is done in
parallel. The construction terminates when the trie stabilizes. The d-subword
graph of a sequence x is obtained by minimizing its d-suffiz trie. This means
that each equivalence class of vertices is merged into a single vertex. Figure 2
shows an example of §-suffiz trie and d-subword graph.
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Theorem 1. The numbers of nodes and of edges of d-subword graph for the
string x are O(|z|).

Proof. The number of equivalence classes of the initial suffix trie is at most 2n. In
the process of merging edges the nodes which are equivalent initially will remain
equivalent until the end. Hence the number of equivalence classes of intermediate
d-suffix trie (after processing all edges outgoing from nodes in a same equivalence
class) is at most 2n, which gives the upper bound on the number of nodes of the
d-subword graph. The bound on the number of edges can be shown similarly as
for standard subword graphs. O

2 6
1 \
6
50V9 5 5 .V292
2 1 2 6/ 6
6 s 5/ 16 5
5 5 9 5 9
9 2 5 2 [}
6 9 6
5 9
9.

Fig. 1. The suffix trie and subword graph for the word w = 1521652659

O NN LN — D

Fig.2. The J-suffizx trie and the d-subword graph for the sequence
w = 1521652659 with § = 1 and ¥ = [0..9]. A single integer means ¢ means the
interval [i © 6,1 @® §]
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0 5 22 27

0 7 9 12 20 27

Fig. 3. (a) The family of intervals Fs(x, k) and (b) the family M., (x, k), for the
string 1529283 withd=~=1, k=3 and ¥ =1[0..9]

For each subword y € SUB(x, k) of x, denote by hash(y) the sum of the symbols
of y. For each k < |z| we introduce the following families of intervals (overlapping
and adjoined intervals are “glued together”) of the interval [min{ X'}, k-max{X'}]
which represents respectively the sets:

Fs(x, k) = U [hash(y) © ko, hash(y) & kd]
y€ESUB(x,k)
My(z,k) = ] [hash(y) © min{kd,v}, hash(y) & min{ks,7}] .
yESUB(x,k)

Clearly Mys(x, k) = Fs(x, k). Figure 3 presents an example.

Lemma 1.
(a) If z 2 y for some y € SUB(z, k) then hash(z) € Fs(x, k).
(b) If z o y for some y € SUB(z, k) then hash(z) € My (z, k).

The efficiency of the family Z of intervals can be measured as RR(Z) = 1 —
Prob(hash(z) € ) where z is a random string of length k. In other words it is
the probability that an integer is not in any interval of the family. Observe that
7 in our case is always represented as a family of disjoint intervals, overlapping
and adjoined ones have been glued together.

3 Three 6-BM Algorithms

We show in this section how the data structures of Section 2 are used in -
matching. We now want to find all the J-occurrences of a pattern pat of length m
in a text text of length n. We apply a very simple greedy strategy: place the
pattern over the text such that the right end of the pattern is over position i
in the text. Then check if the suffix suf of length k (k may depend on pat) of
text ending at 7 is “sensible”. If not the pattern is shifted by a large amount and
many position of text are never inspected at all. If suf is sensible then a naive
search in a “window” of text is performed.
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Algorithm §-BM1;
1 m;
while i <n
if text[i — k + 1...i] € 6-Suffiz-Trie(pat)
then NAIVE(i,i+m —k — 1);
i—1+m—k;

We denote here by NAIVE(p,q) a procedure checking directly if pat ends at
positions in the interval [p..q], for p < gq.
We design an improved version of §-BM1 using §-subword graphs instead tries.
Let (X, V,vo, F, E) be the §-subword graph of the reverse pattern, where X is
the alphabet, V is the set of states, vy € V is the initial state, F' C V is the set
of final states and E C V x X x V is the set of transitions. Let d-per(z) be the
d-period of the word z defined by

d-per(x) =min{p | V1 <i<m—p x[i 2 x[i + p]}.
Then it is possible to adopt the same strategy as the Reverse Factor algorithm [4]
for exact string matching to J-approximate string matching. When the pattern
pat is compared with text[i — m + 1...4] the symbols of text[i — m + 1...1]
are parsed through the d-subword graph of the reverse pattern from right to
left starting with the initial state. If transitions are defined for every symbol of
text[i —m +1...1], it means that a §-occurrence of the pattern has been found
and the pattern can be shifted by d-per(pat) positions to the right. Otherwise
the pattern can be shifted by m minus the length of the path, in the §-subword
graph, from the initial state and the last final state encountered while scanning
text[i —m+1...4] from right to left. Indeed the d-subword graph of the reverse
pattern recognizes at least all the §-suffixes of the reverse pattern from right to
left and thus at least all the J-prefixes of the pattern from left to right.

Algorithm §-BM2;
14— m;
while i <n
q < vo; Jj <1 b 0;
while (q, text[j],p) € E
q—=p;j—J—L
if ¢ € F then b — i — j;
if ¢ — j > m then check and report
d-occurrence at position i —m + 1;
i« i+ o-per(pat);
else i — 1+ m —b;

The value d-per(pat) can be approximated using the d-subword graph of the
reverse pattern.

Our last algorithm can be used also for (9, y)-approximate string matching. We
apply the data structure of interval families.
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Algorithm §-BM3;
1 m;
while i <n
if hash(text[i — k + 1...1]) € M (pat, k)
then NAIVE(i,i+m —k — 1);
i —1+m—k;

4 Average Time Analysis of Algorithms 6-BM1 and
6-BM3

Denote p = Prob(x 2 y) where z and y are random symbols of X and g pet =
RRy(Dpat).

Lemma 2. The overall average time complexity of §-BM1 and 6-BM3 algo-
rithms is at most

p
<<Qk,pat + (]- - qk,pat) 1

n

1
— > k+(1qk,pat)m+(1qk,pat)m>

Proof. Each iteration of the algorithms tries to find occurrences of the pattern
ending at positions ¢..t +m — k — 1. We call those positions a window. The win-
dow for next iteration starts just behind the window for the previous iteration.
The probability that the pattern is moved to the next window after at most k
comparisons is exactly ¢k pat = RRi(Dpat). Now it is enough to prove that the
average number of comparisons made by the naive algorithm in one iteration is
bounded by .
p
m+ 1 _pk+ e

Let p;, for j = 1..m — k — 1 be the average number of comparisons made by the
naive algorithm at position ¢ + j — 1 of the window. Since the we cannot assume
that text symbols at positions ¢ — k+ 1..i are random (because Dy (text[i — k+
1..i]) = true), we assume that the probability of matching those symbols with
the symbols of the pattern during the naive algorithm is 1. Hence

nm<A=-p)k+1)+p(l—p)(k+2)+p*(L—p)(k+3)+ -+
+p" 1 = p)(m — 1) 4+ p™ .

Similarly the average number of comparisons made by the naive algorithm at
position ¢ 4+ 1 is at most

p2 < (1=p)+p(1—p)(k+1)+p° (1—=p) (k+2)+- - -+p™ * 1 (1=p)(m—1)+p™ *m.

Similarly the average number of comparisons made by the naive algorithm at
position m + ¢ — 1 is at most

pi<(l—=p)+pl—p)+ - +p *1—-p+

' T 1 =p)(E+ ) +p A= p)(k+2) +.p" T A= p)(m = 1)+ m
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It can be proved that p; < k—i—ﬁ and poy < (1—p)+p(kz—|—ﬁ) and generally p; <
(1—p)+p(l—p)+--+p">(1—p)+p" ' (k+ ﬁ) Hence, after some calculations

we get
1

p
pi <m+ k+ .
2 l-p  (1-p)?

This completes the proof. O

As a corollary of previous lemma we have.
Theorem 2. Let k < 0.99m and p < 0.99. The average time complexity of the
algorithms 6-BM1 and 6-BMS3 is

O(—(k + (1 = gk par)m)) -

n
m
Observe here that our analysis does not depend on the data structure D. The
only thing it assumes is that the scheme of the algorithm matches the structure
of the algorithms 6-BM1 and §-BM3. Clearly, the efficiency of such algorithms
depends heavily on the choice of k and the efficiency of D. For instance, for 6 = 0,
(ie. we consider string matching without errors) we may choose k = 210g‘ s m.
Then, for 6-BM1, 1 — gj pat is the probability that a random string of length k
is not a subword of pat. The number of subwords of length k of pat is at most m
and the number of all words of length % is m? so 1 — Gk pat < % thus the average
time complexity is O(7=logm) the best possible. Moreover k£ may depend also
on the pattern pat itself. If pat is “good” then k may be chosen small and when
it is “bad” k may be chosen bigger. In particular we may increase k& up to the
moment when 1 — g pq: decreases below an acceptable level.

5 Experimental Results

We computed experimentally the values RR and Fzact-RR for our approximate
dictionaries for various values of k and different sizes of the alphabet. These
efficiencies correspond to average case complexity of our §-BM algorithms. We
compared the values of RR and FEzxact-RR with average running time for suf-
ficiently large sample of random inputs. We counted the average number of
text character inspections for the following algorithms: §-Tuned-Boyer-Moore,
0-Skip-Search, §-Maximal-Shift [5] and §-BM1, 6-BM2 and 6-BM3. All the al-
gorithms have been implemented in C in a homogeneous way such as to keep
their comparison significant. The text used is composed of 500, 000 symbols and
were randomly built. The size of the alphabet is 100. The target machine is a
PC, with a AMD-K6 II processor at 330MHz running Linux kernel 2.2. The
compiler is gcc. For each pattern length m, we searched per one hundred pat-
terns randomly built. We counted the number c of text character inspections for
one text character. The results are presented in Figures 4 to 5. For § = 1 the
best results for §-BM1 algorithm have been obtained with k& = logy m. The best
results for the §-BM3 algorithm have always been obtained with k£ = 2. For small
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values of §, 6-BM1 and 6-BM2 algorithms and better than §-Tuned-Boyer-Moore
algorithm (which is the best among the known algorithms) for large values of m
(m > 20). For larger values of § (up to 5) 6-BM1 and 6-BM2 algorithms are
better than 0-Tuned-Boyer-Moore algorithm for small values of m (m < 12).
For larger values of §, the §-Tuned-Boyer-Moore algorithm is performing better
than the other algorithms. In conclusion the algorithms introduced in this article
are of particular practical interest for large alphabets, short patterns and small
values of §. Alphabets used for music representations are typically very large. A
“bare” absolute pitch representation can be base-7 (7 symbols), base-12, base-40
or 120 symbols for midi. But meaningful alphabets that will allow us to do in-
depth music analysis use symbols that in reality is set of parameters. A typical
symbol could be (a1, as,as, ...ax), where a; represents the pitch, az represents
the duration, a4 the accent etc. A typical pattern (“motif”) in musical sequence
is 15-20 notes but an alphabet can have thousands of symbols. Thus the need of
algorithms that perform well for small patterns and large alphabets.
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Abstract. Hidden Markov models (HMMSs) have proved to be a use-
ful abstraction in modeling biological sequences. In some situations it is
necessary to use generalized HMMs in order to model the length distribu-
tions of some sequence elements because basic HMMs force geometric-like
distributions. In this paper we suggest the use of an arbitrary length dis-
tributions with geometric tails to model lengths of elements in biological
sequences. We give an algorithm for annotation of a biological sequence
in O(ndm?A) time using such length distributions coupled with a suit-
able generalization of the HMM; here n is the length of the sequence, m
is the number of states in the model, d is a parameter of the length
distribution, and A is a small constant dependent on model topology
(compared to previously proposed algorithms with O(n*m?) time [10]).
Our techniques can be incorporated into current software tools based on
HMMs.

To validate our approach, we demonstrate that many length distributions
in gene finding can be accurately modeled with geometric-tail length dis-
tribution, keeping parameter d small.

Keywords: computational biology, hidden Markov models, gene find-
ing, length distribution

1 Introduction

Hidden Markov models (HMMs) have been used in bioinformatics for such tasks
as gene finding, prediction of protein secondary structure, and sequence align-
ment. HMMs have many features suitable for modeling biological sequences,
such as a sound probabilistic basis, and ease in expressing signals and content
preferences. Efficient algorithms exist for making predictions and for training
HMMs on unannotated or only partially annotated sequences.

One disadvantage of Hidden Markov models is their deficiency in modeling
regions with different types of length distribution. If an HMM can stay in one
state for more than one step in a row, the probability that it stays in this state
for 1 steps is (1 — p)p'~! for some constant p. This gives rise to a geometric
probability distribution on the length of the region generated by that state.

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 190-202, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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However, many elements of biological sequences have length probability dis-
tributions that are inadequately approximated by a geometric distribution. Still,
such elements may need to be represented in a model by a state or a small group
of states. Several approaches have been used to overcome this problem, but none
of them is completely satisfactory.

1.1 Current Approaches

Durbin et al. [5] discuss several ways to model non-geometric length distributions
by replacing a single state by a group of states. Transitions are added inside this
group so that the probability of staying within the group for [ steps is close to
the probability that the modeled feature has length [. This technique does not
require any changes in HMM modeling language or in algorithms for training
and decoding. However, the running time and needed memory will increase with
the number of states, and the conceptual complexity of the model can become
unwieldy.

Another disadvantage of this approach is that the additional transitions in-
troduce many paths through the model corresponding to the same sequence an-
notation. As pointed out in [6], this affects the accuracy of the standard Viterbi
algorithm for decoding, which considers only the most probable path through
the model. While a natural response would be to look for the most probable
annotation instead of the most probable path, this problem was recently proved
NP-hard [9].

Rabiner [10] presents generalized HMMs to address the problem of length
distributions for speech recognition. A state in a generalized HMM does not
generate one character at a time but a region of arbitrary length. The number of
characters produced in each state is determined according to a given arbitrary
length distribution. Applications of this approach in bioinformatics include the
gene prediction tools Genie [7] and GENSCAN [2,1].

Generalized Hidden Markov models allow for non-geometric length distribu-
tions, but give slower decoding algorithms. For a pure HMM, the running time
of decoding (prediction) grows linearly with the length of the sequence. For each
state and each position, the probability of generating the symbol at that po-
sition is evaluated once. In a generalized HMM, a single state can produce an
arbitrarily long region. There are ©(n?) regions in a sequence of length n. If the
time needed to evaluate a probability of generating one region in a given state
grows linearly with the region’s length, this gives an O(n*m?) running time. In
some cases it is possible to organize the computation so that the probability for
one region is obtained in constant time, but the running time is still quadratic,
which is infeasible for computation on genome-size sequences.

Two approaches have been taken to reduce the running time. First, the run-
ning time can be restricted by imposing an upper bound of d on the number of
characters produced by each state [10], which gives an algorithm with running
time O(ndm?) or O(nd?*m?) depending on the type of model used. In speech
recognition applications, it is usually possible to keep the bound d relatively



192 Brona Brejova and Tomas Vinaf

small, again yielding a practical running time. However, such assumption can-
not be made in the case of elements of biological sequences.

A different approach is taken by the gene finder GENSCAN |[2]. Here, prac-
tical running time is achieved by using biological knowledge to limit the number
of regions that need to be considered for each generalized state. A disadvan-
tage of this approach is that only some elements of the sequence (exons) can be
characterized in this way. For the other elements (introns, intergenic regions),
geometric distribution is used to achieve a practical running time.

1.2 Our Approach

In this paper, we introduce a technique for modeling length distribution in HMMs
that addresses some of the problems of the existing techniques mentioned above.
We propose a geometric-tail (GT) distribution which can model length distribu-
tions of many elements of biological sequences more accurately than the geomet-
ric distribution, while still being handled efficiently in decoding algorithms. In
the GT distribution long regions have geometric distribution and the probability
of shorter lengths can be arbitrary. We describe a general class of models, which
we call boxed HMMs, which can be used in conjunction with the GT length dis-
tribution. Then, we give an O(ndm?A) time decoding algorithm, where n is the
length of the sequence, m is the number of states of the HMM, d is a parameter
of the GT distributions used, and A is a small constant dependent on model
topology?.

The rest of the article is organized as follows. In Section 2 we define the GT
distribution and provide an algorithm to estimate its parameters from a given
sample. In Section 3 we introduce boxed HMM models. In Section 4 we give
O(ndm?A) modification of Viterbi algorithm to decode a boxed HMM with the
GT distribution. Finally, in Section 5 we give a brief overview of experimental
results that validate our approach and discuss the application of our approach
to gene finding.

2 The GT Length Distribution and Its Estimation

The geometric-tail length distribution (GT distribution) joins two distributions:
the first part is an arbitrary length distribution, and the second part is a geo-
metric tail (see example in Figure la).

Definition 1 A GT distribution § of order t is defined by a t-tuple (di,ds, ...,
di) and a parameter q, where 0 < ¢ < 1 and (Zf;i di) + dy - fq = 1. In this
distribution,

dy, ifee{l,... t},

! In our gene finding experiments d ~ 187, and A = 3.
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This variety of distribution is suitable for modeling the lengths of many
biological sequence elements that have most of the probability mass concentrated
in relatively short lengths, but where much longer sequences do sporadically
occur. The geometric tail assigns a non-zero probability to a region of any length,
so we do not exclude any region by setting the upper bound too small. Also,
the geometric tail has only one parameter ¢, so we do not need dense data to
estimate it. On the other hand, densely populated medium length region of the
distribution can be estimated simply by the smoothed empirical distribution. If
appropriate, we can also stipulate a lower bound on the length of the region by
assigning zero probability to all smaller lengths.

Assume we have a training sample of lengths, in which length i occurs (1)
times. We want to use this sample to estimate the parameters (di,...,d:) and ¢
of the GT distribution § of order ¢t. We want to optimize the parameters subject
to the following criteria: First, the relative frequency of observing a length at
least ¢ is the same in the distribution § and the observed sample ~. Second, the
likelihood of independently generating lengths in the sample ~ from distribution
¢ is maximized.

In particular, let = = [> 52, v(4)]/[>ioq 7(i)] be the relative frequency of
observing length at least t. Then we want to maximize H;’it (5(2’)7(“ subject to
x =Y, 5(i). We can easily show that the maximum is achieved when

q= [Zi~'y(i+t) /[Z(i+1)~’y(i+t)
i=0

(1)
i=0

di =x-(1—q) (2)

Parameters dy,...,d;_1 can be set to the relative frequency of observing
corresponding lengths in training data. However, it is better to smooth these
values to avoid overfitting to training data. We used a smoothing procedure
introduced in GENSCAN [2]. In this method, every point from the training data
set is replaced by a normal distribution centered in this point. We obtain the
resulting smooth distribution as a sum of these normal distributions.

As we will show in Section 4, the running time for decoding of an HMM,
where lengths of the sequence elements are modeled by GT distribution, grows
linearly with ¢. Therefore, for small values of ¢, the algorithm runs fast, but the
distribution is close to geometric, which may not fit the data very well. For large
values of ¢, the decoding will be slower, but the distribution might fit the data
better. On the other hand, increasing the value of ¢ increases the number of
parameters to be estimated (parameters dy,...,d;—1), but the amount of data
available remains the same. Therefore the length distribution obtained for large
values of ¢ may not generalize well to examples not present in the training set.

In our tests, to compute a good value of ¢ for a given training data, we first
divided data randomly into k£ equal size parts. In each step, we set aside one
part as a testing data set, and we used the k — 1 remaining parts to estimate
parameters of a GT distribution for all values of ¢. The parameters were then
tested on the testing data set and the likelihood score of the testing data was
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Fig.1. (a) An example of a GT distribution consisting of an arbitrary
length distribution for lengths up to 146 and a geometric tail starting at length
147. (b) A simple boxed HMM model for DNA sequences consisting of
single-exon genes on the forward strand only. Internal transitions are marked
by dashed lines. All transitions have probability 1. Box B; models the region of
exon between the start and stop codons, box Bs models intergenic regions. Both
boxes can use non-geometric length distributions. Here a boxed HMM is a more
accurate model than the corresponding pure HMM

computed. We repeated this process k times, where in each step, one of the parts
served as testing data. Finally, we chose the value of ¢ with the best overall
performance.

In practice, such process can yield large values of ¢, so of course one can
specify an upper bound T based on constraints on running time of the decoding
algorithm.

3 HMMs and Boxed HMMs

A hidden Markov model is a generative probabilistic model, consisting of states
and transitions. Each state u is a Markov chain of order o,,. Let e, (21, ..., %o, , )
be the emission probability of generating character z, provided that the last o,
symbols generated are 1, ..., %,,. After a symbol is generated, one of the tran-
sitions is followed to another state. We denote the probability of a transition
from state u to state v as ay,y.

Typically each sequence element is modeled by a state or a group of states.
For example, in gene finding, groups of states correspond to introns, exons and
intergenic regions. Given a biological sequence, we can compute the path through
the model which has the highest probability of generating the sequence. This can
be done using the well-known Viterbi algorithm (see [5]) in O(nm?) time, where n
is the length of the sequence, and m is the number of states in the HMM. This
most probable path predicts the positions of the sequence elements.
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HMDMs impose a geometric distribution on the lengths of the sequences gen-
erated by individual states. This is inappropriate in many applications, and
therefore generalized Hidden Markov models are often used. In a generalized
HMM each state produces several characters instead of one. The number of
characters produced in each state is determined according to a given arbitrary
length distribution.

We will consider the following generalization of HMMs, which we call boxed
HMMs. States of a boxed HMM are organized in boxes. Each state corresponds
to a Markov chain of some order. A box is a subset of states; each state belongs to
at most one box (some states may be unboxed). Denote B(u) the box containing
state u. Each box of a boxed HMM is assigned a length distribution for how long
the HMM stays in the box. Denote dp the length distribution associated with
box B.

Each state located in a box has two sets of outgoing transitions: internal
transitions which lead only into states grouped in the same box, and external
transitions which can lead to any state. The probability of an internal transition
from state u to state v is denoted by a, ,,, and the probability of an external
transition is denoted a,,. For every state u, Zv Gy,» = 1 and for every boxed
state u, Y, aﬁw = 1. Unboxed states, of course, have only external transitions.

The boxed HMM as a generative model works as follows. Unboxed states are
treated as in ordinary HMMs. Once a box B is entered, the length m is generated
according to the length distribution dp. For the next m — 1 steps the internal
set of transitions is used in each state (i.e. the HMM will remain in box B for m
steps). In the m-th step the external set of transitions is used to take the model
to a new box or unboxed state (or to the same box, if that is chosen).? A simple
example of a boxed HMM is given in Figure 1b.

It might seem that the actual length distribution is a combination of the
explicit distribution §p associated with a box B and the implicit geometric-
like distribution induced by the internal transitions inside the box. However, for
a given length m and start state in box B, the sum of probabilities over all
strings of length m generated by box B is 1, and the internal transitions do not
constitute any implicit distribution of lengths.

Boxes of a boxed HMM correspond to states in other classes of generalized
HMDMs. However, each state inside a box can have a different set of external
transitions and transitions entering a box specify which state of the box is to
be used as the first. This feature is very useful for example for modeling frame
dependencies between exons in genes.

2 This implicitly assumes that each state inside the box has at least one external
transition. In some cases this might be undesirable. However, there are several ways
to relax this restriction to satisfy modeling needs, and the algorithms we present can
easily be modified to handle such extensions.
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4 Algorithms for Boxed HMMs

In this section we introduce an efficient algorithm which can be used to decode
boxed HMMs with GT length distributions. The algorithm is a modification of
the well-known Viterbi algorithm. Our modifications can be applied in similar
way to other generalized HMM models (and thus incorporated in other software
tools based on HMMs), as well as to other algorithms related to HMMs (e.g.
computing forward and backward probabilities).

Let the input sequence be x = zjx5...x,. The Viterbi algorithm uses
dynamic programming to compute, for each position in the sequence ¢ and
each state u, the probability of the most probable path generating the se-
quence r1xs ...x;, and ending in state u. In our algorithm, let P(u,i) be the
probability of such a path with additional constraint that if w is a part of a
box B, then the segment generated by B ends at position .

In addition to P(u,%), we compute two auxiliary quantities @ and p to make
the algorithm more efficient. Let dp be the GT distribution associated with
box B, and tp be the order of this distribution. The value Q(u,i) is defined
similarly to P(u,i), except that we consider only paths, in which the segment
generated by B has length at least t5 (Q(u, ) is undefined if state u is not part
of any box). The value of Q(u,1), representing all lengths greater than ¢p, can
be computed in a single step, rather than checking all such lengths one-by-one.

If states w and v are in the same box, let p(u,v,4,j) be the probability of
the most probable path generating sequence w;x;i1...x; starting in state u
and ending in state v, in which only internal transitions are used (this value is
undefined if w and v are not part of the same box). The values of p allow us to
quickly evaluate probabilities of regions generated inside a single box.

Figure 2 shows recurrence formulas for obtaining the values of P, @), and p.
Using these formulas, we can order the dynamic programming computation so
that no recursive evaluation is needed, as follows:

initialize P and @) Time
for i =1...n, for all states u

| if u is a boxed state

| | forl=0...tg) — 1, for all states v, where B(v) = B(u)

| | | compute p(v,u,i—1,4) (¥) O(|B(u)])
|

|

|

| compute Q(u,1i) O(m - |B(u)|)
compute P(u,1) O(m - |B(u)| - tp())

values computed in (*) can be discarded now

Note, that if a model does not contain any boxes, our algorithm is identical
to the Viterbi algorithm.

The algorithm has time complexity n Y, (m-|B(u)|-tpw) +|BW)|? -t pw) =
O(ndm?A), where d =3 5 %tB (weighted average of start of geometric tail in
GT distribution), and A is the maximum number of states located in a single
box. For example, in our gene finding experiments, we have used a model with
d =~ 187 and A = 3. The algorithm requires O(nm) memory, which is the same
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as Viterbi algorithm for ordinary HMMs. By contrast, the algorithm presented
in [10] runs in O(nD?*m?) time, where D is an upper bound on the length of
duration of one state, or O(n3m2), if such upper bound cannot be guaranteed.

The algorithm can be made more efficient if the topology of states in each box
satisfies further restrictions. For example, if the states in each box are organized
as in Figure 1b Box 1 (a k-periodic Markov chain), we can reduce the time
complexity to O(ndm?), because for a fixed i, j, and u, only one of the values
p(*,u,1,7) is non-zero.

Notation. e, (i) = eu(Ticoy, ..., Ti).
All values not defined otherwise are considered to be 0.

Computation of p(u,v,i,7):

If1<i<j,uv€ B:p(u,v,i,j) = max ey () - ay . - plw,v,i+1,7)
weB

Ifu=veB,1<i=j plu,v,4,j) =eui)
Computation of Q(u,1):

max P(w,i—tB): Gw, - 0B(tB) - p(v,u,i —tp +1,7)
Ifu € B,i>1:Q(u,i) = max { "5

max Q(v,i— 1) - a;,u ~qB - eu(i)
vEB

Computation of P(u,1):

‘71II13{X71 P(w,l _]) *Qw,v - 63(]) 'p(v7u7i —-Jj+ 171)
Ifu€ B,i>1: P(u,i) =max< " .55,
Q(u, 1)

If w is not in a box, i > 1: P(u,i) = max P(w,i — 1) - Gw,u - €u (%)

P(start,0) =1

Fig. 2. Recursive formulas used in the modified Viterbi algorithm to compute
values of P, @, and p

5 Application to Gene Finding

Gene finding is the process of locating genes in DNA sequences. A gene is a
region of DNA used in a cell as a template for producing a protein. A gene
consists of several coding regions called exons separated by non-coding regions
called introns. The DNA between genes is called “intergenic”. The goal of gene
finding is to label parts of the sequence as being exons, introns or intergenic
regions. HMMSs and generalized HMMs have been used for this task [2,1,7,6].
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We have conducted experiments to verify that the GT distributions are suit-
able for modeling length distributions occurring in the context of gene finding.
For this purpose, we have extracted the lengths of introns, intergenic regions
and exons from annotated DNA sequences. We distinguish among the first exon
in a gene, internal exons and the last exon in a gene, as the first and the last
exon of a gene are processed differently in a cell and their length distribution is
different.

At the end of the section we also discuss the effects of incorporation of GT
distributions into an existing gene finder.

5.1 Fitting GT Distribution to Gene Structure Elements

We have performed a simple analysis to determine how well the geometric-tail
distribution can fit the different elements of a gene structure and what are suit-
able values of ¢ (start of the geometric tail). The analysis was done using the
Sanger Centre annotation of human chromosome 22 [1]. We have extracted the
observed length distribution for each of the gene-structure elements from the
annotated sequences.

The results are presented in Figure 3. The length distribution for internal,
first, and last exons can be modeled quite accurately by a GT distribution with
small values of ¢ (we have used values of ¢ up to 150). Note, that in the case of
length distribution for last exons, there is a significant local maximum centered

a. internal exon, t = 147 b. first exon, t = 87 c. last exon, t = 111
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Fig. 3. Analysis of length distributions for human chromosome 22 (the Sanger
Centre annotation Release 2)
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at position approximately 300 which was not captured by the GT distribution.
In order to capture this local maximum well, we would need to choose ¢ at least
370. We have observed similar behavior of last exon length distribution in other
species as well (arabidopsis, rice), however this phenomena is less pronounced
there (results not shown). This may point to a presence of several types of last
exons in a genome.

The observed length distribution for introns appears to contain a very long
tail that decreases slower than exponentially. Thus the intron tail starts below
the observed values to compensate for the rest of the tail (using a very high
geometric coefficient ¢ & 0.9997). This behavior of the intron length distribution
can be explained by presence of two types of introns — short and long — which
are spliced by different splicing mechanisms (the distribution of short introns is
centered around 100bp, while the distribution of long introns is centered around
1000bp [8]).

To capture the mode of the distribution for intergenic region it would be nec-
essary to use impractically large values of t. Thus in this case we have retreated
to a geometric distribution.

We have conducted similar experiments on other species (arabidopsis, rice)
with similar results (data not shown). In general, the geometric-tail distribution
works well with practical values of ¢ for elements where large mass probability is
assigned to smaller lengths (exons and introns). However, to model the length of
intergenic regions accurately, we would need to use impractically high values of ¢,
so the GT distributions are not suitable for modeling the length of intergenic
regions.

5.2 Generalization to New Data

The parameters of a GT distribution are estimated by optimizing the fit to the
training data. However, if the resulting distribution fits training data well, it
does not mean that this would generalize to testing data.

In the second set of experiments we performed a 5-fold evaluation on the
data set used in the previous section. First, the data set was split into 5 parts.
In each step, four parts served as a training data and one part as a testing data.
We have used our algorithm to fit the GT distribution to the training data for
different values of ¢. Likelihood score was then evaluated for testing data set.
We repeated this process 5 times, each time with a different part serving as a
testing data set.

For comparison, we have also computed the likelihood score for the distribu-
tion obtained by the smoothing function from GENSCAN [2], and for the “ideal
fit” distribution that is obtained by using the same data set as both training
and testing data. The results are presented in Figure 4.

In all cases, the likelihood of testing data grows rapidly for small values of ¢.
Since a geometric distribution corresponds to value t = 1, even small values
of t give much better results than a geometric distribution. In the case of first
and last exons, the GT distribution outperformed the GENSCAN smoothing
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for large values of ¢ because the GENSCAN smoothing overfit the data in the
sparsely populated tail sections of the length distributions.

In the case of internal and first exons, we achieve performance close to GEN-
SCAN smoothing function very fast (for values of ¢ less than 150). For the last
exon the likelihood grows in two phases. In the first phase it achieves a local max-
imum at ¢t = 111; however, the likelihood is still significantly smaller than that
of GENSCAN smoothing. The likelihood of GENSCAN smoothing is achieved
at a second local maximum at ¢ = 370. This behavior is explained by a local
maximum centered around length of 300 in the length distribution of last exons
as observed in Figure 3c. This local maximum cannot be captured by a GT
distribution for ¢ < 300.

For intron length distribution, the likelihood of testing data grows steadily
even for large values of ¢ (several thousands — data not shown). In this case we
need to balance running time versus computation precision.

In all the cases, we see that even small values of ¢ help significantly compared
to a geometric distribution (¢ = 1). Moderate values of ¢ allow fast running time,
while yielding good results.
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5.3 Incorporating GT Distribution into a Gene Finder

We have implemented our algorithm for boxed HMMs and created a simple
gene finder. Our preliminary experiments show that using GT distributions can
improve the prediction accuracy compared to a geometric distribution. Sensitiv-
ity /specificity in terms of exact exons was improved by 5%/3%. The benchmark
dataset by Burset and Guigé [3] was used in this experiment. The rate of im-
provement is consistent with results presented in [3].

However, this rate of improvement cannot be expected after incorporating
GT distribution to gene finders based on generalized HMMs, such as GEN-
SCAN [2], which is one of the most successful gene finders. Still, our technique
can improve both speed and modeling accuracy of such a gene finder.

GENSCAN uses generalized states to model length distribution of exons.
Generalized states generate exon-like sequences with the smoothed length dis-
tribution observed in the training data. This, in general, leads to a quadratic
running time in the length of the sequence (which is impractical in case of long
DNA sequences). However, in case of exons it is possible to use boundaries ob-
served in DNA sequences (so called open reading frames) to limit the search in
Viterbi algorithm as exons cannot extend beyond these regions. This is still slow
in the case of long open reading frames.

By using GT distributions, it is possible to limit the search also by parame-
ter t of the distribution. As we have shown before, the parameter ¢ can be quite
small (up to 200), while still modeling exon length distribution accurately. This
means that the decoding can be sped up by our technique without sacrificing
prediction accuracy.

GENSCAN’s technique cannot be extended reasonably to other elements of
DNA sequence (introns and intergenic regions). This is because there are no
sequence features such as open reading frames which could be used to limit the
search. Therefore in GENSCAN the authors used geometric distributions for
introns and intergenic regions.

However, we have shown that a GT distribution can model intron lengths
much better than a geometric distribution with reasonably small values of ¢ (such
as 200). Modeling intron lengths with GT distributions could thus improve the
accuracy of GENSCAN. Still, GT distributions are impractical for intergenic
regions, as we would need large values of ¢ (more than 10000).

6 Conclusion

We have studied the problem of modeling length distributions in HMMs for
annotation of biological sequences. We have described geometric-tail distribu-
tions and boxed HMMs—a class of generalized HMMs that work well with GT
distributions. We have demonstrated how to estimate the parameters of a GT
distribution from training data and how to modify the classical algorithms for
HMDMs to handle boxed HMMs with GT distributions efficiently. Our framework
is flexible, and several used types of generalized HMMs can be expressed as a
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boxed HMM. Previously known methods are either too slow to be applied to bi-
ological data, or the algorithms have been tailored to one particular application,
and hard to generalize for other cases or models.

We have also studied an application of our methods to gene finding. We pro-
vide evidence that the GT distribution is indeed a reasonable model for length
distribution of introns and exons in genes. We showed that the GT distribu-
tion that fits the training data generalizes well to unseen testing data sets. We
have discussed the possibility of incorporating GT distributions to current HMM
based gene finders.
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Abstract. We present a new bit-parallel technique for approximate
string matching. We build on two previous techniques. The first one
[Myers, J. of the ACM, 1999], searches for a pattern of length m in a
text of length n permitting k differences in O(mn/w) time, where w is
the width of the computer word. The second one [Navarro and Raffinot,
ACM JEA, 2000], extends a sublinear-time exact algorithm to approx-
imate searching. The latter technique makes use of an O(kmn/w) time
algorithm [Wu and Manber, Comm. ACM, 1992] for its internal workings.
This algorithm is slow but flexible enough to support all the required op-
erations. In this paper we show that the faster algorithm of Myers can
be adapted to support all those operations. This involves extending it
to compute edit distance, to search for any pattern suffix, and to detect
in advance the impossibility of a later match. The result is an algorithm
that performs better than the original version of Navarro and Raffinot
and that is the fastest for several combinations of m, k& and alphabet
sizes that are useful, for example, in natural language searching and
computational biology.

1 Introduction

Approximate string matching is one of the main problems in classical string
algorithms, with applications to text searching, computational biology, pattern
recognition, etc. Given a text of length n, a pattern of length m, and a maxi-
mal number of differences permitted, k, we want to find all the text positions
where the pattern matches the text up to k differences. The differences can be
substituting, deleting or inserting a character. We call « = k/m the difference
ratio, and o the size of the alphabet Y. All the average case figures in this paper
assume random text and uniformly distributed alphabet.

In this paper we consider online searching, that is, the pattern can be pre-
processed but the text cannot. The classical solution to the problem is based on
filling a dynamic programming matrix and needs O(mn) time [16]. Since then,
many improvements have been proposed (see [11] for a complete survey). These
can be divided into four types.
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The first type is based on dynamic programming and has achieved O(kn)
worst case time [7,9]. These algorithms are not really practical, but there ex-
ist also practical solutions that achieve, on the average, O(kn) [20] and even
O(kn/+/o) time [4].

The second type reduces the problem to an automaton search, since approx-
imate searching can be expressed in that way. A deterministic finite automaton
(DFA) is used in [20] so as to obtain O(n) search time, which is worst-case opti-
mal. The problem is that the preprocessing time and the space is O(3™), which
makes the approach practical only for very small patterns. In [22] they trade
time for space using a Four Russians approach, achieving O(kn/logs) time on
average and O(mn/ log s) in the worst case, assuming that O(s) space is available
for the DFAs.

The third approach filters the text to quickly discard large text areas, using
a necessary condition for an approximate occurrence that is easier to check than
the full condition. The areas that cannot be discarded are verified with a clas-
sical algorithm [18,17,5,12,14]. These algorithms achieve “sublinear” expected
time in many cases for low difference ratios, that is, not all text characters are
inspected. However, the filtration is not effective for higher ratios. The typical
average complexity is O(knlog, m/m) for a = O(1/log, m). The optimal aver-
age complexity is O((k-+log, m)n/m) for a < 1—0O(1/+/o) [5], which is achieved
in the same paper. The algorithm, however, is not practical.

Finally, the fourth approach is bit-parallelism [1,21], which consists in packing
several values in the bits of the same computer word and managing to update
all them in a single operation. The idea is to simulate another algorithm using
bit-parallelism. The first bit-parallel algorithm for approximate searching [21]
parallelized an automaton-based algorithm: a nondeterministic finite automaton
(NFA) was simulated in O(k[m/w]n) time, where w is the number of bits in
the computer word. We call this algorithm BPA (for Bit-Parallel Automaton)
in this paper. BPA was improved to O([km/w]n) [3] and finally to O([m/w]n)
time [10]. The latter simulates the classical dynamic programming algorithm
using bit-parallelism, and we call it BPM (for Bit-Parallel Matrix) in this paper.

Currently the most successful approaches are filtering and bit-parallelism. A
promising approach combining both [14] will be called ABNDM in this paper
(for Approximate BNDM). The original ABNDM was built on BPA because the
latter is the most flexible for the particular operations needed. The faster BPM
was not used at that time yet because of the difficulty in modifying it to be
suitable for ABNDM.

In this paper we extend BPM in several ways so as to permit it to be used
in the framework of ABNDM. The result is a competitive approximate string
matching algorithm. In particular, the algorithm turns out to be the fastest for
a range of m and k that includes interesting cases of natural language searching
and computational biology applications.
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2 Basic Concepts

2.1 Notation

We will use the following notation on strings: |x| will be the length of string «; €
will be the only string of length zero; string positions will start at 1; substrings
will be denoted as z;...j, meaning taking from the i-th to the j-th character of x,
both inclusive; x; will denote the single character at position i in x. We say
that x is a prefix of xy, a suffix of yx, and a substring or factor of yxz.

Bit-parallel algorithms will be described using C-like notation for the opera-
tions: bitwise “and” (&), bitwise “or” (|), bitwise “xor” (A), bit complementation
(~), and shifts to the left (<<) and to the right (>>), which are assumed to
enter zero bits both ways. We also perform normal arithmetic operations (4,
—, etc.) on the bit masks, which are treated as numbers in this case. Constant
bit masks are expressed as sequences of bits, the first to the right, using expo-
nentiation to denote bit repetition, for example 10° = 1000 has a 1 at the 4-th
position.

2.2 Problem Description

The problem of approximate string matching can be stated as follows: given
a (long) text T of length n, and a (short) pattern P of length m, both being
sequences of characters from an alphabet X' of size o, and a maximum number
of differences permitted, k, find all the segments of T whose edit distance to P is
at most k. Those segments are called “occurrences”, and it is common to report
only their start or end points.

The edit distance between two strings x and y is the minimum number of
differences that would transform z into y or vice versa. The allowed differences
are deletion, insertion and substitution of characters. The problem is non-trivial
for 0 < k < m. The difference ratio is defined as o = k/m.

Formally, if ed() denotes the edit distance, we may want to report start
points (i.e. {|z|, T = xP'y, ed(P,P’) < k}) or end points (i.e. {|zP’|, T =
xP'y, ed(P,P") < k}) of occurrences.

2.3 Dynamic Programming

The oldest and still most flexible (albeit slowest) algorithm to solve the problem
is based on dynamic programming [16]. We first show how to compute the edit
distance between two strings « and y. To compute ed(z,y), a matrix My jz),0..1y]
is filled, where M;; = ed(z1.4,91.), so at the end My |, = ed(z,y). This
matrix is computed as follows

M’L',O — ia MO,j — ja
Mi,j «— if (l‘z = yj) then Mi,17j71 else 1 -+ min(Mi,Lj, Mi’jfl, Mifl’jfl)
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where the formula accounts for the three allowed operations. This matrix is
usually filled columnwise left to right, and each column top to bottom. The time
to compute ed(z,y) is then O(|z||y|).

This is easily extended to approximate searching, where x = P and y = T,
by letting an occurrence start anywhere in 7. The only change is the initial
condition My ; <« 0. The time is still O(|z||y]) = O(mn). The space can be
reduced to O(m) by storing only one column of the matrix at a time, namely,
the one corresponding to the current text position (going left to right means
examining the text sequentially).

In this case it is more appropriate to think of a column vector Cy. ., which
is initialized at C; « i and updated to C” after reading text character T; using
C! « if (P, =1T}) then C;_q else 1 + min(C;_,,C;, Ci_1)

for all ¢ > 0, and hence we report every end position j where C; < k.

Several properties of the matrix M are discussed in [19]. The most important
for us is that adjacent cells in M differ at most by 1, that is, both M; ; — M;41 ;
and M; ; — M; j+1 are in the range {—1,0,+1}. Also, M1 j41 — M, ; is in the
range {0, 1}.

Fig. 1 shows examples of edit distance computation and approximate string
matching.

s|u|r|gle|r|y s|ulr|g|e|r|y
0(1]2]3[4|5|6]|7 00]0|0|0|0O]0]|O
s|1|0]|1]2|3]|4]|5]|6 sf1joj1|1|1]|1|1|1
ul2|1(0|1]2|3|4]|5 ul2({1|0|1|2|2]2]2
ri3(2|11]0(1|2|3|4 ri3|/2(1(0|1]2]2|3
vi4|3(2|1|1]2]|3|4 vi4|3|2[1|1|2|3|3
e[S54 |3 2]|2|1]|2|3 elb|4|3|2|2]|1]2|3
y|6|5(4]3|3|2]|2|2 y|6|5]4[3|3|2]|2]|2

Fig. 1. The dynamic programming algorithm. On the left, to compute the edit
distance between "survey" and "surgery". On the right, to search for "survey"
in the text "surgery". The bold entries show the cell with the edit distance (left)
and the end positions of occurrences for k = 2 (right)

2.4 The Cutoff Improvement

In [20] they consider the dynamic programming algorithm and observe that
column values larger than k can be assumed to be k + 1 without affecting the
output of the computation. Cells of C' with value not exceeding k are called
active. In the algorithm, the index ¢ of the last active cell (i.e., largest i such
that C; < k) is maintained. All the values Cpi1. ,,, are assumed to be k + 1,
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so C needs to be updated only in the range C;. . Later [1] it was shown that,
on average, { = O(k) and therefore the algorithm is O(kn).

The value ¢ has to be updated throughout the computation. Initially, ¢ = k
because C; = 7. It is shown that, at each new column, the last active cell can be
incremented at most by one, so we check whether Cy;; < k and in such a case
we increment . However, it is also possible that which was the last active cell
becomes inactive now, that is, Cy > k. In this case we have to search upwards for
the new last active cell. Despite that this search can take O(m) time at a given
column, we cannot work more than O(n) overall, because there are at most n
increments of ¢ in the whole process, and hence there are no more than n + k
decrements. Hence, the last active cell is maintained at O(1) amortized cost per
column.

2.5 An Automaton View

An alternative approach is to model the search with a non-deterministic au-
tomaton (NFA) [2]. Consider the NFA for k& = 2 differences shown in Fig. 2.
Each of the k+ 1 rows denotes the number of differences seen (the first row zero,
the second row one, etc.). Every column represents matching a pattern prefix.
Horizontal arrows represent matching a character. All the others increment the
number of differences (i.e., move to the next row): vertical arrows insert a char-
acter in the pattern, solid diagonal arrows substitute a character, and dashed
diagonal arrows delete a character of the pattern. The initial self-loop allows an
occurrence to start anywhere in the text. The automaton signals (the end of) a
match whenever a rightmost state is active.

It is not hard to see that once a state in the automaton is active, all the
states of the same column and higher-numbered rows are active too. Moreover,
at a given text position, if we collect the smallest active rows at each column, we
obtain the vector C' of the dynamic programming (in this case [0, 1,2, 3,3, 3, 2],
compare to Fig. 1).

Note that the NFA can be used to compute edit distance by simply removing
the self-loop, although it cannot distinguish among different values larger than k.

2.6 A Bit-Parallel Automaton Simulation (BPA)

The idea of BPA [21] is to simulate the NFA of Fig. 2 using bit-parallelism,
so that each row ¢ of the automaton fits in a computer word R; (each state is
represented by a bit). For each new text character, all the transitions of the
automaton are simulated using bit operations among the k4 1 computer words.

The update formula to obtain the new R; values at text position j from the
current RR; values is as follows:

Ry — ((Ry << 1) | 0™~ 1) & B[T}]
Riyy — (R << 1) & B[T]) | By | (Ri<<1) | (R} <<1)

where Blc| is a precomputed table of o entries such that the r-th bit of Bc]
is set whenever P, = c¢. We start the search with R; = 0™ *1%. In the formula
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no errors

1 error

2 errors

Fig.2. An NFA for approximate string matching of the pattern "survey"
with two differences. The shaded states are those active after reading the text
"surgery"

for R;,, are expressed, in that order, horizontal, vertical, diagonal and dashed
diagonal arrows.

If m > w we need [m/w] computer words to simulate every R; mask, and
have to update them one by one. The cost of this simulation is thus O(k[m/w]|n).
The algorithm is flexible, for example in order to remove the initial self-loop one
has to change the update formula for Ry to R «— (Ro << 1) & BI[T}].

2.7 Myers’ Bit-Parallel Matrix Simulation (BPM)

A better way to parallelize the computation [10] is to represent the differences
between consecutive rows or columns of the dynamic programming matrix in-
stead of the NFA states. Let us call

DMy =M;;—M; ;-1 € {-1,0,+1}
DMy j=M;;—M;i—1; € {-1,0,+1}
Mij = Mij—Miy;1 € {0,1}

the horizontal, vertical, and diagonal differences among consecutive cells. Their
range of values come from the properties of the dynamic programming ma-
trix [19].

We present a version [8] that differs slightly from that of [10]: Although both
perform the same number of operations per text character, the one we present
is easier to understand and more convenient for our purposes.

Let us introduce the following boolean variables. The first four refer to hori-
zontal /vertical positive/negative differences and the last to the diagonal differ-
ence being zero:

VP,L',j = Al)i,j =+1 VNZ‘J = Al)i,j =1
HPZ‘J‘ = Ahi,j = +1 HN,L',]‘ = AhiJ‘ =1
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DOi,j = Mfi,j =0

Note that A}i,j = VPZ'J'*VNLJ', Ahiyj = HpiyijNiyj, and Aiiyj = 17D017]
It is clear that these values completely define M; ; =% | , Qv ;.

The boolean matrices HN, VN, HP, V P, and D0 can be seen as vectors in-
dexed by i, which change their value for each new text position j, as we traverse
the text. These vectors are kept in bit masks with the same name. Hence, for
example, the i-th bit of the bit mask HN will correspond to the value HN; ;.
The index j — 1 refers to the previous value of the bit mask (before process-
ing Tj), whereas j refers to the new value, after processing T;. By noticing some
dependencies among the five variables [8,15], one can arrive to identities that
permit computing their new values (at j) from their old values (at j — 1) fast.

Fig. 3 gives the pseudo-code. The value diff stores C,, = My, ; explicitly
and is updated using H P, ; and HN,, ;.

BPM (lem7 Tlmny k/‘)

1. Preprocessing

2. For ¢ € ¥ Do Bjc] — 0™

3. For i € 1...m Do B[P,] — B[R] | 0™~‘10"!

4. VP — 1" VN « 0™

5. diff —m

6. Searching

7. Forje1l...n Do

8. X «— B[T;] | VN

9. DO — (VP+(X &VP)) N VP)| X

10. HN — VP & DO

11. HP — VN | ~ (VP | D0)

12. X —HP<<1

13. VN — X & DO

14. VP — (HN <<1)| ~ (X | DO0)

15. If HP & 10™~! # 0™ Then diff — diff +1
16. If HN & 10™~! % 0™ Then diff — diff — 1
17. If diff <k Then report an occurrence at j

Fig. 3. BPM bit-parallel simulation of the dynamic programming matrix

This algorithm uses the bits of the computer word better than previous
bit-parallel algorithms, with a worst case of O([m/w]n) time. However, the
algorithm is more difficult to adapt to other related problems, and this has
prevented it from being used as an internal tool of other algorithms.

2.8 The ABNDM Algorithm

Given a pattern P, a suffix automaton is an automaton that recognizes every
suffix of P. This is used in [6] to design a simple exact pattern matching algorithm
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called BDM, which is optimal on average (O(nlog, m/m) time). To search for
a pattern P in a text T, the suffix automaton of P" = P, Py,—1... Py (i.e. the
pattern read backwards) is built. A window of length m is slid along the text,
from left to right. The algorithm scans the window backwards, using the suffix
automaton to recognize a factor of P. During this scan, if a final state is reached
that does not correspond to the entire pattern P, the window position is recorded
in a variable last. This corresponds to finding a prefiz of the pattern starting at
position last inside the window and ending at the end of the window, because
the suffixes of P" are the reverse prefixes of P. This backward search ends in
two possible forms:

1. We fail to recognize a factor, that is, we reach a letter a that does not
correspond to a transition in the suffix automaton (Fig. 4). In this case we
shift the window to the right so as to align its starting position to the position

last.
Factor search:
Text i l’mi
EEEEEEEET  EEEEEEEEEEEEEEEE
e [ ] T 1] [ 1]
Safe sif [(TIITTTT]

Fig. 4. BDM search scheme

2. We reach the beginning of the window, and hence recognize P and report the
occurrence. Then, we shift the window exactly as in case 1 (to the previous
last value).

In BNDM [14] this scheme is combined with bit-parallelism so as to replace
the construction of the deterministic suffix automaton by the bit-parallel simula-
tion of a nondeterministic one. The scheme turns out to be flexible and powerful,
and permits other types of search, in particular approximate search. The result-
ing algorithm is ABNDM.

We modify the NFA of Fig. 2 so that it recognizes not only the whole pattern
but also any suffix thereof, allowing up to k differences. Fig. 5 illustrates the
modified NFA. Note that we have removed the initial self-loop, so it does not
search for the pattern but recognizes strings at edit distance k or less from the
pattern. Moreover, we have built it on the reverse pattern. We have also added
an initial state “I”, with e-transitions leaving it. These allow the automaton to
recognize, with up to k differences, any suffix of the pattern.

In the case of approximate searching, the length of a pattern occurrence
ranges from m — k to m + k. To avoid missing any occurrence, we move a
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no errors

1 error

2 errors

Fig.5. An NFA to recognize suffixes of the pattern "survey" reversed

window of length m — k on the text, and scan backwards the window using the
NFA described above.

Each time we move the window to a new position we start the automaton
with all its states active, which represents setting the initial state to active and
letting the e-transitions propagate this activation to all the automaton (the states
in the lower-left triangle are also activated to allow initial insertions). Then we
start reading the window characters backward.

We recognize a prefix and update last whenever the final NFA state is acti-
vated. We stop the backward scan when the NFA is out of active states.

If the automaton recognizes a pattern prefix at the initial window position,
then it is possible (but not necessary) that the window starts an occurrence. The
reason is that strings of different length match the pattern with k differences,
and all we know is that we have matched a prefix of the pattern of length m — k.

Therefore, in this case we need to verify whether there is a pattern occurrence
starting exactly at the beginning of the window. For this sake, we run the tradi-
tional automaton that computes edit distance (i.e., that of Fig. 2 without initial
self-loop) from the initial window position in the text. After reading at most
m + k characters we have either found a match starting at the window position
(that is, the final state becomes active) or determined that no match starts at
the window beginning (that is, the automaton runs out of active states).

So we need two different automata in this algorithm. The first one makes the
backward scanning, recognizing suffixes of P". The second one makes the forward
scanning, recognizing P.

The automata can be simulated in a number of ways. In [14] they choose
BPA [21] because it is easy to adapt to the new scenario. To recognize all the
suffixes we just need to initialize R; <« 1". To make it compute edit dis-
tance, we remove the self-loop as explained in Sec. 2.6. The final state is active
when Ry, & 10™~! £ 0™. The NFA is out of active states whenever Rj, = 0™.
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Other approaches were discarded: an alternative NFA simulation [3] is not prac-
tical to compute edit distance, and BPM [10] cannot easily tell when the corre-
sponding automaton is out of active states, or which is the same, when all the
cells of the current dynamic programming column are larger than k.

Fig. 6 shows the algorithm.

ABNDM (Pi..m, Th..n, k)

1. Preprocessing

2. Build forward and backward NFA simulations (fNFA and bNF A)
3. Searching

4. pos «— 0

5. While pos < n — (m — k) Do

6. j—m—k,last — m—k

7. Initialize bNF' A

8. While j # 0 AND bNF A has active states Do

9. Feed bNF A with Tpos+;

10. j—j—1

11. If bNF A’s final state is active Then /* prefix recognized */
12. If j > 0 Then last «— j

13. Else check with fNF A a possible

14. occurrence starting at pos + 1

15. pos < pos + last

Fig. 6. The generic ABNDM algorithm

The algorithm is shown to be good for moderate m, low k and small o, which
is an interesting case, for example, in DNA searching. However, the use of BPA
for the NFA simulation limits its usefulness to very small k values. Our purpose
in this paper is to show that BPM can be extended for this task, so as to obtain
a faster version of ABNDM that works with larger k.

Average Case Analysis of ABNDM. We show that ABNDM inspects on average
O(knlog,(m)/m) text positions. This is better than what was previously ob-
tained [11]. Using previous results [11], we have that the total number of strings
that match a suffix of a pattern of length m with £ errors is at least (ZL) (0 —1)F

(assuming only replacements and matching only the whole pattern) and at most

m(?j)Qak (counting every suffix as if it had length m and assuming all the strings

different). If we inserted those strings in a trie, the resulting height would be
logarithmic (base o) in the number of strings inserted. This means a height of
O(k + mlog, m — klog, k — (m — k)log,(m — k)), which can be factorized as

9(kerlogUﬁJrkloga’”T_k).V\/'ehavemlogCr - = mlog, (1+ﬁ)<

m—k —

—-k < 2k. The latter is because we are interested in the case k < m/2, as oth-

erwise the algorithm cannot be sublinear time: the window is of length m — k
and we read at least k+ 1 characters before the NFA can run out of active states.
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Hence we have that the height is ©(k + klog,(m/k)). This is ©(klog, m), for
example consider the case k = m>.

Traversing the window backwards until the NFA runs out of active states
is equivalent to entering the above trie with the reverse window. On average,
we reach the end of the trie in ©(klog, m) steps. Then we shift the window
forward in m — O(klog, m) positions. Overall, we inspect O(kn log,(m)/m) text
positions, for a < 1/2. If we use BPA, the complexity is O(k*nlog,(m)/w). If
we manage to use BPM, this goes down to O(knlog,(m)/w).

3 Forward Scanning with the BPM Simulation

We first focus on how to adapt the BPM algorithm to perform the forward
scanning required by the ABNDM algorithm. Two modifications are necessary.
The first is to make the algorithm compute edit distance instead of performing
text searching. The second is making it able to determine when it is not possible
to obtain edit distance < k by reading more characters.

3.1 Computing Edit Distance

We recall that BPM implements the dynamic programming algorithm of Sec. 2.3
in such a way that differential values, rather than absolute ones, are stored.
Therefore, we must consider which is the change required in the dynamic pro-
gramming matrix in order to compute edit distance. As explained in Sec. 2.3,
the only change is that My, ,; = j. In differential terms (Sec. 2.7), this means
Mg ; = 1 instead of zero.

When Ahg ; = 0, its value does not need to be explicitly present in the BPM
algorithm. The value makes a difference only when HP or HN is shifted left,
which happens on lines 12 and 14 of the algorithm (Fig. 3). On these occasions
the assumed bit zero enters automatically from the right, thereby implicitly using
a value Mg ; = 0. To use a value Ay ; = 1 instead, we change line 12 of the
algorithm to X « (HP << 1) | 0m~11.

Since we will use this technique several times from now on, we give in Fig. 7
the code for a single step of edit distance computation.

3.2 Preempting the Computation

Albeit in the forward scan we could always run the automaton through m + k
text characters, stopping only if diff < k to signal a match, it is also possible
to determine that diff will always be larger than k in the characters to come.
This happens when all the cells of the vector C; are larger than k, because there
is no way in the recurrence to introduce a value smaller than the current ones.
In the automaton view, this is the same as the NFA running out of active states
(since an active state at column ¢ and row r would mean C; = r < k).

This is more difficult in the dynamic programming matrix simulation of BPM.
The only column value that is explicitly stored is diff = C),. The others are



214 Heikki Hyyré and Gonzalo Navarro

BPMStep (Bc)

X — Bc| VN

DO« (VP+(X & VP)) A VP) | X
HN — VP & DO

HP «— VN | ~ (VP | D0)

X — (HP<<1)]0m™ "1

VN «— X & DO

VP« (HN << 1) | ~ (X | D0)

N ot =

Fig. 7. Single step of the adaptation of BPM to compute edit distance. It receives
the bit mask B of the current text character and shares all the other variables
with the calling process

implicitly represented as C; = . _; ,(VP. — VN,). It is not easy to check
whether Vi, C; > k using this incremental representation.

Our solution is inspired by the cutoff algorithm of Sec. 2.4. This algorithm
permits knowing all the time the largest ¢ such that Cy < k, at constant amor-
tized time per text position. Although designed for text searching, the technique
can be applied without any change to the edit distance computation algorithm.
Clearly 3i, C; <k < (>0.

So we have to figure out how to compute ¢ using BPM. Initially, since C; = 1,
we set ¢ «— k. Later, we have to update ¢ for each new text character read.
Recall that, given that neighboring cells in M differ by at most one, and that
by definition My ;1 > k, we have that M, ;_; = k.

Since ¢ can increase at most by one at the new text position, we start by
effectively increasing it. This increment is correct when M1 ; < k before doing
the increment. Since Myyq,j — My j—1 = et ; € {0,1}, we have that it was
correct to increase £ if and only if the bit DO, ; is set after the increment. If it was
not correct to increase £, we decrease it as much as necessary to obtain M, ; < k.
In this case we know that M, ; = k41, and so we obtain My_y ; = My ;—V Py ;j+
V N¢ ;, and so on with £ —2, ¢ — 3, etc. If we reach £ = 0 and still M, ; > k, then
all the rows are larger than k and we stop the scanning process.

The above arguments assume ¢ < m. Note that, as soon as £ = m, we have
that ('), < k and therefore the forward scan will then terminate because we have
found an occurrence.

Fig. 8 shows the forward scanning algorithm. It scans from text position j and
determines whether there is an occurrence starting at j. Instead of P, the routine
receives the mask B already computed (see Fig. 3). Note that for efficiency ¢ is
maintained in unary.
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BPMFwd (B, )., k)

1. VP — 1" VN« 0™

2. £—0m R0kt

3. While j < n Do

4, BPMStep (B[T}])

5. (—1<<1

6. If DO & ¢ = 0™ Then

7. val «— k+1

8. While val > k Do

9. If £ = 0™ '1 Then Return FALSE

10. IfVP & ¢ # 0™ Then val <+ val — 1
11. IfVN & ¢ # 0™ Then val «— val + 1
12. {—{>>1

13. Else If / = 10™ ! Then Return TRUE

14. jo— j4+1

15. Return FALSE

Fig. 8. Adaptation of BPM to perform a forward scan from text position j and
return whether there is an occurrence starting at j

4 Backward Scanning with the BPM Simulation

The backward scan has the particularity that all the NFA states start active.
This is equivalent to initializing C' as C; = 0 for all 7. The place where this
initialization is expressed in BPM is on line 4 of Fig. 3. Since VP = 1™, we
have C; = i. We change it to VP « 0™ and obtain the desired effect. Also, like
in forward scanning, My ; = j, so we apply to line 12 the same change as with
forward scanning in order to use the value Ay ; = 1.

With these tools at hand, we could simply apply the forward scan algorithm
with B built on P" and reading the window backwards. We could use ¢ to
determine when the NFA is out of active states. Every time £ = m we know that
we have recognized a prefix and hence update last. There are a few changes,
though: (i) we start with ¢ = m because M, o = 0; and (ii) we have to deal with
the case ¢ = m when updating ¢, because now we do not stop the backward
scanning in that case but just update last.

The latter problem is solved as follows. As soon as £ = m we stop tracking
¢ and initialize diff < k as the known value for C,,. We keep updating diff
using HP and HN just as in Fig. 3, until diff > k. At this moment we switch
to updating ¢ again, moving it upwards as necessary.

The above scheme works correctly but it is terribly slow. The reason is that
{ starts at m and it has to reach zero before we can leave the window. This
requires m shifting operations ¢ < ¢ >> 1, which is a lot considering that
on average one traverses O(klog, m) characters in the window. The O(k + n)
complexity given in Sec. 2.4 becomes here O(m + klog, m). So, the problem is
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that all the column values reach a value larger than k£ quite soon, but we take
too much time traversing all them to determine that this has happened.

We present two solutions to determine fast that all the C; values have sur-
passed k.

4.1 Bit-Parallel Counters

In the original BPM algorithm the integer value diff = C,, is explicitly main-
tained in order to determine which text positions match. The way is to use
the m-th bit of HP and HN to keep track of C,,. This part of the algorithm
is not bit-parallel, so in principle one cannot do the same with all the C; values
and still hope to update all of them in a single operation.

However, it is possible to store several such counters in the same computer
word M C and use them as upper bound to the others. Since the C; values start
at zero and the window is of length m — &, we need in principle [logy(m — k)]
bits to store any C; value (their value after reading the last window character is
not important). Hence we have space for O(m/logm) counters in MC.

To determine the minimum number @ of bits needed for each counter we
must look a bit ahead in our algorithm. We will need to determine that all the
counters have exceeded k' = k+|Q/2]. For this sake, we initialize the counters at
a value b that makes sure that their last bit will be activated when they surpass
this threshold. So we need that (i) b+&’+1 = 2971, On the other hand, we have
to ensure that the @-th bit is always set for any counter value up to the (m —k)-
th step in the backward scan, and that @ bits are still enough to represent the
counter. So we need that (i) b +m — k < 29. Finally, we need (iii) b > 0. By
replacing (i) in (ii) we get (") b =29"! — k' — 1 and (ii’) m — k — k' < 29~!. By
(iii) and (i’) we get (iii’) ¥’ + 1 < 297! Hence the solution to the new system
of inequalities is Q = 1+ [logy(max(m —k — k', k' 4+1))],and b = 2971 — k' — 1.

The problem with the above solution is that & = k + | Q/2], so the solution
is indeed a recurrence for Q). Fortunately, it is easy to solve. Since (X +Y)/2 <
max(X,Y) < X +Y for any nonnegative X and Y, if we call X =m — k — ¥
and Y =k’ 41, we have that X +Y =m —k+1. So Q < 1+ [logy(m —k+1)],
and Q > 1+ [logy((m — k+1)/2)] = [logy(m — k + 1)]. This gives a 2-integer
range for the actual @ value. If @ = [logy(m — k4 1)] does not satisfy (ii’) and
(iii’), we use @ + 1. This scheme works correctly as long as X,Y > 0, that is,
|Q/2] < m — 2k, or m —Fk > k'. As it becomes clear later, we cannot use this
method if this does not hold, because the algorithm will have to verify every
text window.

We decide to store t = [m/Q] counters, for Cp,,Crni—q,Cm-20,.--,
Crn—(t—1)@- The counter for Cy, g uses the bits of the region m —r@...m —
rQ + Q — 1, both inclusive. This means that we need m + Q — 1 bits for M C.

The counters can be used as follows. Since every cell is at distance at most
|@Q/2] to some represented counter and the difference between consecutive cells

! If sticking to m bits is necessary we can store C,, separately in the diff variable, at
the same complexity but more cost in practice.
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is at most 1, it is enough that all the counters are > k' +1 =k + |Q/2] + 1, to
be sure that all the cells of C exceed k.

So the idea is to traverse the window until all the counters exceed &’ and then
shift the window. We will examine a few more cells than if we had controlled
exactly all the C values: The backward scan will behave as if we permitted
E =k + |Q/2] differences, so the number of characters inspected is ©(n(k +
logm)log, m/m). Note that we have only m/Q suffixes to test but this does
not affect the complexity. Note also that the amount of shifting is not affected
because we have C),, correctly represented.

We have to face two problems. The first one is how to update all the counters
in a single operation. This is not hard because counter C,,_,.q can be updated
from its old to its new value by considering the (m — rQ)-th bits of HP and
HN. That is, we define a mask sMask = (09711)*0"+@~1=*Q and update MC
using MC «— MC + (HP & sMask) — (HN & sMask).

The second problem is how to determine that all the counters have exceeded
k'. For this sake we have defined b and ) so that the Q-th bits of the counters
get activated when they exceed k. If we define eMask = (109~ 1)tgm+Q-1-tQ
then we can stop the scanning whenever MC & eMask = eMask.

Finally, note that our assumption that every cell in C is at distance at most
|@Q/2] to a represented cell may not be true for the first |Q/2] cells. However, we
know that, at the j-th iteration, Cy = j, so we may assume there is an implicit
counter at row zero. Moreover, since this counter is always incremented, it is
larger than any other counter, so it will surely surpass & when other counters
do. The initial |Q/2] cells are close enough to this implicit counter.

Fig. 9 shows the pseudocode of the algorithm. All the bit masks are of
length m, except sMask, eMask and MC', which are of length m + @ — 1.

In case our upper bound turns out to be too loose, we can use several inter-
leaved sets of counters, each set in its own bit-parallel counter. For example we
could use two interleaved MC' counters and hence the limit would be Q/4. In
general we could use ¢ counters and have a limit of the form ¢ /2¢. The cost would
be O(ne(k +log(m)/2°) log, m/m), which is optimized for ¢ = log, (log, (m)/k),
where the complexity is O(nk log, mloglog, m/m) for k = o(log, m) and the
normal O(nklog, m/m) otherwise.

4.2 Bit-Parallel Cutoff

The previous technique, although simple, has the problem that it changes the
complexity of the search and inspects more cells than necessary. We can instead
produce, using a similar approach, an algorithm with the same complexity as
the basic version. This time the idea is to mix the bit-parallel counters with a
bit-parallel version of the cutoff algorithm (Sec. 2.4).

Consider regions m—rQ —Q+1...m—7rQ of length @Q. Instead of having the
counters fixed at the end of each region (as in the previous section), we let the
counters “float” inside their region. The distance between consecutive counters
is still @, so they all float together and all are at the same distance § to the end
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ABNDMCounters (Pi.. ., Ti..n, k)

1 Preprocessing

2 For ¢ € ¥ Do Bf]c] <« 0™, Bbc] < 0

3 Foric1l...m Do

4 Bf[P] — Bf[P:] | 0™~ "10°7!

5. Bb|P;] « Bb[P;] | 0" t10™¢

6 Q — [ogy(m — k +1)]

7 If 297" < max(m — 2k — |Q/2],k+ 1+ |Q/2]) Then Q — Q + 1
8 be29"1 k- (Q/2] -1

9. t— [m/Q]

10. sMask « (097 11)tomte-1-tQ

11. eMask — (109~ H)tgm+e-1-tQ

12.  Searching

13. pos — 0

14. While pos <n — (m — k) Do

15. je—m—k, last — m—k

16. VP —0" VN «— 0™

17. MC « [p]p0mte—1-t@

18. While j# 0 AND MC & eMask # eMask Do

19. BPMStep (Bb[Tpos+;])

20. MC «— MC + (HP & sMask) — (HN & sMask)
21. je—gj—1

22. If MC & 10™+972 £ 0m+Q~1 Then /* prefix recognized */
23. If j > 0 Then last — j

24. Else If BPMFwd (Bf, Tpos+1...n) Then
25. Report an occurrence at pos + 1

26. pos < pos + last

Fig. 9. The ABNDM algorithm using bit-parallel counters. The expression [b]g
denotes the number b seen as a bit mask of length Q). Note that BPMFwd can
share its variables with the calling code because these are not needed any more
at that point

of their regions. We use sMask and eMask with the same meanings as before,
but they are displaced so as to be all the time aligned to the counters.

The invariant is that the counters will be as close as possible to the end of
their regions, as long as all the cells past the counters exceed k. That is,

0 = min{de0...Q, Vre {0...t -1}, y€{0...d =1}, Cr—rg—y >k}

where we assume that C' yields values larger than k£ when accessed at negative
indexes. When § reaches ), this means that all the cell values are larger than k
and we can suspend the scanning. Prefix reporting is easy since no prefix can
match unless 6 = 0, as otherwise Cy,, = Cp—0.9 > k, and if § = 0 then the last
floating counter has exactly the value C,,.

The floating counters are a bit-parallel version of the cutoff technique, where
each counter cares of its region. Consequently the way of moving the counters
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up and down resembles the cutoff technique. We first move down and use D0
to determine if we should have moved down. If not, we move up as necessary
using VP and VN. To determine if we should have moved down, we need to
know whether there is a counter that exceeds k. We compute () as in Section 4.1,
except that k = &’ and hence no recurrence arises. We use eMask and, in order
to increment and decrement the counters, sMask. We have to deal with the case
where the counters are at the end of their region and hence cannot move down
further. In this case we update them using HP and HN.

It is possible that the upmost counter goes out of bounds while shifting
the counters, which in effect results in that counter being removed. For this to
happen, however, all the area in C' covered by the upmost counter must have
values larger than k, and it is not possible that a cell in this area gets a value
< k later. So this counter can be safely removed from the set, and hence we
remove it from eMask as soon as it gets out of bounds for the first time. Note
that ignoring this fact leads to inspecting slightly more characters (an almost
negligible amount) but one instruction is saved, which in practice is convenient.

As for the case of a single counter, we work O(1) amortized time per text
position. More specifically, if we read u window characters then we work O(u+Q)
because we have to move from § = 0 to § = Q. But O(u + Q) = O(klog, m)
on average because ) = O(logm), and therefore the classical complexity is not
altered.

We also tried a practical version of using cutoff, in which the counters are not
shifted. Instead they are updated in a similar fashion to the algorithm of Fig. 9,
and when all counters have a value > k, we try to shift a copy of them up until
either a cell with value < k is found or ) — 1 consecutive shifts are made. In the
latter case we can stop the search, since then we have covered checking the whole
column C'. This version has a worse complexity, O(Qklogm) = O(k:log2 m), as
at each processed character it is possible to make O(Q) shifts. But in practice it
turned out to be very similar to the present cutoff algorithm.

Fig. 10 shows the algorithm. The counters are not physically shifted, we use
0 instead.

5 Experimental Results

We compared our BPM-based ABNDM against the original BPA-based AB-
NDM, as well as those other algorithms that, according to a recent survey [11],
are the best for moderate pattern lengths. We tested with random patterns and
text over uniformly distributed alphabets. Each individual test run consisted of
searching for 100 patterns a text of size 10 Mb. We measured total elapsed times.

The computer used in the tests was a 64-bit Alphaserver ES45 with four 1
Ghz Alpha EV68 processors, 4 GB of RAM and Tru64 UNIX 5.1A operating
system. All test programs were compiled with the DEC CC C-compiler and full
optimization. There were no other active significant processes running on the
computer during the tests. All algorithms were set to use a 64 KB text buffer.
The tested algorithms were:
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ABNDMCutoff (Pi..m, Ti..n, k)

1 Preprocessing

2 For ¢ € ¥ Do Bf]c] < 0™ , Bbc] < 0

3 Foric1l...m Do

4. Bf[P;] «+ Bf[P:] | 07101

5. Bb|P;] «— Bb[P;] | 0" t10™¢

6 Q — 1+ [log,(max(m — 2k, k + 1))]

7 be29"1 —k—1

8. L [m/Q]

9. sMask — (097 11)tom+e-1-tQ

10. eMask « (1097 1)tgmte-1-tQ

11.  Searching

12. pos — 0

13. While pos < n — (m — k) Do

14. j—m—k,last — m—k

15. VP — 0™ VN «— 0"

16. MC « [p]p0mTe-17t@

17. 00

18. While j#0AND 0 < @ Do

19. BPMStep (Bb[Tpos+;])

20. If § =0 Then MC «— MC + ((HP & sMask)—
21. (HN & sMask)

22. Else

23. d—d—1

24. MC — MC + (~ (D0 << §) & sMask)

25. While § < Q AND MC & eMask = eMask Do
26. MC — MC — (VP << 6) & sMask) + (VN << 0) &
27. sMask)

28. 0—0d0+1

29. If§=m— (t — 1)Q Then eMask «— eMask &
30. 1t=D)Qym+2Q—-1-tQ

31. je—j—1

32. If§ =0 AND MC & 10m+972 £ (0™+2~1 Then
33. /* prefix recognized */
34. If j > 0 Then last < j

35. Else If BPMFwd (Bf, Tpos+1...n) Then
36. Report an occurrence at pos + 1

37. pos < pos + last

Fig.10. The ABNDM algorithm using bit-parallel cutoff. The same comments
of Fig. 9 apply

ABNDM/BPA (regular): ABNDM implemented on BPA [21], using a generic
implementation for any k.

ABNDM /BPA (special code): Same as before but especially coded for each
value of k to avoid using an array of bit masks.
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ABNDM/BPM/(counters): ABDNM implemented using BPM and counters
(Sec. 4.1). The implementation differed slightly from Fig. 9 due to optimiza-
tions.

ABNDM/BPM(cutoff): ABDNM implemented using BPM and cutoff
(Sec 4.2). The implementation differed slightly from Fig. 10 due to opti-
mizations.

BPM: The sequential BPM algorithm [10]. The implementation was from us
and used the slightly different (but practically equivalent in terms of perfor-
mance) formulation from [g].

BPP: A combined heuristic using pattern partitioning, superimposition and hi-
erarchical verification, together with a diagonally bit-parallelized NFA [3,13].
The implementation was from the original authors.

EXP: Partitioning the pattern into k£ + 1 pieces and using hierachical verifica-
tion with a diagonally bit-parallelized NFA in the checking phase [12]. The
implementation was from the original authors.

Fig. 11 shows the test results for ¢ = 4, 13 and 52 and m = 30 and 55. This
is only a small part of our complete tests, which included o = 4, 13,20, 26 and
52, and m = 10,15,20,...,55. We chose ¢ = 4 because it behaves like DNA,
o = 13 because it behaves like English, and ¢ = 52 to show that our algorithms
are useful even on large alphabets.

First of all it can be seen that ABNDM/BPM(cutoff) is always faster than
ABNDM /BPM(counters) by a nonnegligible margin.

It can be seen that our ABNDM/BPM versions are often faster than AB-
NDM/BPA (special code) when k = 4, and always when k& > 4. Compared to
ABNDM/BPA (regular), our version is always faster for & > 1. We note that
writing down a different procedure for every possible k value, as done for AB-
NDM/BPA (special code), is hardly a real alternative in practice.

With moderate pattern length m = 30, our ABNDM/BPM versions are
competitive for low error levels. However, BPP is better for small alphabets
and EXP is better for large alphabets. In the intermediate area o = 13, we are
the best for £ = 4...6. This area is rather interesting when searching natural
language text.

When m = 55, our ABNDM/BPM versions become much more competitive,
being the fastest in many cases: For k =5...9 with 0 =4, and for £k =4...11
both with ¢ = 13 and ¢ = 52, with the single exception of the case ¢ = 52 and
k =9, where EXP is faster (this seems to be a variance problem, however).

6 Conclusions

The most successful approaches to approximate string matching are bit-par-
allelism and filtering. A promising algorithm combining both is ABNDM [14].
However, ABNDM uses a slow O(kmn/w) time bit-parallel algorithm (BPA [21])
for its internal working because no other alternative exists with the necessary
flexibility. In this paper we have shown how to extend BPM [10] to replace BPA.
Since BPM is O(mn/w) time, we obtain a much faster version of ABNDM.
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Fig. 11. Comparison between algorithms, showing total elapsed time as a func-
tion of the number of differences permitted, k. From top to bottom row we show
o =4, 13 and 52. On the left we show m = 30 and on the right m = 55

For this sake, BPM was extended to permit backward scanning of the win-
dow and forward verification. The extensions involved making it compute edit
distance, making it able to recognize any suffix of the pattern with k differ-
ences, and, the most complicated, being able to tell in advance that a match
cannot occur ahead, both for backward and forward scanning. We presented two
alternatives for the backward scanning: a simple one that may read more char-
acters than necessary, and a more complicated (and more costly per processed
character) that reads exactly the required characters.
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The experimental results show that our new algorithm beats the old AB-

NDM, even when BPA is especially coded with a different procedure for every
possible k value, often for k£ = 4 and always for £k > 4, and that it beats a
general BPA implementation for & > 2. Moreover it was seen that our version
of ABNDM becomes the fastest algorithm for many cases with moderately long
pattern and fairly low error level, provided the counters fit in a single computer
word. This includes several interesting cases in searching DNA, natural language
text, protein sequences, etc.
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Abstract. We have recently shown that ¢g-gram filters based on gapped
g-grams instead of the usual contiguous g-grams can provide orders of
magnitude faster and/or more efficient filtering for the Hamming dis-
tance. In this paper, we extend the results for the Levenshtein distance,
which is more problematic for gapped g-grams because an insertion or
deletion in a gap affects a g-gram while a replacement does not. To keep
this effect under control, we concentrate on gapped g-grams with just
one gap. We demostrate with experiments that the resulting filters pro-
vide a significant improvement over the contiguous g-gram filters. We
also develop new techniques for dealing with complex g-gram filters.

1 Introduction

Given a pattern string P and a text string T', the approximate string matching
problem is to find all substrings of the text (matches) that are within a distance k
of the pattern P. The most commonly used distance measure is the Levenshtein
distance, the minimum number of single character insertions, deletions and re-
placements needed to change one string into the other. A simpler variant is the
Hamming distance, that does not allow insertions and deletions, i.e., it is the
number of nonmatching characters for strings of the same length. The indexed
version of the problem allows preprocessing the text to build an index while the
online version does not. Good surveys are given in [11,12].

Filtering is a way to speed up approximate string matching, particularly
in the indexed case but also in the online case. A filter is an algorithm that
quickly discards large parts of the text based on some filter criterium, leaving
the remaining part to be checked with a proper (online) approximate string
matching algorithm. A filter is lossless if it never discards an actual match; we
consider only lossless filters. The ability of a filter to reduce the text area is
called its (filtration) efficiency.

* Supported by the DFG ‘Initiative Bioinformatik’ grant BIZ 4/1-1.
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EU under contract number IST-1999-14186 (ALCOM-FT).
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Many filters are based on ¢-grams, substrings of length ¢q. The ¢g-gram sim-
ilarity (defined as a distance in [14]) of two strings is the number of ¢-grams
shared by the strings. The g-gram filter is based on the g-gram lemma:

Lemma 1 ([7]). Let P and S be strings with (Levenshtein or Hamming) dis-
tance k. Then the g-gram similarity of P and S is at least t = |P| — ¢+ 1 — kq.

The value ¢ in the lemma is called the threshold and gives the minimum number
of g-grams that an approximate match must share with the pattern, which is
used as the filter criterium. There are actually many possible ways to count the
number of shared g-grams offering different tradeoffs between speed and filtration
efficiency (see, e.g., [7,14,6,2]). However, in all cases the value of the threshold
is the one given by the lemma.

A generalization of the g-gram filter uses gapped g-grams, subsets of ¢ char-
acters of a fixed non-contiguous shape. For example, the 3-grams of shape ##-#
in the string ACAGCT are ACG, CAC and AGT. In [3], we showed that the use of
gapped ¢-grams can significantly improve the filtration efficiency and/or speed
of the ¢g-gram filter for the Hamming distance. The result cannot be trivially ex-
tended to the Levenshtein distance due to the effect of insertions and deletions
on the gaps. In the above example, a replacement of G would leave the 3-gram
CAC unaffected but the deletion of G or an insertion of a character before G would
change all 3-grams.

In this paper, we study gapped g-gram filters for the Levenshtein distance
based on an idea already suggested in [3]. The idea is to use multiple shapes that
differ only in the length of the gap(s), for example, the shapes ##--#, ##-# and
###. We restrict our consideration to g-grams with only one gap, which minimizes
the number of different shapes needed. Our experimental results show that with
the right choice of the shape a significant improvement over conventional ¢g-gram
filters can be achieved for the Levenshtein distance, too.

Even with the restriction to one-gapped g-grams, a major obstacle in imple-
menting the filters is determining the value of the threshold. As already noted
in [3], for gapped g¢-gram filters, there is no simple threshold formula like the
one given by Lemma 1. Indeed, even defining the threshold precisely is far from
trivial. The definition we give here not only solves the problem for the one-
gapped g¢-gram filters but provides a framework for solving it for other even
more complicated filters.

Gapped ¢-grams have also been used in [4,13,10]. In [4,13], the motivation
is to increase the filtration efficiency by considering multiple shapes. Pevzner
and Waterman [13] use g-grams containing every (k + 1)st character together
with contiguous ¢-grams for the Hamming distance. Califano and Rigoutsos [4]
describe a lossy filter for the Levenshtein distance that uses as many as 40
different random shapes. Their approach is effective for high k& but they need a
huge index (18GB for a 100 million nucleotide DNA database). The Grampse
system of Lehtinen et al. [10] uses a shape containing every hth character for
some h (similar to [13]) for exact matching. Their motivation of using gapped g-
grams is to reduce dependencies between the characters of a ¢-gram.
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2 Filter Algorithm

The basic idea behind the gapped g-gram filters for the Levenshtein distance was
already suggested in [3]. The filters use a basic shape with only one gap and two
other shapes formed from the basic shape by increasing and decreasing the length
of the gap by one. For example, with the basic shape ##-# we would also use the
shapes ##--# and ###. The filter compares the g-grams of all three shapes in the
pattern to the g-grams of the basic shape in the text.! Then matching ¢g-grams
are found even if there is an insertion or a deletion in the gap.

Otherwise the filter algorithm is similar to the one described in [6] for the
contiguous g-grams. Let us define a hit as a pair (i,j) such that a g-gram (of
any of the three shapes) starting at position ¢ in P matches a g-gram (of the
basic shape) starting at position j in 7. The diagonal of a hit (i,7) is j — 4.
The diagonal represents the approximate starting position of the corresponding
substring of T', or more accurately, the diagonal of the dynamic programming
matrix corresponding to the beginning of the g-gram. The following result was
shown for contiguous g-grams in [6] and it trivially extends to gapped g-grams.

Lemma 2. If a substring S of T' is within distance k of P, then S and P share
at least t q-grams such that the diagonals of the corresponding hits differ by at
most k.

For contiguous ¢-grams, the threshold ¢ in the lemma is the one in Lemma 1.
For gapped g-grams, the threshold is defined in the next section.

Based on the lemma, it is enough to find all sets of k + 1 adjacent diagonals
that contain at least ¢ hits. We call such a set of diagonals a match.? The matches
can be computed by finding all the hits with a ¢-gram index of the text, sorting
them by diagonal, and scanning the sorted list. If radix sort is used, the time
requirement is O(q|P| + h), where h is the number of hits.

3 Threshold

For contiguous ¢-grams, there is a simple formula (Lemma 1) for computing the
threshold, but this is not the case for gapped ¢-grams. In fact, even defining the
threshold precisely is nontrivial. In this section, we give a formal definition of
the threshold. The algorithm we used for computing the threshold is described
in [8].

Following [5], we define an edit transcript as a string over the alphabet
M(atch), R(eplace), I(nsert) and D(elete), describing a sequential character-by-
character transformation of one string to another. For two strings P and S,

L An alternative would be to use two shapes, for example ##-# and ##--#, for both
strings. The main advantage of the asymmetric approach is that it requires a text
index for only one shape.

2 Matches that overlap are merged into one larger match by the algorithm and are
counted as one match in the experiments.
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let T(P,S) denote the set of all transcripts transforming P to S. For exam-
ple, ’T(actg7 acct) contains MMRR, MMIMD, MIMMD, IRMMD, IDIMDID, etc.. For a
transcript 7 € 7 (P,S), the source length slen(r) of 7 is the length of P, i.e.,
the number of non-insertions in 7. The Levenshtein cost ¢y, (7) is the number
of non-matches. The Hamming cost ¢y (7) is infinite if 7 contains insertions
or deletions and the same as Levenshtein cost otherwise. The Levenshtein dis-
tance and Hamming distance of P and S are dp(P,S) = min,c7(p,g)cr(7)
and dp (P, S) = min, ez (p,s) cu (), respectively.

Here we defined distance measures for strings using cost functions for edit
transcripts. Similarly, we define the ¢g-gram similarity measures for strings using
profit functions for edit transcripts. Then we can define the threshold using edit
transcripts as follows.

Definition 1. The threshold for a cost function ¢ and a profit function p of edit
transcripts 1s

to(m, k) = mTin{p(T) | slen(t) = m, (1) < k}.
The following lemma gives the filter criterium.

Lemma 3. Let ¢ be a cost function and p a profit function for edit transcripts.
Define a distance d of two strings P and S as d(P,S) = min,c7(p,g) c(7) and a
similarity s as s(P,S) = max,cr(p,g)p(7). Now, if d(P,S) < k, then s(P,S) >
tp ([P, k).

P Y

The lemma holds for any choice of cost ¢ and profit p. The cost functions of
interest to us were defined above. The profit functions that define the g-gram
based similarity measures are described next.

Let I be a set of integers. The span of I is span(I) = max —minl + 1, i.e.,
the size of the minimum contiguous interval containing I. The position of I is
min I, and the shape of I is the set {i —min[ | ¢ € I}. An integer set @ with
position zero is called a shape. For any shape @ and integer i, let @); denote
the set with shape @ and position 4, ie., Q; = {i+j | j € Q}. Let Q; =
{i1,d2,...,iq}, where i = i1 < ip < --- <14, and let S = s152...5p, be a string.
For 1 <i<m—span(Q)+ 1, the @Q-gram at position 4 in S, denoted by S[Q;],
is the string s;, sy, ... s;,. For example, if S = acagagtct and Q = {0,2,3,6},
then S[Q1] = S[Q3] = aagt and S[Q2] = cgac.

A match alignment M, of a transcript 7 is the set of pairs of positions that
are matched to each other. For example, MyrmroMr = {(1,1), (2,3), (5,5)}. For
a set I of integers, let M, (I) be the set to which M, maps I, i.e., M, (I) ={j |
i€l and (i,7) € M,;}. A Q-hit in a transcript 7 is a pair (4, j) of integers such
that M, (Q;) = Q;. The Q-profit po(7) of a transcript 7 is the number of its Q-
hits, i.e., po(T) = [{(3,J) | M-(Q;) = Q,;}|. Using pg as the profit function de-
fines the Q-similarity of two strings P and S as sq(P, S) = max,cr(p,s) PQ(T).

For any b1,g,b0 > 0, let (b1, g,b2) denote the one-gap shape {0,..., by —
1,b1 + g,...,b1 + g+ by — 1}. For a one-gap shape Q = (b1, g,b2), let Q! =
(bl,g-i- 1,b2) and Q_l = (bl,g— 1,b9) (OI‘ Q_l = {0,...,[)1 + by — 1} if g=1).
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Then, a @ £ 1-hit in a transcript 7 is a pair (i,7) of integers such that Q; €
{M(Q;Y), Mo (Q:), M (Qf")}. The Q + 1-profit of T, pg+1(7), is the number
of Q+1-hits in 7, i.e., po+1(7) = [{(i,4) | Q; € {M-(Q; "), M (Qi), M- (Q;)}}|.
The Q+1-similarity of two strings P and S'is sqg+1(P, S) = max,c7(p,s) Po+1(7).

For ¢ = ¢ and p = pg, Definition 1 gives the thresholds that were used by
the Hamming distance filters in [3]. If Q is the contiguous shape {0,1,...,¢—1},
the threshold is the same as given by Lemma 1 and also used in the Levenshtein
distance filter. For ¢ = ¢y, and p = pg+1, Definition 1 gives the thresholds used
by the one-gapped ¢-gram filters for the Levenshtein distance.

The filters compute the number of matching ¢-grams which is an upper
bound of the corresponding similarity defined here. For example, if 7 € 7 (P, S),
then a Q-hit (¢,7) in 7 implies P[Q;] = S[Q,]. Therefore, the number of
matching @-grams between P and S is at least sg(P,S), but may be higher.
For example, aca and cac have two matching {0, 1}-grams (ac and ca) even
though sy¢ 1y(aca, cac) = 1. The exact value of sg(P,S) could be computed by
a more careful analysis of the matching g-grams, but it may not be worth the
extra effort in practice. Since the filter computes an upper bound of the similar-
ity, its value is at least the threshold if d(P, S) < k. However, a higher threshold
cannot be used without possibly making the filter lossy, at least as long as the
threshold is a function of only the pattern length and the distance k.

4 Minimum Coverage

The two main properties of a filter are filter speed and filtration efficiency. When
using an index the dominating factor for the filter speed is the total number of
hits that have to be accessed and processed by the filter. Predicting the number
of hits is straighforward using the number of shapes in P and T', and the value ¢
of matching characters per shape with the following equation:

hits ~ %3(|P| —span(Q) + 1)(|T| — span(Q) + 1)

The factor of 3 comes in for one-gap shapes since we use 3 shapes per starting
position in P. In practice, all one-gapped shapes with the same value of ¢ are
essentially equivalent with respect to the filter speed.

The filtration efficiency of a filter, i.e., the probability of having a random
match at a fixed position depends in a complex way on the basic shape, defining
the quality of the shape. In [3], we used the notion of minimum coverage to
predict the quality of shapes. This was vital due to the large number of available
shapes. When only using shapes with one gap, the number of possible choices
is dramatically reduced, which allows experimental evaluation of all candidate
shapes. However, we also wanted to analyse the general concept of quality pre-
diction for this case, especially since it was easily verifiable with the experimental
results.

For the case of the Hamming distance, the minimum coverage was defined
as the size of the smallest union of ¢ shapes with different positions. This corre-
sponds to the minimum number of ‘fixed’ characters required to match between
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a pattern and a text substring for there to be ¢ matching Q-grams. The prob-
ability of matching a certain arrangement of ¢ QQ-grams depends exponentially
on the number of fixed characters in that arrangement. To exactly compute the
probability of a random match one would have to take into account all possible
arrangements of ¢ or more shapes. However, since those arrangements with the
lowest or close to the lowest number of fixed characters are much more likely, one
can compute a good approximation using only the most probable arrangements,
i.e. those with the minimum coverage. The expected number of matches given a
minimum coverage mc would therefore be roughly proportional to 1/X™¢.

Since we still use only one shape for matching in the text, the minimum cov-
erage and the number of fixed characters remain the same here. The additional
shapes used in the pattern can however increase the number of possible pattern
substrings that match the fixed characters in the text. For cases where ¢ shapes
are arranged with a large overlap, this increase is negligible. In general, this is
the case for the minimum coverage. We evaluated the correlation between min-
imum coverage and the experimental results for all shapes and display them in
Figure 1. When compared to the Hamming distance, there is a small loss in cor-
relation but the overall predictive capability of the minimum coverage remains
intact.

minimum coverage vs. matches per query for k=4 and k=5
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Fig. 1. Correlation between minimum coverage and filter efficiency
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5 Experiments

To test the one-gap ¢-grams in practice, we performed some experiments on a
randomly generated DNA database with 50 million basepairs (even and indepen-
dent distribution of characters). The queries we used were 1000 random strings
of length 500. The query length was chosen since it is a typical query length in
many computational biology applications.

It should be noted that the threshold used in filtering was computed for
m = 50 which is a typical value for finding local matches in DNA. This difference
between query and window length has the effect that, while the filter is still
guaranteed to report all positions where there is an approximate occurrence of
a substring of length 50 of the query, it will also lead to a moderate increase in
the number of potential matches reported due to the increase in the number of
shapes for which one searches. ?

For the edit distance k we used values of 4 and 5, making the experimental
setting correspond to typical high similarity local alignment problems in shot-
gun sequencing [15] and EST clustering [9,2]. The database contained no actual
matches of this quality, i.e., all potential matches reported by the filter were false
positives.

Like in our earlier paper we compared the gapped shapes with the contiguous
shapes used in the classic g-gram lemma. For & = 4 and k = 5 we tested all
shapes with ¢ > 8. For k = 4 there are 87 such shapes and for k = 5 there
are 35. From these shapes we picked, for each value of ¢, those with the best
experimental filtration efficiency and compared them with the filter based on the
classic g-gram lemma. The best gapped shapes are shown in Table 1. Figure 2
compares them to contiguous g-grams both in theory (expected number of hits
vs. minimum coverage) and in practice (hits vs. matches).

The top plot shows the values used to predict filtration efficiency (the mini-
mum coverage) and filter speed (the expected number of hits) for both contigu-
ous ¢g-grams and the best one-gap shapes. The bottom graph contains the actual
experimental results showing the average number of hits as well as the average
number of matches per query (averaged across all 1000 queries). The expected
number of hits for one-gap shapes in the first plot was computed taking into ac-
count the fact that we use 3 different shapes for each possible starting position
in the query.

Looking at Figure 2 one can observe that for the Levenshtein distance the
shapes with one gap show a better performance than ungapped shapes. In gen-
eral, they allow a substantial increase in the possible values of ¢ and/or the
filtration efficiency. The higher values of ¢ make them prime candidates for
index—based implementations. The comparison between predicted and actual

3 A better filter efficiency can be achieved by counting the hits separately for each
substring of length 50. This should not have a significant effect on the relative per-
formance of the different shapes and we can therefore use this approximation for
comparing them. Looking at the results one should keep in mind that the absolute
values for filtration efficiency are not the best possible but slightly worse.
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performance reinforces the correlation described in Section 4 and with it the
predictive capability of the minimum coverage. It is obvious that the value of ¢
affects the filtration speed and efficiency and provides a tradeoff between the
two. Which choice is the best for a certain application depends on the actual
speed of the filtration and verification algorithms.

Another point we want to make is that the proper choice of the shapes used
for filtering is very important. To illustrate this we want to mention that for a
fixed set of parameters the best shapes had filtration efficiencies that differed by
as much as a factor of 10° from the worst. The difference in filtration efficiency
between the median and the best shape was still up to a factor of 50.

6 Concluding Remarks

We have shown that suitably chosen one-gap ¢-grams combined with a simple
technique to compensate for insertions and deletions in the gap can significantly
improve the performance of the basic g-gram filter for the Levenshtein distance.
This demonstrates that they are worth studying in further research on the prob-
lem of approximate string matching using the Levenshtein distance.

Aside from looking at shapes with only one gap it might be interesting to
look at shapes with more than one gap. It remains to be seen whether the added
number of shapes is worth the potential increase in filter quality. Also, techniques
like generating word neighborhoods for g-grams, which are for example used in
BLAST [1], could perhaps be adapted to gapped g-grams. Other possibilities
include combining two or more different shapes into one filter. The framework
for computing thresholds for more complex filters has been provided with the
definitions in this paper.
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Abstract. We give fast filtering algorithms to search for a 2-—
dimensional pattern in a 2-dimensional text allowing any rotation of
the pattern. We consider the cases of exact and approximate matching
under several matching models, improving the previous results. For a
text of size n X n characters and a pattern of size m x m characters, the
exact matching takes average time O(n?logm/m?), which is optimal. If
we allow k£ mismatches of characters, then our best algorithm achieves
O(n*klogm/m?) average time, for reasonable k values. For large k, we
obtain an O(n?k%/2\/logm/m) average time algorithm. We generalize
the algorithms for the matching model where the sum of absolute dif-
ferences between characters is at most k. Finally, we show how to make
the algorithms optimal in the worst case, achieving the lower bound
2(n*m?).

1 Introduction

We consider the problem of finding the exact and approximate occurrences of a
two—dimensional pattern of size m x m cells from a two—dimensional text of size
n X n cells, when all possible rotations of the pattern are allowed. This problem
is often called rotation invariant template matching in the signal processing lit-
erature. Template matching has numerous important applications in image and
volume processing. The traditional approach [6] to the problem is to compute
the cross correlation between each text location and each rotation of the pattern
template. This can be done reasonably efficiently using the Fast Fourier Trans-
form (FFT), requiring time O(Kn?logn) where K is the number of rotations
sampled. Typically K is O(m) in the 2-dimensional (2D) case, and O(m?) in
the 3D case, which makes the FFT approach very slow in practice. However, in
many applications, “close enough” matches of the pattern are also accepted. To
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this end, the user may specify a parameter k, such that matches that have at
most k differences with the pattern should be accepted.

Efficient two dimensional combinatorial pattern matching algorithms that
do not allow rotations of the pattern can be found, e.g., in [5,2,4,14]. Rotation
invariant template matching was first considered from a combinatorial point of
view in [10]. In this paper, we follow this combinatorial line of work. If we consider
the pattern and text as regular grids, then defining the notion of matching
becomes nontrivial when we rotate the pattern: since every pattern cell intersects
several text cells and vice versa, it is not clear what should match what. Among
the different matching models considered in previous work [10,11,12], we stick
to the simplest one in this paper: (1) the geometric center of the pattern has
to align with the center of a text cell; (2) the text cells involved in the match
are those whose geometric centers are covered by the pattern; (3) each text cell
involved in a match should match the value of the pattern cell that covers its
center.

Under this exact matching model, an online algorithm is presented in [10] to
search for a pattern allowing rotations in O(n?) average time.

The model (a 3D version) was extended in [12] such that there may be a
limited number k& of mismatches between the pattern and its occurrence. Under
this mismatches model an O(k*n?) average time algorithm was obtained, as well
as an O(k®n?) average time algorithm for computing the lower bound of the
distance; here we will develop a 2D version whose running time is O(k3/2n?).
This works for any 0 < k < m?2. For a small k, an O(k'/?n?) average time
algorithm was given in [9].

Finally, a more refined model [13,9,12] suitable for gray level images adds
up the absolute values of the differences in the gray levels of the pattern and
text cells supposed to match, and puts an upper limit £ on this sum. Under
this gray levels model average time O((k/0)3/?n?) is achieved, assuming that
the cell values are uniformly distributed among o gray levels. Similar algorithms
for indexing are presented in [13].

In this paper we present fast filters for searching allowing rotations under
these three models. Table 1 shows our main achievements (all are on the aver-
age). The time we obtain for exact searching is average-case optimal. For the k—
mismatches model we present two different algorithms, based on searching for
pattern pieces, either exactly or allowing less mismatches. For the gray levels
model we present a filter based on coarsening the gray levels of the image, which
makes the problem independent on the number of gray levels, with a complexity
approaching that of the k—mismatches model.

2 Problem Complexity

There exists a general lower bound for d—dimensional exact pattern matching.
In [17] Yao showed that the one-dimensional string matching problem requires
at least time §2(nlogm/m) on average, where n and m are the lengths of the
string and the pattern respectively. In [14] this result was generalized for the
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Table 1. The (simplified) average case complexities achieved for different models

Model Previous result Our results
Exact matching O(n?) O(n?log, m/m?)
O(n’klog, m/m?), k < m?/(3log, m)?
k Mismatches | O(n*k*/?) O(n2m3/0m/‘/%)7 k <m?/(5log, m)

(
O(n?k*?\/logm/m), k < m? (1 — O(1/a))
Gray levels |O(n?(k/o)*?)| O(n*(k/o)log, m/m?), k < m?c/(9eIn?m)
O(n?(k/o)3/?Togm/m), k < m?c/(5elnm)

d-dimensional case, for which the lower bound is 2(n?logm?/m?) (without
rotations).

The above lower bound also holds for the case with rotations allowed, as
exact pattern matching reduces (as a special case) to the matching with rota-
tions. To search for P exactly, we search it allowing rotations and once we find
an occurrence we verify whether or not the rotation angle is zero. Since in 2D
there are O(m?) rotations [10], on average there are O(n2m3/am2) occurrences.
Each rotated occurrence can be verified in O(1) average time (by the results
of the present paper). Hence the total exact search time (et) is that of search-
ing with rotations (rt) plus O(n2m3/am2) = o(n?log, m/m?) for verifications.
Because of Yao’s bound, et = 2(n?log, m/m?) = rt + o(n?log, m/m?), and
so rt = 2(n?log, m/m?) as well. This argument can be easily generalized to d
dimensions because there are O(m©@ /d™) matches to verify at O(1) cost.

In Sec. 4 we give an algorithm whose expected running time matches this
lower bound.

A lower bound for the k differences problem (approximate string matching
with < k& mismatches, insertions or deletions of characters) was given in [7] for
the one dimensional case. This bound is 2(n(k + logm)/m), where n is the
length of the text string and m is the length of the pattern. This bound is tight;
an algorithm achieving it was also given in [7].

This lower bound can be generalized to the d—dimensional case also. By [14],
exact d-dimensional searching needs 2(n?logm?/m?) time, and this is a special
case of approximate matching. Following [7], we have that at least k+ 1 symbols
of a window of the size of P in T have to be examined to guarantee that the
window cannot match P. So a second lower bound is 2(kn¢/m?). The lower
bound 2(n?(k + logm?)/m?) follows.

3 Definitions

Let T = T[l..n,1..n] and P = P[l..m,1..m] be arrays of unit squares, called
cells, in the (x,y)-plane. Each cell has a value in ordered finite alphabet X. The
size of the alphabet is denoted by o = |X|. The corners of the cell for T'[i, j] are
(t—1,7—=1),(4,5 —1),(: = 1,7) and (¢,7). The center of the cell for T'[i,j] is
(i— % ,J— % ). The array of cells for pattern P is defined similarly. The center of the
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whole pattern P is the center of the cell in the middle of P. Precisely, assuming
for simplicity that m is odd, the center of P is the center of cell P[Z mtl]

Assume now that P has been moved on top of T using a rigid motion (trans-
lation and rotation), such that the center of P coincides exactly with the center
of some cell of T' (the center—to—center assumption). The location of P with re-
spect to T can be uniquely given as ((,7),0) where (4,7) is the cell of T that
matches the center of P, and 6 is the angle between the z—axis of T' and the z—
axis of P. The (approximate) occurrence between T and P at some location is
defined by comparing the values of the cells of 7" and P that overlap. We will
use the centers of the cells of T for selecting the comparison points. That is, for
the pattern at location ((i,7),8), we look which cells of the pattern cover the
centers of the cells of the text, and compare the corresponding values of those
cells.

More precisely, assume that P is at location ((4,7),6). For each cell Tr, s]
of T whose center belongs to the area covered by P, let P[r’, s'] be the cell of P
such that the center of T[r,s] belongs to the area covered by P[r’,s’]. Then
M(T|[r,s]) = P[r', s']. So our algorithms compare the cell T'[r, s] of T' against the
cell M(T[r,s]) of P.

Hence the matching function M is a function from the cells of T to the
cells of P. Now consider what happens to M when angle 6 grows continuously,
starting from 6 = 0. Function M changes only at the values of # such that some
cell center of T hits some cell boundary of P. It was shown in [10] that this
happens O(m?) times, when P rotates full 360 degrees. This result was shown
to be also a lower bound in [3]. Hence there are ©(m?) relevant orientations of P
to be checked. The set of angles for 0 < 6 < /2 is

— arcsin

. h+3 j
A:{ﬂ,w/276|6:arcsm\/T—2j2 ﬁ,
i=1,2,...,m/2];5=0,1,...,m/2];h=0,1,..., [vi®+ j2] }.
By symmetry, the set of possible angles 0, 0 < 0 < 27, is
A=A U A+7/2 U A+7m U A+ 3n/2.

As shown in [10], any match of a pattern P in a text T allowing arbitrary
rotations must contain a so-called “feature”, i.e. a one—dimensional string ob-
tained by reading a line of the pattern in some angle and crossing the center.
These features are used to build a filter for finding the position and orientation
of Pin T.

We now define a set of linear features (strings) for P (see Figure 1). The
length of a particular feature is denoted by wu, and the feature for angle 6 and
row ¢ is denoted by F9(f). Assume for simplicity that u is odd. To read a
feature F'4(0) from P, let P be on top of T', on location ((i, j), #). Consider the cell
Tli—2 g, j— 22, Tli—2H 4+ ¢, j+ “52]. Denote them as 1, ¢4, ..., ¢4,
Let ¢! be the value of the cell of P that covers the center of ¢]. The (horizontal)
feature of P with angle § and row ¢ is now the sequence F9(0) = clcd---cd.

Note that this value depends only on ¢, # and P, not on T
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A X X )

©0) j

Fig. 1. Each text cell is matched against the pattern cell that covers the center
of the text cell. For each angle 0, a set of features is read from P

The sets of angles for the features are obtained the same way as the set of
angles for the whole pattern P. Note that the set of angles B? for the feature
set 9 is subset of A, that is B¢ C A for any ¢. The size of B varies from O(u?)
(the features crossing the center of P) to O(um) (the features at distance ©(m)
from the center of P). Therefore, if a match of some feature F'9(6) is found,
there are O(|.A|/|BY]) possible orientations to be verified for an occurrence of P.
In other words, the matching function M can change as long as F4(6) does not
change.

More precisely, assume that B = (1, ...,7k), and that 7; < 7;41. Therefore,
feature F'(~;) = F1(0) can be read using any 6 such that v; < 6 < 7;41. On
the other hand, there are O(|.A|/|B?)| angles 8 € A such that v; < 8 < vi41. If
there is an occurrence of F4(f), then P may occur with such angles (.

4 Exact Search Allowing Rotations

In [10] only a set of features crossing the center of P and of length m is extracted
m+1

from P, ie. ¢ = "5~ and v = m. The text is then scanned row—wise for the
occurrence of some feature, and upon such an occurrence the whole pattern is
checked at the appropriate angles.

The verification takes O(m) time on average and O(m?) in the worst case
in [10]. The reason is that there are O(m?) cells in the pattern, and each one
intersects O(m) different text centers along a rotation of 360 degrees (or any
other constant angle), so there are O(m?) different rotations for the pattern.
The number of relevant rotations for a feature of O(m) cells is, however, only
O(m?), and therefore there are O(m) different angles in which the pattern has
to be tested for each angle in which a feature is found.

In [11] the possibility of using features of length v < m is considered, since
it reduces the space and number of rotations. In what follows we assume that
the features are of length u < m, and find later the optimal u.

We show now how to improve both search and verification time.
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4.1 Faster Search

In [5] a 2-dimensional search algorithm (not allowing rotations) is proposed that
works by searching for all the pattern rows in the image. Only every mth row
of the image needs to be considered because one of them must contain some
pattern row in any occurrence.

We take a similar approach. Instead of taking the O(u?) features that cross
the center of the pattern, we also take some not crossing the center. More specif-
ically, we take features for ¢ in the range #5+ + 1... m;"“, where r is an odd
integer for simplicity. For each such ¢, we read the features at all the relevant
rotations. This is illustrated in Fig. 1. This allows us to search only one out of r
image rows, but there are O(rum) features now. Figure 1 also shows that the
features may become shorter than m when they are far away from the center
and the pattern is rotated. On the other hand, there is no need to take features
farther away than m/2 from the center, since in the case of unrotated patterns
this is the limit. Therefore we have the limit » < m. If we take features from
r = m rows then the shortest ones (for the pattern rotated at 45 degrees) are
of length (/2 — 1)m = @(m). The features do not cross the pattern center now,
but they are still fixed if the pattern center matches a text center.

The search time per character is independent on the number of features if
an Aho—Corasick machine (AC) [1] is used. Alternatively, we can use a suffix
automaton (DAWG—MATCH algorithm) [8] to get an optimal average search time.
The worst case time for the suffix automaton is the same as for the AC automa-
ton.

4.2 Faster Verification

We show how verifications can be performed faster, in O(1) time instead of
O(m). Imagine that a feature taken at angle 6 has been found in the text. Since
the feature has length u and can be at distance at most m from the center, there
at most O(um) different angles, whose limits we call 71 to vk, and we have
Vi <0 < vig1

We first try to extend the match of the feature to a match of the complete
rotated row of the pattern. There are O(m?/(um)) possible angles for the com-
plete row, which lie between ~; and ;41 (as the feature is enlarged, the matching
angles are refined). However, we perform the comparison incrementally: first try
to extend the feature by 1 cell. There are O(((w+1)m)/(um)) = O((u+1)/u) =
O(1) possible angles, and all them are tried. The probability that the (u + 1)-th
cell matches in some of the O(1) permitted angles is O(1/0). Only if we succeed
we try with the (u + 2)-th cell, where there would be O(((u+ 2)m)/((u+ 1)m))
different angles, and so on.

In general, the probability of checking the (u+ i+ 1)-th cell of the feature is
that of passing the check for the (u + 1)-th, then that of the (u + 2)-th and so
on. The average number of times it occurs is at most

u+1 1>< u+2)\ 1 y y u—+1 1 B u+1\ 1
u o u+1l) o u+i—1) o m ot
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and by summing for i = 0 to ©(m) — u we obtain O(1). This is done in both
directions from the center, in any order.

The same scheme can be applied to extend the match to the rest of the
pattern. Each time we add a new pattern position to the comparison we have
only O(1) different angles to test, and therefore an O(1/c) probability of success.
The process is geometric and it finishes in O(1) time on average.

Note that this result holds even if the cell values are not uniformly distributed
in the range 1...0. It is enough that there is an independent nonzero proba-
bility p of mismatch between a random pattern cell and a random text cell, in
which case 1/0 is replaced by 1 — p.

4.3 Analysis

Using the suffix automaton the average search time is O(n?log, ru®m/(r(u —
log, ru?m))): there are O(rum) features of length u, meaning that there are
O(ru®m) suffixes to match, so the search enters to depth O(log, ru?m) on av-
erage, we scan only every O(r)th row of the text, and the shift the automaton
makes is on average O(u — log,, ru?m).

The verification time per feature that matches is O(1) as explained, and there
are O(rum/o") features matching each text position on average. This results in
a total search cost

0 n21 log,, ru?m n rum _o(n2 log,, ru?m n um
r \u—log, rum ~ ov r(u—log, ru?m) = ot

The optimum is at r = u = ©(m), which leads to total average time

O(n*(log, m/m? +m?/a™)) = O(n* log, m/m?).

which is optimal, so the exact matching problem can be solved in optimal average
time O(n? logm/m?). The space requirement of the suffix automaton is O(m*).

Again, this analysis is valid for non—uniformly distributed cell values, by
replacing 1/0 by 1 — p, where p is the probability of a mismatch.

5 Search Allowing Rotations and Mismatches

We first present a 2D version of the incremental algorithm of [12] that runs in
O(k3/ 2n?) average time, to search for a pattern in a text allowing rotations and
at most k mismatches.

Assume that, when computing the set of angles A = (1, 02,...), we also
sort the angles so that §; < f;4+1, and associate with each angle ; the set
C; containing the corresponding cell centers that must hit a cell boundary at
0B;. Hence we can evaluate the number of mismatches for successive rotations
of P incrementally. That is, assume that the number of mismatches has been
evaluated for f3;, then to evaluate the number of mismatches for rotation (;41,
it suffices to re—evaluate the cells restricted to the set C;. This is repeated for
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each 8 € A. Therefore, the total time for evaluating the number of mismatches
for P centered at some position in 7', for all possible angles, is O(}_, |C;]). This
is O(m3) because each fixed cell center of T, covered by P, can belong to some
C; at most O(m) times. To see this, note that when P is rotated the whole angle
27, any cell of P traverses through O(m) cells of T.

Then consider the k mismatches problem. The expected number of mis-
matches in N tests is Np = N 074 Requiring that Np > k gives that about
N > k/p tests should be enough in typical cases to find out that the distance
must be > k.

This suggests an improved algorithm for the k—mismatches case. Instead of
using the whole P, select the smallest subpattern P’ of P, with the same center
cell, of size m’ x m’ such that m’ x m’ > k/p. Then search for P’ to find if it
matches with at most k£ mismatches. If so, then check with the gradually growing
subpatterns P” whether P” matches, until P” = P. If not, continue with P’ at
the next location of T'. The expected running time of the algorithm is O(m/>n?)
which is O(k3/2n?).

Note that this algorithm assumes nothing of how we compare the cell values,
any other distance measure than counting the mismatches can be also used.

We show now how to improve this time complexity.

5.1 Reducing to Exact Searching

The idea is to reduce the problem to an exact search problem. We cut the pattern
into j pieces along each dimension, for j = L\/EJ + 1, thus obtaining j2 pieces
of size (m/j) x (m/j). Now, in each match with k differences or less necessarily
one of those pieces is preserved without differences, since otherwise there should
be at least one difference in each piece, for a total of j2 = ([Vk| +1)? > k
differences overall. This fact was first utilized in [15,16]. So we search for all
the j2 pieces exactly and check each occurrence for a complete match.

Observe that this time the pieces cannot be searched for using the center to
center assumption, because this holds only for the whole pattern. However, what
is really necessary is not that the piece center is aligned to a text center, but just
that there exists a fixed position to where the piece center is aligned. Once we fix
a rotation for the whole pattern, the matching function of each pattern piece gets
fixed too. Moreover, from the O(m?) relevant rotations for the whole pattern,
only O(mu) are relevant for each one-dimensional feature of length «. There is
at most one matching function for each relevant rotation (otherwise we would
have missed some relevant rotations). Hence we can work exactly as before when
matching pieces, just keeping in mind that the alignment between the pattern
center and the text center has to be shifted accordingly to the angle in which
we are searching for the feature. The same considerations of the previous section
show that we can do the verification of each matching piece in O(1) time.

The search algorithm can look for all the features of all the j2 patterns to-
gether. Since there are j2 pieces of size (m/j)?, there are r = O(m/j) feature sets,
which when considering all their rotations make up O(j2(m/j)mu) = O(jm?u)
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features of length u that can match. So the suffix automaton takes time

log,, jm2u?

= (% —log,, jm2u2>

O [ n?

The verification of the whole piece once each feature is found takes O(1). Hence
the total verification time is O(n2j%(m/j)mu/o"). Note that for each piece of
length (m/j)? there will be O(m(m/j)?) relevant rotations, because the piece
may be far away from the pattern center.

Once an exact piece has been found (which happens with probability
O(m(m/j)2/0m2/j2)) we must check for the presence of the whole pattern with
at most k differences. Although after comparing O(k) cells we will obtain a mis-
match on average, we have to check for all the possible rotations. A brute force
checking of all the rotations gives m?3/(m(m/j)?) = j? checks, for a total O(kj;?)
verification time for each piece found.

We can instead extend the valid rotations incrementally, by checking cells
farther and farther away from the center and refining the relevant rotations at
the same time. Unlike the case of exact searching, we cannot discard a rotation
until & differences are found, but the match will disappear on average after we
consider O(k) extra cells at each rotation. Hence, we stop the verification long
before reaching all the O(m?) rotations.

Let K be a random variable counting the number of cells read until &k dif-
ferences are found along a fixed rotation. We know that K = O(k). Since we
enlarge the match of the piece by reading cells at increasing distances from the
center, by the point where we find k differences we will have covered a square
of side R where R? — (m/j)? = K (see Figure 2). The total number of rotations
considered up to that point is O(mR?/(m(m/5)?)) = O(1 + Kj?/m?). Since
this is linear on K we can take the function on the expectation K, so the av-
erage number of rotations considered until finding more than k differences is
O(1 + kj?/m?). We consider that we check all these rotations by brute force,
making K = O(k) comparisons for each such rotation. Then the verification

A piece matched is extended

Pattern cut in 16 pieces . " )
until finding k differences

Fig. 2. On the left, the pattern is cut in j2 = 16 pieces. On the right, a piece of
width m/j found exactly is extended gradually until finding % differences
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cost per piece found is O(k + k?j%/m?). This verification has to be carried out
O(j%m(m/§)?n? /o™ /i) = O(m3n2/o™"/3°) times on average. Therefore the
total search time is of the order of

2 n i2(m/j)mu n km3 k2j5%m3

i u m2/j2 2 m2/j2
% (% — 1oga]m2u2) o a m*o

2 10go’ ijU

where all the terms increase with j. If we select 5 = O(vk), and u = O(m/j) =
O(m/V'k), the cost is

5 log, m*/Vk n m3 n km3 . k3m
vk 2/k 2k
o (B g, mi/VE) o o om

The first term of the expression dominates for k < m?/(3log? m), up to where
the whole scheme is O(n?k log, m/m?) sublinear time. After that point the whole
scheme is O(n2m3/c™/V¥) time for k < m?/(4log, m), and O(n2k3m /o™ /*)
time for larger k.

5.2 Reducing to Approximate Searching

Since the search time worsens with j we may try to use a smaller j, although this
time the pieces must be searched for allowing some differences. More specifically,
we must allow | k/j2] differences in the pieces, since if there are more than |k/;?|
differences per piece then the total exceeds k.

The O(k3/?n?) time incremental search algorithm can be used here. Since we
search for j2 pieces with k/j2 differences, the total search cost for the pieces is
O(n?j2(k/52)%/%) = O(n*k*/? /).

However, the incremental algorithm assumes that the center of P coincides
with some center of the cells of T, and this is not necessarily true when searching
for pieces. We now present a filter that gives a lower bound for the number of
mismatches.

Assume that P is at some location ((u,v),0) on top of T, such that (u,v) €
T[i, j] is not a center—to—center translation, and that the number of mismatches
is k for that position of P. Then assume that P is translated to ((¢,7),#), that
is, center—to—center becomes true while the rotation angle stays the same. As
a consequence, some cell centers of T" may have moved to the cell of P that is
one of its eight neighbors. Now compute the number of mismatches such that
T'[r, s] is compared against M (T'[r, s]) and its eight neighbors as well. If any of
those nine cells match with T'[r, s], then we count a match, otherwise we count
a mismatch. Let the number of mismatches obtained this way be &’.

This means that k' < k, because all matches that contribute to m? — k must
be present in m? — k' too. The value of k' can be evaluated with the incremental
technique using (3, instead of § where s is such that G, < 6 < G541, because the
matching functions are the same for 6 and 3¢ by our construction. Hence k' < k.
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Hence we use the algorithm with the center—to—center assumption, but count
a mismatch only when the text cells differs from all the 9 pattern cells that
surround the one it matches with. The net result in efficiency is that the alphabet
size becomes 7 = 1/(1 — 1/0)?, meaning that a cell matches with probability
1/7.

For the verification cost of the pieces, we need to know the probability of a
match with k differences. Since we can choose the mismatching positions and the
rest must be equal to the pattern, the probability of a match is < (”If) / Fm =k,
By using Stirling’s approximation to the factorial and calling o = k/m?, we have
that the probability can be bounded by v /m?2, where v = 1/(a®/(1=)(1 —
a)7)=* < (e/((1 — a)7))t~<. This improves as m grows and « stays constant.
On the other hand, v < 1 — e/ is required so that v < 1.

If we are searching for a piece of size (m/5)?, then the matching probability
is O(’y(m/j)2)/(771/j)27 which worsens as j grows. On the other hand, we have to
multiply this probability by j?m(m/j)? = m? to account for all the rotations
of all the pieces. Once a piece matches we check the complete match, which as
explained in Section 5.1 takes O(k + k232 /m?) time. The total cost is

2 k32 m? /5% -2 k*5° 2 . m? /52 -2 -2
nt(m + mg (k5 = n?k(VE/j+~™"7 52 (m+ kj? /m))

whose optimum is j = m/\/410g1/,ym—|— 1/2logy /, k(1 + o(1)), which can be

achieved whenever it is smaller than V&, i.e. for k > m?/(5log, m)(1 + o(1))
(for smaller k the scheme reduces to exact searching and the previous technique
applies). For this optimum value the complexity is O(n?k3/2, /logy ., m/m).

This competes with the reduction to exact searching for high values of k.
Reducing to approximate searching is indeed better for k > m?/(5log, m), i.e.,
wherever it can be applied. Recall that the scheme cannot be applied for k >
m2(1 —e/7) =m?(1 — O(1/0)).

Figure 3 shows the complexities achieved.

— Reduction to exact searching
time

- — ——— Reduction to approximate searching

a =m?/(31log, m)?
b=m?/(5log, m)
c=m?/(4log, m)

Fig. 3. The complexities obtained for the mismatches model depending on k
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6 Searching under the Gray Levels Model

In principle any result for the mismatches model holds for the gray levels model
as well, because if a pattern matches with total color difference k then it also
matches with £ mismatches. However, the typical k values are much larger in this
model, so using the same algorithms as filters is not effective if a naive approach
is taken.

In this case, we can improve the search by reducing the number of different
colors, i.e. mapping s consecutive colors into a single one. The effect is that o
is reduced to o/s and k is reduced to 1+ |k/s| = ©(k/s) too. For instance,
if we consider reduction to exact searching, the scheme is O(n’klog, m/m?)
time for k < m?2/(3log? m). This becomes now O(n?k/slog,,, m/m?) time for
k/s <m?/(3 logi/s m). For example binarizing the image means s = 0/2 and
gives a search time of O(n?k/ologm/m?) for k < m?/(3c/logsm).

This seems to show that the best is to maximize s, but the price is that
now we have to check the matches found for potential matches, because some
may not really satisfy the matching criterion on the original gray levels. After
a match with reduced alphabet is found we have to check for a real match,
which costs O(1) and occurs O(n?m35™" /m?) = O(n?md™) times, where § =
18701 = Ba/s) =7 < (e/((1 = B)a/s))' P and B = afs = (k/s)/m?
(similar to « in Section 5.2).

It is clear that this final verification is negligible as long as § < 1. The maxi-
mum s satisfying this is (c++v'02 — deca)/(2¢e) = 0/e(14+0(1/+/7)). The search
cost then becomes O(n?k /o logm/m?) for k < m2c/(9e1n? m). This means that
if we double the number of gray levels and consequently double &k, we can keep
the same performance by doubling s.

For higher k values, partitioning into exact searching worsens if we divide k
and ¢ by s, so the scheme is applicable only for k < m2c/(9eIn®m). How-
ever, it is possible to resort to reduction to approximate matching, using the
O((k/o)3/?n?) average time algorithm for this model. This cost improves as

we increase s, and hence we can obtain O(n?(k/c)3/? logy /s m/m) time for

k < m?c/(5elnm).

7 Worst Case Optimal Algorithms

In [3] it was shown that for the problem of the two dimensional pattern matching
allowing rotations the worst case lower bound is £2(n?m?). Our efficient expected
case algorithms above do not achieve this bound in the worst case. However, they
are easily modified to do so. This can be done using the O(m?) time algorithm
given in Sec. 5 for the verifications. Each time the filter suggests that there might
be an occurrence in some position, we use the O(m?) time algorithm to verify it,
if it is not verified before (which is possible because several features may suggest
an occurrence at the same position). As each position is verified at most once,
and the verification cost is O(m?), the total time is at most O(n?m?), which
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is optimal. This works for both the Hamming and gray levels cases. Moreover,
this verification algorithm is very flexible, and can be adapted to many other
distance functions.

8 Conclusions and Future Work

We have presented different alternatives to speed up the search for two dimen-
sional patterns in two dimensional texts allowing rotations and differences.

The results can be extended to more dimensions. In three dimensions there
are O(m!!) different rotations for P [12], and O(um?) features of length u. How-
ever, the three-dimensional text must be scanned in two directions, e.g. along
the z—axis and along the y—axis, to find out the candidate rotations for P. Only
if two features are found (that suggest the same center position of P in T'), we
enter the verification, see Figure 4. For the exact matching, the method works
in O(n®logm/m3) average time. The other results can be extended also.

It is also possible to make the verification probability lower by requiring that
several pieces must match before going to the verification. This means smaller
pieces or more differences allowed for the pieces. It is also possible to scan the
text in two (in 2D) or in three (in 3D) ways instead of only one or two, using
the same set of features than in the basic algorithm.

Note also that, until now, we have assumed that the center of P must be
exactly on top of some center of the cells of T'. It is also possible to remove this
restriction, but the number of matching functions (and therefore the number of
features) grows accordingly, see [12]. This, however, does not affect the filtering
time, but the verification for the approximate matching would be slower.

Finally, we have considered an error model where only “substitutions” are
permitted, i.e. a cell value changes its value in order to match another cell, so
we substitute up to k values in the text occurrence and obtain the pattern.
More sophisticated error models exist which permit displacements (such as in-
serting/deleting rows/columns) in the occurrences, and search algorithms for
those models (albeit with no rotations) have been developed for two and more
dimensions [1]. It would be interesting to combine the ability to manage those
types of errors and rotations at the same time.

N

*

Fig. 4. Matching features in 3D
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Abstract. Given a long string of characters from a constant size
(w.l.o.g. binary) alphabet we present an algorithm to determine whether
its characters have been generated by a single i.i.d. random source. More
specifically, consider all possible k-coin models for generating a binary
string S, where each bit of S is generated via an independent toss of one
of the k coins in the model. The choice of which coin to toss is decided by
a random walk on the set of coins where the probability of a coin change
is much lower than the probability of using the same coin repeatedly. We
present a statistical test procedure which, for any given S, determines
whether the a posteriori probability for k£ = 1 is higher than for any other
k > 1. Our algorithm runs in time O(£*log £), where £ is the length of S,
through a dynamic programming approach which exploits the convexity
of the a posteriori probability for k.

The problem we consider arises from two critical applications in analyz-
ing long alignments between pairs of genomic sequences. A high align-
ment score between two DNA sequences usually indicates an evolution-
ary relationship, i.e. that the sequences have been generated as a result
of one or more copy events followed by random point mutations. Such
sequences may include functional regions (e.g. exons) as well as non-
functional ones (e.g. introns). Functional regions with critical importance
exhibit much lower mutation rates than non-functional DNA (or DNA
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with non-critical functionality) due to selective pressures for conserving
such regions. As a result, given an alignment between two highly similar
genome sequences, it may be possible to distinguish functional regions
from non-functional ones using variations in the mutation rate. Our test
provides means for determining variations in the mutation rate and thus
checking the existence of DNA regions of varying degrees of functionality.
A second application for our test is in determining whether two highly
similar, thus evolutionarily related, genome segments are the result of a
single copy event or of a complex series of copies. This is particularly an
issue in evolutionary studies of genome regions rich with repeat segments
(especially non-functional tandemly repeated DNA). Our approach can
be used to distinguish simple copies from complex repeats again by ex-
ploiting variations in mutation rates.

1 Introduction

As more of the human genome is sequenced and assembled, it is becoming ap-
parent that it consists of numerous sequences “repeated” with various degrees
of similarity [26,3,16]. Such repeats are more likely to be generated as a result
of segmental copies during evolution rather than by chance.!

Approximately 60% of the human genome appears to be repeated.? Repeat seg-
ments are commonly classified into three main categories. Over 45% of the hu-
man genome comprises common repeats; one example is the ~ 300bp alu el-
ement, occurring more than 1M times within a divergence rate of 5% — 15%.
Another ~ 5% consists of the centromeric repeats, particularly the alpha satel-
lite and microsatellite DNA. A final ~ 7% is made up of much longer repeat
segments (which include partial or complete genes) exhibiting small divergence
rates (< 10%). These figures support the theory that copying followed by point
mutations provide the main process underlying genome evolution [15].

Several biochemical mechanisms underlying segmental copies have been iden-
tified in the last 30 years (e.g. unequal cross over [22], replication slippage and
retrotransposition); potentially many more are waiting to be discovered. The
task of identifying all copying mechanisms in the genome for a better under-
standing of the genome evolution process poses a number of algorithmic and
computational challenges. First and foremost, one needs to identify a posteriori
all pairs of repeat sequences which were generated as a result of a single copy

! Consider, for example, a 3 x 10°bp sequence (which is roughly of size similar to the
human genome) generated by an i.i.d. random source on the four letter DNA alpha-
bet. Then the probability that two specified 100bp long segments have a Hamming
distance of 5% or less is smaller than 271°°. Thus, the probability that the whole
genome (generated as above, without any copying events) includes a pair of 100bp
long segments with Hamming distance of 5% or less is smaller than 277° (practically
nil).

2 Studies show that 60% of the nucleotides are contained in 1Kbp segments repeated
with less than 30% divergence.
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event during evolution. Note that a repeat can be a result of multiple complex
copy events: for example a long tandemly repeated sequence S, S, S, S may be
a result of tandemly copying the first S three times or copying the first S once
to obtain S, S and copying this whole segment again to get S, 5, S, S; there are
many other possibilities. This is the subject of our concern.

Contributions. In this paper we present a statistical test for identifying whether
a pair of genome sequences with a high similarity score are indeed a result of
a single copy event. For this purpose we employ the “neutral hypothesis”; i.e.
that point mutations occur independently at random with a fixed probability
(1.5 — 3 x 1079 per base pair per year for non-functional segments of humanoids
and old world monkeys).

As mentioned above, a high similarity score between two sequences is an
indication of an evolutionary relationship. One possible relationship between two
such sequences is that one may have been copied from the other in a single copy
event. Because after a copying event both copies would be subject to independent
point mutations, a number of edit errors would be observed in their alignment.
However, these mutations would have been applied to each character in an i.i.d.
fashion; as a result, the normalized similarity score between the two sequences
is expected to be uniform (allowing for the statistically expected amount of
variation) throughout their alignment.

A common strategy for identifying copies between two genome regions is
to iteratively locate pairs of sequences with the highest similarity score (e.g.
via Smith-Waterman method). Shortcomings of this strategy in terms of “sig-
nal strength” are discussed in [2], where an alternative “normalized” similarity
measure based on [19] is described along with an efficient algorithm for comput-
ing it. This approach is designed for identifying pairs of sequences with higher
functional relationship rather than providing a tool for studying the evolution
of repeat segments. As mentioned at the beginning of this section, a pair of
sequences with a high alignment score may be a result of a number of com-
plex copy events occurring at different points of evolutionary time. They may
also involve segments with varying degrees of functionality which are subject to
different rates of mutation; this is due to evolutionary pressures for conserving
highly functional segments. As a result, a high overall alignment score (absolute
or normalized) cannot be used (due to its consolidation of the individual align-
ment scores of smaller segments in the sequences) to measure the evolutionary
time passed since the separation of two such sequences. For instance, in satellite
DNA, which contains a large number of tandem repeats of the same subsequence,
there are many possibilities as to the actual progression of the copying events,
including their order, as well as the source and destination subsequences [14].
Assuring that the sequences have been subject to independent point mutations
only, rather than a complex series of copying events, is critical to the accuracy
of phylogenetic analysis, especially based on distance comparisons (e.g. [23])
involving these sequences.
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To address the above issue we propose a new method for pairwise sequence
comparison in the form of a statistical test to determine whether a given pair
of sequences with high similarity score have been generated as the result of a
single copy event. More specifically, we consider k-state Hidden Markov Models
(HMMs) for generating the alignment sequence S (on which a 0 may represent
a correct alignment and a 1 may represent a misalignment) between two highly
similar sequences. In the models that we consider, the bit values of S are gener-
ated by independent tosses of biased coins (with output 0/1) which are fixed for
each state of the HMM in consideration. (Thus each state represents a random
process which imposes a fixed mutation rate on the segment it is applied upon.)
The sequence of states which are responsible for the generation of S is decided
by a random walk where the probability of a state change is much lower than
that of remaining at a given state. We present an algorithm which determines a
posteriori for any given S, whether among all possible k-state Hidden Markov
Models, those for which £ = 1 are more likely than any other for which & > 1
(we compare the aggregate likelihood of all 1-state HMMs with that of k-state
HMMs for & > 1). Our algorithm runs in time O(¢*log¢), where £ is the length
of S, through a dynamic programming approach which exploits the convexity of
the probability function for k.

Similar problems have been considered earlier in [11,10,25,8,13,13]. In fact [8]
considered a two state HMM for identifying the cutoff point between one muta-
tion rate and another for a given alignment sequence S. The most likely HMM
is constructed through standard expectation maximization (EM) techniques. In
contrast we focus on the aggregate effects of all possible 1 or 2 state HMMs rather
than focusing on a single model for robustness purposes as it does not require
specification of a cut-off point for differentiating one coin and two coin models.
Furthermore our approach need not consider a single alignment between the pair
of sequences considered: it is possible to generalize our method to aggregate over
all possible alignments according to the likelihood of their occurrence.

2 Preliminaries

For the purposes of this paper, the genome is a long string of characters from
the DNA alphabet {a,c,g,t}. A genome segment is a substring of the genome.
We assume that we are given the correctly assembled genome (partially or as a
whole) as part of the input.

Throughout the paper S and @ denote genome segments, S[i] denotes the 7*?
character of segment S, and S[i : j] the substring between the i*" and j**
characters (inclusive) of S. |S| denotes the length of the segment S.

An alignment between two genome segments () and S is the 2-tuple (Q’, 5"),
where Q', S’ € {a,c,g,t,—}* for some £ = |Q'| = |S’|, such that Q and S are
obtained if all “~” are removed from Q' and S’ respectively.
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Given two characters x and y, * ® y denotes the character-wise exclusive-
OR (XOR) function; it evaluates to 1 if  # y and to 0 otherwise. Given an
alignment (Q’, "), where |Q’| = |S’| = ¢, we denote by al(Q',S") = Q' & 5,
the alignment sequence of (Q’,S’) whose i*" entry is Q'[i] ® S’[i]. We denote by
h(Q',S’) the normalized Hamming distance between Q" and S’, i.e. the number
of I’s in al(Q', S") divided by £.

3 A Statistical Test for Detecting Simple Copies

The sequence comparison problem we consider can be formally described as
follows. We are given two genome segments @, .S and their alignment (Q’,S5")
for which h(Q’,S") < § for some predetermined threshold value 0 < § < 1. Our
goal is to determine whether the alignment sequence al(Q’, S’) is more likely to
have been generated by a single i.i.d. random source or a combination of k i.i.d.
random sources, for some k > 1.

The underlying motivation for the above problem is the need to test whether
the sequences () and S have been generated by a single copying event, followed
by independent point mutations only. Alternatively they could either be a re-
sult of more complex procession of multiple copying events, where the segments
involved were subjected to mutations for different periods of time, or a result
of a single copying event after which different subregions have been subjected
to different mutation rates. When the latter possibility is indeed the case, one
expects to observe varying mutation rates throughout the sequences, resulting in
measurable variation in the normalized distance between aligned segments of Q'
and S’. Thus a statistical test for determining whether the edit errors between
Q' and R’ are more likely to have been generated by a single i.i.d. random source
than by multiple sources can be used as a tool for identifying pairs of sequences
that have been a result of a single copying event. For such sequences an overall
similarity score can be used to determine the evolutionary time passed since
their separation.

3.1 Comparing Single and Multiple Coin Models

Given the alignment sequence O = al(Q',S’) = (O1,...,0;) of length ¢, we
would like to compute the a posteriori probability that O has been generated
by independent tosses of a single coin or by a procession of multiple, coins
selected by performing a random walk in the set of coins. More formally, we
define an m-coin model as an n-state Hidden Markov Model similar to many
other applications of HMMs [4]. Note that employing HMMs in the context
of this paper is quite natural. Without any a priori information about which
positions in the alignment sequence a coin switch is more likely, it is plausible to
assume independent and identical distributions for the coin switch probabilities;
this in turn defines an HMM.
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Let C = {C4,...,C,} denote a set of n coins, each with 0/1 outcome. Let p;(b)
denote the probability of outcome b, b € {0,1} on a flip of coin C;. Thus, p;(0) +
pi(1) =1. If n = 1, we will denote C; as C' and p;(1) as p. We denote by g;, the
coin used in generating Oj], 1 < j < £. Note that for any t = 1,...,¢, Pr(O[t] =
1| ¢ = Cj) =pj(1), since the outcome does not depend on the location itself
but only on the “active” coin. Furthermore, let a; ;(t) = Pr(qi41 = C; | ¢ = C})
denote the transition probability for from coin C; to coin C; between locations ¢
and ¢ + 1. Again, a; ; does not depend on the location ¢, hence in the following
we will refer to a; ; only. Let m; = Pr(q1 = C;) for 1 < j < n (the probability
that the first location is generated by coin Cj).

With A = {a;; : 1 <i,j<n}, P={pj(l) : 1 <j<n} andw=
{m; + 1 <j <mn}, an n-coin model A is now defined as A = (A, P, 7). For i > 1,
1A

let A; denote the set of all i-coin models. Denote by A = J,> the set of all
coin models.

Let 2 = {0, 1}4 x /A denote our probability space. Hence, an elementary event
is an ordered pair (S, \) where S is an ¢-bit binary string, and A a coin model.
An experiment consists of the following steps. First select a coin model (by first
choosing the number of coins, and then fixing the corresponding biases), next,
using this model, generate an alignment sequence (a bit string of length ¢).

For convenience, we define the following probabilities. For some coin model
A, let Pr(\) = Pr (Ute{o,l}[(t,A)). Similarly, for S € {0,1}, let Pr(S) =

Pr (UueA(S, M)). Note that Yge(o.1y¢ Pr(S) = Yyea Pr(A) = 1

Let W; denote the event that an i-coin model was chosen, i.e., W, =
2 1 ({0,1} x A;). We are interested in the quantities Pr(W;|0) =
Pr(Wi|Uxe(O, A)) for all i > 1. Obviously,

Pr(W; ANO)  Pr(O|W;) - Pr(W;)
Pr(O) B PI’(O) ’

where, as above, Pr(O|W;) = Pr(U,4(O, A\)|W;) and Pr(W; AO) = Pr(W;N
Uxe (O, ). Without any prior information, we assume that Pr(W;) = Pr(W})
for all 4,5 > 1. Hence, we need to compute and compare all Pr(O|W;) in order
to compute the most probable number of coins to generate the sequence.

Single-coin model. A single-coin model ) is defined by p, the probability that
a 1 is generated. For discrete valued p,

Pr(O | Wi) =Y Pr(O|pAW1) x Pr(p| Wy).
vp

For continuous valued p for which Pr(p | W) is uniform,

=0

PrOWY) = / _ Pr(Olp A Wi)dp - / Pr(O[1]-O[2]... O[] | p, Wh)dp
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—Ze ki) +1

where k is the number of 1’s in O. Hence, in a single-coin model, provided that
the number of 0’s and 1’s is fixed, their specific locations have no effect on
Pr(O | Wh), and thus on the likelihood of W7 given O.

Multiple coin models. For any n-coin model A and for any sequence O,

Pr(OAAW,) = > Tk - Pgy (O[1])

Vqi...qe; k sit. q1=Cy

*Qq1,q2 * Pqo (0[2]) <o Qqp_1,q0 " Pqe (O[E])v

which can be computed using the following recurrence relationship.

Let a¢(i) = Pr(the coin model A generates O[1 : t]Aq = C; | AAW,,). Now,
a1 (i) = m - pi(O[1])  for all 4, and

a1 () Z (i) - ai ;] - p;(O[t + 1]).

One can simply write

Pr(O | AANW,) = Zag(i)

To give an example, in a two-coin model S = {C1,C2}. Let A = {a12 =
u,a110 = 1 —u,as1 = v,a20 = 1 —ov} and let B = {p1(0) = r, pi(1) =
1—r, p2(0) =s, p2(1) =1— s}. Without any prior information, 7 = {m =
1/2, mo =1/2}. Thus

Pr(O | AN W2) = ap(1) + ag(2)
= [o-1(1) - (1 —w) + ap_1(2) - v] - (1 — r)Ol . 1 =0l
+ e (1) - u+ap_1(2) - (1 —0)] - (1 — ). g1-0M,

Iteratively, we can replace the terms involving «; with those involving «;_1,
finally replacing terms involving a; with the above definition of a7, to obtain
a multi-variate polynomial on u,v,r, s of total degree 2¢ with (62 0)? < %
terms as follows.

Let

(I—-u)-r wu-s

Vo = ver (1—w)-s
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and
Cl=w)-1=-r) u-(1-s)
Vi = v (l—=r) (1—1})-(1—5)}

Then one can simply write

¢
Pr(O | u,v,r,s,Ws) = [1/2 1/2] '{HVO[i]}' E]

i=1

which can be evaluated by successive multiplications in O(Zle i) = O(F°)
time. Thus for uniform Pr(A | Wa),

1
Pr(O | Wa) :/ Pr(O | v,u,r,s, W) dv dr du ds

v,u,r,s=0

1
= / g ay (1) dv dr du ds
v ,

and thus

1

L
Pr(O|W2):/ [1/2 1/2]-{HVOM}- m dv dr du ds

v,u,r,s=0

Notice that one can impose bounds on coin transition probabilities by sim-
ply changing the range of integration. It is quite straightforward to determine
and perform the symbolic integration of the above multivariate polynomial for
Pr(O|Ws) which involves O(£*) terms in O(£5) time.

We now show how to conclude whether the single coin explanation is the
likeliest.

Lemma 1. Knowledge of Pr(O | Wy) and Pr(O | Wa) is sufficient to conclude
whether a single-coin model W1 has the highest a posteriori probability among
all W; for creating the binary sequence O.

An important observation about Pr(O | W;) as a function of 7 is that it
has at most one local maximum; hence for any i-coin model, if Pr(O | W;) >
Pr(O | W;—1) and Pr(O | W;) > Pr(O | Wi_2), then Pr(O | W;_y) >
Pr(O | W;_2). Thus if Pr(O | Wi) > Pr(O | Wa), then for any i Pr(O | Wy) >
Pr(O | W;), and thus W is the most likely model for generating O.

The lemma implies that our test needs to compute and compare Pr(O | W)

and Pr(O | W3), which can be performed in O(¢°) time. In the next section we
show how to improve this running time to O(¢* - log¢).
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3.2 Improving the Running Time

The running time of our test is dominated by the time spent on computing
P(O | W5). The multivariate polynomial evaluation in this step can be performed
faster than O(¢°) time via a divide and conquer approach: The multiplication of
two k-variate polynomials where the degree of each variable in a term is bounded
above by i can be done in O(k - i* - log4) time using FFT. It is not difficult to
see that the running time of the divide and conquer algorithm is dominated by
that of the final step, which requires multiplying two 2 x 2 matrices where each
entry is a 4-variate polynomial and the degree of each variable is at most . This
leads to an overall running time of O(¢* - log ) for our test, which we state in
the theorem below.

Theorem 1. Given an alignment sequence O of length ¢, it is possible to deter-
mine in O((*log¢) time whether a posteriori probability that O has been gener-
ated by a 1-coin model is higher than that for any other k-coin model for k > 1.

3.3 Examples

ForO =11 (or O = 00)

1
Pr(O | Wy) :/ (1—7r)dr = Ll and
0

Pr(O | Wy) = %[(1 — 7)1 —u) + (1 —r)u(l —s)

=}

1 1 1 13 7

=3 Gty )=y

thus it is more likely that O has been generated by a single coin model. This is
quite intuitive as a very likely model for generating this sequence consists of a
single coin with high bias.

ForO = 10 (orO = 01)

1 1
PT(O|W1):/ r(l—r)dr = / r—r?dr = 4 and
0 0

Pr(O | Wy) = /0 %[ru(l —r)+r(l—u)(l-2s)

+5(1 —u)(1 —7)? 4+ sv(1 — s)] dr du dv ds

L9 = =
6 2 2 24
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thus it is more likely that O has been generated by a two-coin model. This is
also intuitive as such a sequence can only be a result of a single coin which is
not very biased; however one can think of both biased and unbiased two-coin
models that could be responsible of its generation.

We programmed our algorithm to test the likelihood of Pr(O | Wi) and
Pr(O | W) on a number of alignment sequences O.

The first table below provides some intuition on the likelihood of models on
short sequences. It is interesting to note that the last sequence is much more
likely to be generated by a two-coin model due to its periodic nature. The most
likely model to generate this sequence would involve two coins which are highly
and oppositely biased; the transition probabilities from one coin to the other
should also be very high.

|0 [Pr(O | Wh)|Pr(O | Wy)|Likely model]
101 0.0833 0.104 Wy
11100 0.0166 0.0208 Wo
111111 0.142 0.0822 Wi
1110111 0.0178 0.0156 Wi
1010101010{0.000360  10.00149 Wa

Here are some sequences which were generated with two coins of opposite
biases switched exactly in the middle of each sequence. The test was able to
successfully identify bias differences of 10% or more.

% 1’s in| % 1’s in Likely

o 1% half| 2™ half|Pr(O | W1)|Pr(O | W2)|model
111011111111110000001000000([93% 8% 1.780 - 107 °[2.980 - 10~ %] W
1101011011111000010101000 [77% 25% 7.396-1077[1.117 - 1073 W
0100101101100100101110  {[55% 45% 6.163 - 107 °(8.450 - 10 °| W

3.4 Extensions

It is possible to extend our statistical test by using a slightly larger alphabet
{0,1, —} rather than the binary, where the character “—” represents a gap in
only one of the sequences in the alignment. This increases the complexity of the
problem as two new variables, ' and s’, for representing the probabilities of
generating a gap for each coin need to be incorporated into the algorithm. The
corresponding increase in the number of variables in the multivariate polynomial
from 4 to 6 leads to an O(£° log ¢) running time.

We also note that an alternative test, which compares Pr(O | Wi, A1) and
Pr(O | Wa, A2), where Ay and Ao are the most likely one-coin and two-coin
models respectively can be of use. It is easy to verify that obtaining Ay and A,
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requires a differentiation of the respective univariate and multivariate polyno-
mials and evaluating them at local maxima. This can be done in O(¢) time for
the univariate polynomial, and in O(¢*log¥) time for the 4-variate polynomial.

3.5 Identifying All Copies of a Pattern in a Long Sequence

Given a long sequence S and a pattern @, it is possible to extend our test to find
all segments R of S for which the alignment (Q’, R’) obtained by an alignment
algorithm of choice satisfies (1) h(Q’, R') < § for some threshold value 0 < § <
1, and (2) the alignment sequence al(Q’, R') passes our statistical test. This
generalizes available pattern matching algorithms for identifying segments of S
that satisfies condition (1) only (some of the better known results in this direction
include [17,24,9,21,7]). A simple implementation which slides @) through S takes
O(1S| - |Q[*log|Q]) time.

4 Open Problems and Discussion

An immediate open problem is whether it is possible to improve the running time
of the pattern identification algorithm described above to O(]S|-|Q|? log |Q|) for
certain alignments. This raises the issue of generalizing our test, which considers
a single alignment between a pair of sequences, to one which considers multiple
possible alignments. Another important problem is how to apply this test to “dis-
cover” all repeats in a long genome segment, extending the work on sequence dis-
covery algorithms available for non-tandem repeats [1], and other motifs [5,6,20]
under conventional measures of sequence similarity. One particularly interesting
testbed is the identification of the exact boundaries of multi-layered tandemly
repeated DNA segments. A practical approach to this problem is to slide a fixed
size window across the sequence of interest, measuring the percentage similarity
score of every window position w; with every other w;. It is expected that for
those w; and w; for which j —4 + 1 is a multiple of a period size, the percentage
similarity score will be higher than other window positions; thus one can view
each w;, w; pair whose similarity score is higher than a threshold as evidence
that k = j — i+ 1 is a candidate period size (usually on a 2-D plot). If the
candidate period size k is supported by sufficient evidence, one may conclude
that k is indeed the size of a period. Although this approach has been used in a
number of applications, it raises a few issues.

(1) The widely accepted hypothesis for high order tandem repeat evolution (e.g.
the high repeat alpha-satellite DNA) maintains that some early tandem copies
at the monomeric level are followed by a k-mer copying event, after which almost
all copying events occur at k-meric level [22,18]. In other words copying events
occur hierarchically in time, and “larger period” sizes are always multiples of
“smaller period” sizes.

However, one can imagine copies occurring in a number of different block sizes
scattered over the sequence; this may lead the above strategy to fail to correctly
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identify the high order in the repeat pattern.

(2) Different window sizes may lead to different conclusions.

(i) if the window size is smaller than the size of a period, the method will not
compare full periods against each other and the results derived can be mislead-
ing;

(ii) if the window size is much larger than the size of a period, then the variations
in similarity between w;, w; pairs will be insignificant.

(3) The thresholds for (i) the similarity score and (ii) the number of evidences
for identifying a potential period as an actual period play a significant role in
the method. If the threshold values are too small, there will be too many periods
to report; if they are too large, some of the periods may be ignored.
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Abstract. Sequence nearest neighbors problem can be defined as fol-
lows. Given a database D of n sequences, preprocess D so that given
any query sequence @, one can quickly find a sequence S in D for which
d(S,Q) < d(S,T) for any other sequence T' in D. Here d(S, Q) denotes
the “distance” between sequences S and (), which can be defined as the
minimum number of “edit operations” to transform one sequence into the
other. The edit operations considered in this paper include single charac-
ter edits (insertions, deletions, replacements) as well as block (substring)
edits (copying, uncopying and relocating blocks).

One of the main application domains for the sequence nearest neighbors
problem is computational genomics where available tools for sequence
comparison and search usually focus on edit operations involving single
characters only. While such tools are useful for capturing certain evolu-
tionary mechanisms (mainly point mutations), they may have limited ap-
plicability for understanding mechanisms for segmental rearrangements
(duplications, translocations and deletions) underlying genome evolu-
tion. Recent improvements towards the resolution of the human genome
composition suggest that such segmental rearrangements are much more
common than what was estimated before. Thus there is substantial need
for incorporating similarity measures that capture block edit operations
in genomic sequence comparison and search.! Unfortunately even the
computation of a block edit distance between two sequences under any
set of non-trivial edit operations is NP-hard.

The first efficient data structure for approximate sequence nearest neigh-
bor search for any set of non-trivial edit operations were described in [11];
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Levenshtein edit distance provided for the “weighted edit distances” used by BLAST
and other sequence search and comparison tools.
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the measure considered in this paper is the block edit distance. This
method achieves a preprocessing time and space polynomial in size of D
and query time near-linear in size of @ by allowing an approximate fac-
tor of O(log £(log* £)?). The approach involves embedding sequences into
Hamming space so that approximating Hamming distances estimates se-
quence block edit distances within the approximation ratio above.

In this study we focus on simplification and experimental evaluation
of the [11] method. We first describe how we implement and test the
accuracy of the transformations provided in [11] in terms of estimating
the block edit distance under controlled data sets. Then, based on the
hamming distance estimator described in [3] we present a data structure
for computing approximate nearest neighbors in hamming space; this
is simpler than the well-known ones in [9,6]. We finally report on how
well the combined data structure performs for sequence nearest neighbor
search under block edit distance.

1 Introduction

The sequence nearest neighbor (SNN) problem is as follows. We are given a
database D of sequences for preprocessing; given an on-line query sequence @,
our goal is to return a sequence S in D whose distance d(S, Q) to @ is no more
than that of any other sequence T to ). Distance between two sequences is
defined to be the minimum number of edit operations needed to transform one
to another (all edit operations of interest are reversible so that d(S,T) = d(T, S)
for any two sequences T and S). The nature of SNN problem depends on the
edit operations permitted which correspond to the notion of similarity between
sequences one may wish to capture for an application. We will come back to this
issue later in this section.

Let the number of sequences in D be n and the maximum length of the se-
quences in D be /. Under nearly any set of edit operations, known algorithms for
the SNN problem face the “dimensionality bottleneck” in the worst case; that is,
they cannot use subexponential (0(2¢)) preprocessing cost and yet obtain query
time bounds better than that obtained by comparing the query sequence to each
in the database (say, sublinear — o(nf) — time). Overcoming this dimensionality
bottleneck under nontrivial edit operations has been an important open issue in
Combinatorial Pattern Matching.

A similar bottleneck exists in the vector nearest neighbor problem (VNN) as
well. Here the objects in the database are vectors and the distance between two
objects is defined by a vector measure (such as Hamming, Euclidean, or L).
Recently, substantial progress was made on these problems: in [9,6], authors
present polynomial time preprocessing algorithms that with near-linear time
processing of the query vector, return an ”approximate” nearest neighbor under
vector distances considered.

Although SNN problems are related to VNN problems (a sequence of length
¢ may be thought of as an ¢ dimensional vector) they offer distinct challenges.
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Edit operations allow nontrivial alignments between two sequences (position ¢ in
one sequence may align with position j # i in the other) while vector distance
functions allow only the trivial alignment of the ith position of one vector with
the same in the other. In presence of certain ”block edit operations” even com-
puting the distance between two sequences can be NP-hard (allowing arbitrary
block copies is a sufficient condition for hardness [10]); in contrast, the vector
distance measure can be computed in linear time.

Recently a number of approximation algorithms have been developed for dis-
tances allowing a subset of these block edits. For example Bafna and Pevzner [13]
studied the case where each string is a permutation of characters and the only
edit operations allowed are transpositions; they provide a constant approxima-
tion for this problem. An indexing structure for this measure was later given
in [4]. The restriction on permutations were relaxed by a recent work of Shapira
and Storer [14], where general string distances under transpositions are consid-
ered and a logarithmic factor approximation is provided.

Independently, the first progress towards overcoming the dimensionality bot-
tleneck in SNN problem was given in [11] which describes the first known efficient
algorithm for “approximate” nearest neighbor search with preprocessing time
and space polynomial in size of D and query time near-linear in size of (). This
result holds for block edit distance d(S,T) between two sequences S and T' defined
to be the the minimum number of single character insertions, deletions, replace-
ments and block (substring) copies, uncopies (deleting one of the two copies of
a block), relocations and reversals needed to transform one to the other.

Our Contributions. In this study we focus on simplification and experimen-
tal evaluation of the data structure presented in [11]. The original [11] data
structure is constructed in two steps. The first step transforms each sequence S
in D to a binary vector T'(S) such that the hamming distance between two
such binary vectors provide an O(log £(log* £)?) approximation to the block edit
distance between their corresponding sequences; this is based on the distance
preserving transformation provided in [3]. The second step constructs a data
structure for computing an approximate (1+€) nearest neighbor of 7'(Q) among
the transformed sequences in D under hamming distance; this is based on [9,0].

The combined data structure “approximately” solves the SNN problem.
Let D be a database involving n sequences Si, ..., S, where ¢ = max; |S;| and
|D| = 3", |Si]. The data structure of [11] can be constructed in time and space
polynomial in |D| and £. A query with sequence @ takes time O(|Q| polylog(nt))
and returns a sequence S in D such that d(S, Q) = O(log ¢(log* ¢)*)d(T, Q) for
any other sequence T in D, with high probability (at least 1 — 1/n). Here,
d(S, Q) denotes the minimum number of character edits (insertions, deletions
and replacements) and block edits (relocations, copies, uncopies and reversals)
needed to transform S to @ (or vice versa).

In this paper we first describe how we implement and test the accuracy of
the distance preserving transformation described in [3] in terms of how well it
approximates the block edit distance, under controlled data sets. Then, based
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on the hamming distance estimator described in in [3] we present a simpler data
structure for computing approximate nearest neighbors in hamming space than
those described in [9,6]. We finally report on how well the combined data struc-
ture performs for sequence nearest neighbor search under block edit distance.

Map. In Section 2, we provide a somewhat detailed motivation for studying
block edit distances drawn from processing biological sequences. We describe how
to implement two key steps of [11] in Sections 3 and 4 respectively in a simple
way. In Section 5, we describe our experiments and present some observations.

2 DMotivating Block Edit Distances

As mentioned earlier the distance between two sequences is defined as the min-
imum number of allowed edit operations needed to transform one to another,
which are imposed by the specific considerations in the problem domain. In this
paper we particularly focus on applications in computational genomics where
the similarity between DNA sequences are of key importance. Specifically we
focus on sequence similarity measures that can help us to identify mechanisms
for structural rearrangement in the human genome, particularly genomic du-
plications, which provide the key to the understanding of the causes of several
genomic diseases.

The human genome sequence consists of many segments which are repeated
along the genome within a small divergence rate (i.e. small normalized edit dis-
tance [1]). Preliminary studies predict that more that 60% of the human genome
is duplicated [2]. Most of these repeat sequences are common repeats [7] which
are usually short and tend to occur several thousands of times throughout the
genome (for example, the well known alu segment consists of approximately 300
nucleotides and is repeated along the genome for more than 10° times within
a divergence rate of 5% — 15%). For capturing similarities between these short
common repeats, distance functions which only allow single nucleotide/character
edit operations are sufficiently powerful.

As the human genome project gets close to completion, it is becoming ap-
parent that the genome consists of much longer segments comprising portions
of genes and even entire gene segments which are duplicated with higher simi-
larity /lower divergence [2]. Some of those long duplicative segments are known
to cause recurrent structural rearrangements (i.e. edit operations on whole seg-
ments/blocks) in chromosomes, such as segmental deletions, translocations, and
reversals, as well as local duplications. A main mechanism that causes such rear-
rangements (particularly segmental deletions and repeats) is what is known as
unequal crossover [16]. Other mechanisms that cause such structural rearrange-
ments include replication slippage and retrotransposition [7]. These segmental
rearrangements may occur hierarchically and in multiple layers. (For example,
a long block of tandemly repeated DNA may have a complete duplicate else-
where; this may indicate that the tandem duplication event is evolutionarily
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older than the long segmental duplication). Some of these rearrangements occur
frequently, and may result in the deletion or duplication of a developmentally
important gene segment, causing a genetic defect [3].? In order to understand
mechanisms underlying genome wide structural rearrangements so as to (i) help
diagnosis and treatment of genetic defects, as well as (ii) improve understand-
ing of the evolution of human genome, the sequence similarity/distance measure
used should allow edit operations on genome segments/blocks, as well as single
nucleotides/characters.

Thus the edit distance we consider in this study involves (1) character edits
which include inserting or deleting a single character or replacing a single char-
acter by another, (2) block edits which involve moving a block (any consecutive
set of characters) from one location to another or copying blocks from one place
to another within a sequence, or reversing an entire block.

This motivation has been articulated for the first time here; even though
block edit distances have been studied for quite some time in algorithmic litera-
ture, the discussion above motivates the specific block edit operations of interest
in Computational Genomics, in particular, the copying or reversing block oper-
ations. In this paper, we will not consider the block reversal operations but all
our discussions apply equally well to them, see [11] for details.

In the rest of the paper we denote sequences by P,Q, R, S.., integers and bi-
nary numbers by 7, j, k.. and constants by «, 3, ... All sequences have characters
drawn from the DNA alphabet o = {a, ¢, g, t}.

3 Implementation of Distance Preserving
Transformations

In this section we review how to compute “signatures” of a set of binary se-
quences® to approximate block edit distance [11]. Given binary sequences S
and @, the [11] method transforms them to bit strings 7'(.S) and T'(Q) which are
used as signatures of S and ). The hamming distance between T'(.S) and T(Q)
approximates the block edit distance between the original sequences S and Q.

To compute the signatures, we first compute what [11] calls core blocks (sub-
strings) of S and Q. Here we present a simplified version of the core block
computation which we employ in our implementations.

(1) Computing the core blocks. The core blocks of S are computed hierar-
chically as follows: At the base level every substring of the form 10¥1 and

2 Such defects, usually referred as genomic disorders, occur at a rate of approximately
1 in every 1000 births. Several birth defects are a result of these disorders, including
spina bifida and cleft lip/cleft palate, as well as a number of adult diseases such as
cardiovascular disease and osteoporosis.

3 or binary representations of sequences from the four letter DNA alphabet
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01%0 for all & > 1, I > 2 is a core block. Core blocks at the next level are con-
catenation of a number of successive core blocks at the current level - this is
done iteratively for each level through the locally consistent parsing (LCP)
(see [15,11] for details). We describe a simplified, practical implementation
of LCP below. The key properties of the core blocks are:
(i) there are O(log|S|) levels of core blocks.
(ii) if V and W are two identical substrings of S, and V is a core block,
then W is necessarily a core block as well,
(iii) core blocks at a given level cover the whole sequence S with the excep-
tion of a few characters in the left and right margins, however,
(iv) core blocks do not partition S as there may be overlaps between suc-
cessive core blocks.
Each unique core block has a unique label. When processing a set of se-
quences, identical core-blocks get identical labels no matter in which se-
quence they occur at.

(2) Computing signatures. Consider the set of unique core blocks in all
sequences, {C1, Cy, ..., Ci}. Then the signature T'(S) is simply the string of
bit flags where the " bit is 1 if C; is a core block of S and is 0 if C; is not
a core block of S. For improving space efficiency, we simply represent T'(.5)
as a list labels of all core blocks in S.

The space efficient representation of signature 7'(S) can be computed in time
O(]S|1og|S]), and requires O(|S|log|S|) space. It is proven in [11] that the
hamming distance between the signatures of two sequences provides an ap-
proximation to the block edit distance. More specifically 2(d(Q, S))/ log™(|Q|+
1S) = AIT(@Q),T(S)] = O(d'(Q. ) og(IQ] + |S])log" (|Q| + |S])) where
RIT(Q),T(S)] is the hamming distance between T(Q) and T'(S) which is
equal to >, T'(Q[i]) & T(S[i]).

Implementation Issues. Our implementation for computing signatures were done
in C4++ using STL (standard template library). The implementation requires the
input genomic sequences to be added in the database be in the standard FASTA
format. Once a sequence from D is read, it is converted to a binary sequence,
two bits per character. We relax some of the theoretical conditions on core block
computations of [11] to improve efficiency. In our implementation, base level core
blocks are designated to be all one-character sequences; to identify level-1 cores,
repeating bits bracketed by opposite bits (e.g. 0110, 10001), are designated with
the exception of 101. These cores are stored in a vector with their starting and
ending positions in the original binary sequences.

To compute level-i cores from level-i—1 cores iteratively, each level-i—1 core C
is compared to its right neighbor as per LCP [15] and p(C'), the least significant
bit position at which the C differs from its right neighbor, is computed. Then
p(C) is concatenated with the value of the p(C)" bit of C' which gives tag(C).
If in the sequence of tags, C’s tag is a local maxima, C' is concatenated with two
the two neighboring cores to its left and the two neighboring cores to its right
(after their overlap is eliminated). This gives a new core in level-i which is added
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to the list of cores in level-i. The core computation is stopped once less than 5
cores remain at a level. After all cores of each of the sequences in the database
are computed, they are sorted in lexicographic order, while multiple occurrences
of the identical cores are eliminated.

Each core is labeled with its lexicographic ordering in the list of unique cores.
Finally for each sequence S its signature T'(S) is computed as the list of core
labels that are present in S, sorted in lexicographically.

4 Nearest Neighbor Search under Hamming Metric

In this section we describe a randomized data structure for approximate nearest
neighbor search in the hamming space, simplifying the results of [6] and [9].%
Given a set D of n bit vectors we first describe a random mapping m : {0,1}* —
{0,1}1°%5 ¢ for some small constant § > 1 so that given X,Y € {0,1}¢, one can
estimate h(X,Y") within a factor of 4 through m(X) and m(Y"), following [3].

For any X in D, a random mapping m(X) is computed in ¢ iterations. In
the " iteration we uniformly and independently pick a sequence of 3* loca-
tions rq,..., 75 in X. We hash the sequence of bit values specified by this sam-
ple, X; = X[ri], ..., X[rgi], to my(X) = @jzlw’ﬁq, X|[r;]. The mapping of X is
then simply m(X) = my(X),... ,mlogﬁg(X).

Lemma 1. It is possible to compute an estimate h(X,Y) of h(X,Y) as a func-
tion of the longest common prefiz of m(X) and m(Y') such that (1) the proba-
bility that h(X,Y) < Bh(X,Y) is at most a user specified parameter €, provided
%ﬁfl < @ (2) the probability that h(X,Y) < ah(X,Y) for o = % > 1.
is at most 1/2.

Proof. The proof is mostly provided in [3]. We only highlight some of the main
points here. Observe that m;(X) ®m;(Y) = @,;_, 3 X[r;] & Y]r;]. Therefore
Pr[m;(X)@®m;(Y) = 1] is equal to the probability of getting an odd parity out of
B¢ random i.i.d. bits, each of which has value 1 with probability p = h(X,Y) /(.
This can easily be bounded as follows. Let by,...,br be independent Boolean
random variables with expectation p. Then one can easily verify that Pr[>_b; is
even | = (1 + (1 —2p)¥)/2. Denote by C(k,p) = (1 + (1 — 2p)*)/2. Then, for all
k>2,and 0<p<1: (i) e < Ck,p) < (14 e 29)/2; (i) if e~ 347 > Y51
i.e. kp < 0.7218..., then C(k,p) < e~ 3P,

Now consider a sequence of k bits where the i** bit represents the parity of 3*
i.i.d. coin flips each with bias p. Then Z(k, p, 3), the probability that all of the &k
bits are zero, is [[;5, C(k/B",p), where u = logg k. It is not difficult to check

4 Note that these results do not work only for the Hamming space but also for Eu-
clidean spaces; our simplification is only for the Hamming space with a relaxed set
of constraints.
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that Z(k,p,3) > e /=18 and Z(k, p, B) < e~ 3*(1=1/8) provided e~ 5+ >
V51
=1,

Let k = |pref(m(Y),m(Y))|, the size of the longest common prefix of X
and Y. Then for any given value of ¢ > 0, we can estimate p (= h(X,Y)/¥)
by choosing p so that Z(k/j3,p, ) < e, since the probability of not getting odd

parity before k is at most € if p > p. We can satisfy Z(k/3,p, 3) < € by setting
—2kp - — 5
eTFD = €, i.e. by setting p = w, and ensuring e 5L > @ This

holds provided g < 1+ ﬁ 1n(‘/52—1),

Thus given k = |pref(m(X), m(Y))], one can observe that h(X,Y) =p-£ =
l- W < Bh(X,Y) with probability < e. It is not difficult to show that
Prii(X,Y) > ah(X,Y)] < 1/2, for a > 2B > 1 (see [3] for details).

21n2
Thus given sequences X,Y and a query sequence ) where h(Q,X) <
ah(Q,Y) (so that @ is closer to X than Y) for which a > % >
1 and %671 < @, one can observe that Pr[|pref(m(Q),m(Y)) >

lpref(m(Q),m(X))[] = Pr(Q,Y) < M(Q,X)] is upper bounded by (1 +
€)/2. Thus the probability that some logn independent random mappings
mi, ... Miegn all estimate @ to be closer to Y is O(1/n). It is trivial to verify
that given n sequences Y1, ...,Y, for which h(Q, X) < ah(Q,Y") the probability
that some log®n independent random mappings all fail to estimate that X is
closer to @ is O(1/n) as well.

Our data structure for approximate nearest neighbors thus consists of O(log2 n)
binary tries T; each composed of an independent random mapping m;(X) of each
of the bit vectors X in D. One can compute the mapping m;(X) in O(¢) time,
thus the time needed for computing the data structure is simply O(|D| -log® n).

To search for a query sequence ) in D, we simply find in each trie T; one
sequence S; whose corresponding mapping has the longest common prefix with
that of Q; this can be done in an overall time of O(flog®n). Testing which
of these log2 n sequences is a “closer” match to ) can again be performed in
o log? n) time. Notice that this will again be done by computing the hamming
distance between the transformed sequences T'(S;) with T'(Q); which will only
give an approximate answer to the SNN query.

5 Experimental Results

We used a variety of data sets with multiple settings to verify the practical value
of our implementations. There are two key issues that we test in our experiments.
(i) The accuracy of the approximate block edit distance computation: the worst
case upper bound is O(log ¢(log* £)?); we would like to test the approximation
ratio in an experimental setting. (ii) Our data structure returns a number of
nearest neighbor candidates for each query sequence @), depending on the number
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of tries employed. A measure of success for a data structure of this nature is
the ratio of the number of sequences returned by the data structure and the
total number of sequences in the database. We first determine the number of
tries needed to “guarantee” that the data structure returns the correct nearest
neighbor among the candidates (in order to avoid “false negatives”). Then under
the settings imposed by these figures, we determine the average and maximum
number of candidate sequences returned by the data structure for a given query
sequence.

To test our methods we randomly generate sets of sequences in which we con-
trol the block edit distances. Key parameters in our data sets are (i) the size of the
sequences, (ii) the number of sequences, (iii) the type of edit operations involved
(we also test how well our data structure approximates the Levenshtein [12]
edit distance), (iv) the distribution of the sequences in sequence space, i.e. the
distances of the sequences to a given query sequence, (v) the locations of edit
operations, (vi) the size of the block operations.

To generate each data set we start with a single sequence (of some specified
length) which is later used as the query sequence. This query sequence is gener-
ated by picking for each position a character from the DNA alphabet “uniformly
at random”.® All of the other sequences for a particular data set are generated
as “mutations” of the query sequence, with mutations following a prescribed
model. We start by applying a small number of edit operations on the query
sequence to generate its nearest neighbor. We increase the number of edit op-
erations (linearly or geometrically) to generate more sequences in the data set.
More specifics of the data set generation is provided below.

5.1 Data Sets

Random sequences under Levenshtein Edit Distance. This data set is
intended to help measure how well the transformations of [11] approximate the
Levenshtein edit distance in the absence of block edit operations when creating
one sequence from the other. This scenario is inspired by measuring the evo-
lutionary relationship between shorter duplicated segments in the genome on
which only point mutations apply during evolution. To model this “molecular
clock” phenomena, we generate sets of sequences with uniformly random char-
acter edit operations at uniformly random locations. Each data set is generated
by first creating a query sequence that will serve as the template for all mutated
sequences. The lengths of these sequences chosen in our experiments were 1000
and 10000 characters. Other sequences in the data set were created by perform-
ing a specified number of random edit operations to the query sequence. Each
edit operation were chosen uniformly at random among the three character edit
operations, namely character insertion, deletion or replacement. The location of
each edit operation and the character to be used in case the edit operation is an
insertion or a replacement, was also chosen uniformly at random.

® We use UNIX rand() for pseudo-random number generation throughout this study.
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The prescribed distance from the query sequence grows either linearly or
geometrically. For the linear rate, the number of mutations was chosen to start
at 5 (the closest to the original sequence). For query sequences of length 1000,
the growth rate was by 5 for each successive mutated sequence (i.e. 5, 10, 15, ...),
and for query sequences of length 10000, the mutations increased by 50 for each
successive sequence. For geometrical growth rate, the number of edit operations
applied for each successive sequence was either doubled or increased by a factor
of 1.2.

Random sequences under Block Edit Distance. While character edit op-
erations represent point mutations, block edit operations represent genome wide
segmental rearrangements. We emulate this phenomena by adding two opera-
tions to the character edit model: block relocation and block copy. In our data
sets, we pick each edit operation uniformly at random among character edits
and block edits and further among the specific edit operation in the selected
category. The location to which the edit operation is applied is also selected
uniformly at random. The size of the block to be edited is determined through
binomial distribution; i.e. for each block, we start with a single character and
iteratively extend it by one character with probability of 27%; we generated data
sets with ¢ = 1,...,5 to verify how the block size affects the accuracy of the
transformations.

5.2 Tests on Data Sets

Accuracy of the transformations. We compare the estimated block edit
distance with the number of edit operations applied, which provides a good
approximation to the block edit distance. The lengths of the original sequences,
the rates of growth of the number of edit operations, and the number of derived
sequences were all chosen so that the chance of an overlap between operations
were relatively low. A good measure of accuracy is how well signatures preserve
the order of the sequences in the data set in terms of their original and estimated
distances to the query sequence which we demonstrate for each data set in the
tables below.

We start by interpreting the results for sequences with a linear growth factor
with lengths 1Kb and 10Kb. In both cases, the ordering results matched that of
the correct order well, although the 10Kb sequences were somewhat more accu-
rate. For the 1Kb sequences, since the growth factor was only 5, the sequence
differences could be quite small, as opposed to the longer 10Kb sequences with
a growth factor of 50. By examining the actual values of the linearly increas-
ing generated sequences, we can infer some more intuition about each distance
computation. (1) The hamming distance between signatures clearly exhibit a
tendency to “level off” as the sequence size increases, rather than increasing
linearly with the number of actual mutations. This should be at least in part a
result of the clustering effect of our method: When the edit operations are sparse
each such operation will tend to modify some logarithmic number of cores When
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the edit operations are dense then several closely located operations will clus-
ter in the modification of high level cores resulting in somewhat lesser number
of modifications per edit. (2) Also apparent is the dependence of the hamming
distances between transformations on the average size of the edited blocks.

We also make a few observations on the data set with geometrical growth
rates. Here we can see how the larger difference between each sequence con-
tributes to perfect orderings for the 1Kb length sequences, and near perfect for
the 10Kb length sequences. With the 10Kb sequences, the orderings for the first
few sequences generated from the query sequence have incorrect order primarily
because the growth rate was small (1.2), thus the sequences did not differ by
more than 15 mutations (still relatively close) until 12 successive sequences had
been generated from the original (i.e. the first few sequences are all very close
to each other and original).

Effectiveness of the tries. We tested the tries of transformed sequences on
larger data sets. Our first goal was to determine the “typical” number of tries
needed to ensure that the correct nearest neighbor was one of the sequences
returned for a given query. We used three data sets in which the size of the
sequences were approximately 250 characters and the number of sequences in the
data sets were 111, 251, and 2551 respectively. A linear growth in the induced
block edit distance from 5 to 45 with a factor of 3 were used with increasing
number of sequences within each group.

We also tested multiple sampling factor growth rates (i.e. 8 values) for cre-
ating fingerprints, factors of 1.2, 1.5, and 2 were tested with each of the data
sets. The results are quite as expected as demonstrated in the last three tables:
As the data set size increases one needs to decrease the sampling factor growth
rate. For data set size 111, the most effective sampling factor growth rate is 1.5
both in terms of the number of tries to be examined and the number of unique
matches. For data set size 311, the most effective sampling factor growth rate
becomes 1.2 in terms of both measures for most of the runs. For data set size
2551, the sampling factor growth rate of 1.2 clearly outperforms the other two.
We leave the determination of the best sampling factor growth rate as a function
of data size to further studies.

6 Concluding Remarks

We have shown simple, effective ways to implement the sequence nearest neigh-
bors result from [11]. Our experimental study was motivated by processing ge-
nomic sequences, and we hope to further strengthen our implementations.
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Table 1. Signature computation for psuedo random strings, size 1k, with char-
acter edit distance from query increasing linearly

"Actual” Estimated (Run 1) | BEstimated (Run 2) | Bstimated (Run 3)
Order|Edit Distance|Order|Hamming Dist|Order [Hamming Dist|Order| Hamming Dist
T 5 T 99 1 71 1 82
2 10 3 146 2 137 2 146
3 5 2 148 3 191 3 207
1 20 1 243 1 252 1 264
5 25 5 295 5 307 5 296
6 30 6 318 6 310 6 330
7 35 7 325 8 366 7 355
B 40 8 374 7 369 8 379
0 15 0 131 9 103 9 107
10 50 12 142 10 114 10 144
11 55 10 448 11 432 12 473
12 60 11 159 14 167 11 500
13 65 [ 505 12 168 13 524
14 70 13 520 13 520 14 556
15 75 16 533 15 523 15 558
16 80 15 557 16 532 19 578
17 85 17 559 17 551 18 595
8 90 18 574 18 559 17 596
19 95 19 596 20 586 20 602
20 100 20 601 19 616 16 609

Table 2. Signature computation for psuedo random strings, size 1k, with char-
acter edit distance from query increasing linearly

" Actual” BEstimated (Run 1) | BEstimated (Run 2) | Estimated (Run 3)
Order[Edit Distance|Order|Hamming Dist|Order [Hamming Dist|Order [Hamming Dist
1 5 [l 99 [l 71 1 82
2 10 3 146 2 137 2 146
3 15 2 148 3 191 3 207
4 20 4 243 4 252 4 264
5 25 5 295 5 307 5 296
6 30 6 318 6 310 6 330
7 35 7 325 3 366 7 355
B 40 8 374 7 369 8 379
9 45 9 131 9 103 9 107
10 50 12 442 10 114 10 144
11 55 10 448 11 432 12 473
12 60 11 159 14 167 11 500
13 65 14 505 12 168 13 524
14 70 13 520 13 520 14 556
15 75 16 533 15 523 15 558
16 80 15 557 16 532 19 578
17 85 17 550 17 551 18 595
18 90 18 574 18 559 17 596
19 95 19 596 20 586 20 602
20 100 20 601 19 616 16 609
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Table 3. Signature computation for psuedo random strings, size 1k, with block
edit distance from query increasing linearly. BED is the induced Block Edit
Distance; HD is the observed Hamming Distance from signature comparison.
The run 7 determines for block operations the chance of extending a block by
(1 — 1/2%) chance of another character being added to the block

"Actual” | Estimated | Estimated | Bstimated | Estimated | Bstimated
(Run i = 1)|[(Run i = 2)|(Run i = 3)|(Run i = 4)[(Run i = 5)
Order[BED |Order| HD |Order| HD |Order] HD |Order| HD |Order] HD

1 5 1 71 1 95 1 104 1 110 1 128
2 10 2 151 3 220 2 173 2 208 2 175
3 15 3 214 2 224 3 250 3 239 3 314
4 20 4 290 4 298 4 250 4 283 4 340
5 25 6 350 5 316 5 322 5 352 5 354
6 30 5 364 6 392 6 359 6 364 6 443
7 35 7 403 8 409 7 440 7 371 7 475
8 40 8 408 7 424 8 456 9 468 8 530
9 45 9 434 9 477 9 460 8 481 9 540

10 50 10 471 10 504 10 498 10 543 10 572
11 55 11 518 11 534 12 557 12 549 11 614
12 60 12 533 13 568 11 564 11 558 12 646
13 65 15 550 15 579 14 585 14 571 13 670
14 70 13 566 14 580 13 586 15 611 14 699
15 75 14 597 12 587 16 598 13 613 16 705
16 80 17 619 18 654 15 608 16 638 17 715
17 85 20 632 16 655 17 683 17 667 18 750
18 90 16 648 17 660 18 691 18 691 15 755
19 95 18 657 20 683 20 696 20 693 19 805
20 100 19 659 19 699 19 731 19 715 20 814

Table 4. Signature computation for psuedo random strings, size 10k, with block
edit distance from query increasing linearly. BED is the induced Block Edit
Distance; HD is the observed Hamming Distance from signature comparison.
The run 7 determines for block operations the chance of extending a block by
(1 —1/2%) chance of another character being added to the block

"Actual” | Estimated | Estimated | Estimated | Estimated | Bstimated
(Run i = 1)|(Run i = 2)|(Run i = 3)|(Run i = 4)|(Run i = 5)
Order|[BED|Order] HD |[Order] HD |Order| HD |Order] HD |Order] HD
T 50 T [1032] 1 [o998 | 1 [©980 | 1 [1066] 1T [1159
100 | 2 [1612| 2 [1640] 2 [1716]| 2 |174a7| 2 [1797

3 [ 150 | 3 [2044| B3 [2382| 3 [2423| 3 [2372| B3 |2435

2 [ 200 4 [2680] 4 |[2618| 4 [2703| 4 |2835| 4 |2867

5 |[250 | 5 [2823] 5 [B8008| 5 [3011] 5 [8165] 5 |[3404
G_[B800 ] 6 [8161] 6 [3266| 6 [3431] 6 _[8624] 6 |3809

7 [3850 | 7 [3476| 7 |8669| 7 [3761] 7 [8827| 7 |3935

8 [400 | 8 [3698] 8 [4066| 8 [4063| 8 [4039| 8 [4i24

O [450 | O [4034] © [4001| © [4285] © [4462| 9 [4561

10 500 10 4233 10 [4343 10 4512 10 4585 10 [4727
11 550 11 4309 11 4614 11 4663 11 4758 11 4912
12 600 12 |4390 12 4672 13 4905 13 5038 12 5251
13 650 13 4661 13 [4810 12 ]5050 12 5053 13 5431
14 700 15 |4920 15 5060 14 5288 15 5371 14 5661
15 750 14 14936 14 | 5082 15 5299 14 [5402 15 5724
16 800 16 |5101 16 5277 16 | 5544 16 5626 16 5865
17 850 17 15286 17 [5394 17 15601 17 [5850 18 6112
18 900 18 |5358 18 5430 18 | 5745 18 5913 17 6245
19 950 19 |5406 20 5560 19 |5810 19 5980 19 6268
20 [1000[ 20 [5502 19 5654 | 20 |5858 20 6093 | 20 6387
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Table 5. Signature computation for psuedo random strings, size 10k, with block
edit distance from query increasing linearly. BED is the induced Block Edit
Distance; HD is the observed Hamming Distance from signature comparison.
The run 7 determines for block operations the chance of extending a block by
(1 —1/2%) chance of another character being added to the block

"Actual’ | Estimated | Estimated | Estimated | Estimated | Bstimated
(Run i = 1)|(Run i = 2)|(Run i = 3)|(Run i = 4)|(Run i = 5)
Order|[BED|Order] HD |[Order] HD |Order| HD |Order] HD |Order] HD
T 50 T [1032] 1 [o998 | 1 [©980 | 1 [1066] 1T [1159
100 | 2 [1612| 2 [1640] 2 [1716]| 2 |174a7r| 2 [1797

3 [ 150 | 3 [2044| B3 [2382| 3 [2423| 3 [2372| B3 |2435
2 [ 200 4 [2680] 4 |[2618]| 4 [2703| 4 |2835] 4 |2867
5 [ 250 | 5 [2823] 5 [B8008| 5 [3011] 5 [8165] 5 |3404
G_[B800 ] 6 [8161] 6 [B3266| 6 [3431] 6 _[8624] 6 |3809
7 [3850 | 7 [3476| 7 |8669| 7 [3761] 7 |8827| 7 |3935
8 [400 | 8 [3698] 8 [4066| 8 [4063| 8 [4039| 8 [4i24
O [450 | O [4034] © [4001| © [4285] © [4462| 9 [4561

10 500 10 4233 10 [4343 10 4512 10 4585 10 14727
11 550 11 4309 11 4614 11 4663 11 4758 11 4912
12 600 12 | 4390 12 4672 13 4905 13 5038 12 5251
13 650 13 4661 13 [4810 12 |5050 12 5053 13 5431
14 700 15 |4920 15 5060 14 5288 15 5371 14 5661
15 750 14 14936 14 | 5082 15 5299 14 [5402 15 5724
16 800 16 |5101 16 5277 16 | 5544 16 5626 16 5865
17 850 17 15286 17 [5394 17 15601 17 [5850 18 6112
18 900 18 |5358 18 5430 18 | 5745 18 5913 17 6245
19 950 19 |5406 20 5560 19 |5810 19 5980 19 6268
20 [1000[ 20 |[5502 19 5654 | 20 |5858 20 6093 | 20 6387

Table 6. Signature computation for psuedo random strings, size 10k, with block
edit distance from query increasing exponentially by a factor of 1.2. BED is
the induced Block Edit Distance; HD is the observed Hamming Distance from
signature comparison. The run ¢ determines for block operations the chance of
extending a block by (1 — 1/2%) chance of another character being added to the
block. Note that the starting BED from the query is 10 due to the fact that the
sampling rate growth factor of 1.2 does not allow us to differentiate distances
smaller than 0.1% of the sequence size

"Actual’ | Estimated | Estimated | Estimated | Estimated | Bstimated
(Run i = 1)|(Run i = 2)|(Run i = 3)|(Run i = 4)|(Run i = 5)
Order|[BED|Order] HD |[Order] HD |Order| HD |Order] HD |Order] HD
T0 | 10 | 10 [ 266 | 11 | 255 | 10 | 284 | 10 | 233 | 10 | 253
11 | 12 | 12 [ 3829 | 10 | 277 | 11 | 8567 | 11 [ 312 | 11 | 343
12 | 15 | 13 [ 835 | 12 | 379 | 12 | a7l | 12 | 347 | 12 | 450
13 18 11 352 13 411 13 454 13 395 13 458
14 | 21 | 14 [ 438 | 14 | 529 | 14 | 553 | 14 | 644 | 14 | 459
15 | 26 | 16 | 635 | 15 [ 571 | 15 | 627 | 15 | 648 | 15 | 648
16 | 31 | 15 | 700 | 16 | 598 | 16 | 740 | 16 | 673 | 16 | 784
17 | 37 | 17 | 710 | 17 | 842 | 17 | 829 | 17 | 763 | 17 | 855
T8 | 44 | 18 | 840 | 18 | 946 | 18 | 981 | 18 | 960 | 18 | 958
10 | 53 | 10 [1064] 19 [1151| 19 [1091] 19 [1129] 19 [1189
20 | 64 | 20 [1125] 20 [1210] 20 [1201| 20 [1224| 20 |[1307
31 | 77 | 21 [1304]| 21 [1265] 21 [1481| 21 [1457| 21 |1653
22 | 92 | 22 [1543| 22 [1510] 22 [1606| 22 [1705| 22 |[1715
33 | 110 | 23 [1734| 23 |1834| 23 |1916] 23 |1886| 23 |1874
34 | 132 | 24 |1821| 24 |2001| 24 |2104| 24 |2166| 24 |2414
35 | 159 | 25 |2303| 25 |2216] 25 |2355| 25 |2423| 25 [2536
36 | 101 | 26 |2403| 26 |2469| 26 |2754| 26 |2662| 26 |2664
37 | 220 | 27 [2875| 27 |2874| 27 |3041| 27 [3062| 27 [2988
28 | 275 | 28 [8067| 28 |3167| 28 [3359| 28 |3267| 28 [3477
20 [ 330 | 20 [8531| 20 |[3474| 20 |3714] 20 [3509| 29 [3868
30 | 396 | 30 [8832]| B30 |3881] 30 [4202| 80 [4181| 30 [4251
31 475 31 4123 31 4244 31 4423 31 4497 31 4601
32 | 570 | 82 |4454| 32 [4577| 32 |4766| 32 |4830| 32 [5143
33 | 684 | 33 [4718| B33 [4969| 33 [5162| 33 |5317| 33 [5494
34 [ 820 | 384 [5121| B84 |[5218] 34 [5679| B84 5594 34 [6001
35 | 984 | 35 |5448| 35 |5551] 35 |5837| 35 |6033| 35 [6249
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Table 7. Testing SNN I

Sampling Factor
1.2 1.5 2
Run Tries|Unique Matches | Tries] Unique Matches | Tries| Unique Matches

1 11 12 4 4 5 16

2 4 6 2 2 16 21

3 2 3 3 4 2 4

4 7 2 5 22 35

5 1 2 6 9 21 31

6 12 12 5 9 11 10

7 5 5 5 10 21 37

8 3 4 1 1 7 10

9 1 18 4 7 26 31

10 1 2 2 3 31 36
Average 4.7 7.1 3.4 5.4 16.2 23.1
Maximum 12 18 6 10 31 37
Avg % Seq Elim 93.60% 95.10% 79.20%
Worst % Seq Elim 83.70% 90.90% 66.70%

This table summarizes the results for SNN search tests on a data set of 111 sequences.
The results for each of the ten runs at each of the sampling factors are shown. The
numbers shown for the run are the total number of tries it took to find the correct
nearest neighbor in that run and the unique matches found in that run that must be
further examined

Table 8. SNN Tests 11

Sampling Factor
1.2 1.5 2
Run Tries| Unique Matches| Tries| Unique Matches | Tries|Unique Matches

1 3 4 3 8 7 13

2 18 27 49 60 1 6

3 1 1 11 23 30 42

4 9 12 5 5 15 26

5 21 25 22 33 45 56

6 2 2 65 73 73 88

7 12 17 6 7 1 1

8 1 20 3 7 91 118

9 17 27 6 7 56 68

10 3 4 3 5 23 40
Average 8.7 13.9 17.3 22.8 34.2 45.8
Maximum 21 27 65 73 91 118
Avg % Seq Elim 95.50% 92.40% 84.70%
Worst % Seq Elim 91% 75.70% 60.70%

This table summarizes the results from SNN search tests on a data set of 301 sequences.
The results for each of the ten runs at each of the sampling factors are shown. The
numbers shown for the run are the total number of tries it took to find the nearest
neighbor in that run and the unique matches found in that run that must be further
examined
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Table 9. SNN Tests 111

Sampling Factor
1.2 1.5 2
Run Tries|Unique Matches|Tries|Unique Matches|Tries|Unique Matches
1 5 6 42 62 16 54
2 3 4 30 50 11 30
3 9 12 46 69 26 81
4 7 9 15 23 60 160
5 2 2 4 6 17 55
6 2 2 3 3 17 79
7 6 9 4 5 5 21
8 11 13 47 63 6 25
9 1 1 6 7 210 620
10 4 6 28 44 16 62
Average 5 6.4 22.5 33.2 38.4 119
Maximum 11 13 47 69 210 620
Avg % Seq Elim 94.2% 88.9% 95.3%
Worst % Seq Elim 88.2% 77.0% 75.7%

This table summarizes the results from the SNN search tests on a data set of 2551
sequences. The results for each of the ten runs at each of the sampling factors is
shown. The numbers shown for the run are the total number of tries it took to find the
nearest neighbor in that run and the unique matches found in that run that must be
further examined
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Abstract. We give two new algorithms for constructing small nondeter-
ministic finite automata (NFA) from regular expressions. The first con-
structs NFAs with e-moves (éNFA) which are smaller than all the other
eNFAs obtained by similar constructions. Their size is at most %|o¢| + g,
where « is the regular expression. The second constructs NFAs. It uses e-
elimination in the eNFAs we just introduced and builds a quotient of the
well-known position automaton. Our NFA is always smaller and faster to
compute than the position automaton. It uses optimally the information
from the positions of a regular expression.

Keywords: regular expressions, nondeterministic finite automata, reg-
ular expression matching, algorithms, positions, partial derivatives, quo-
tients, right-invariant equivalence, e-elimination

1 Introduction

The importance of regular expressions for applications is well known. They de-
scribe lexical tokens for syntactic specifications and textual patterns in text
manipulation systems. Regular expressions have become the basis of standard
utilities such as scanner generators (lex), editors (emacs, vi), or programming
languages (perl, awk), see [ASUS6, Fr98]. While regular expressions provide an
appropriate notation for regular languages, their implementation is done using
finite automata. The size of the automata is crucial for the efficiency of the algo-
rithms using them; e.g., for regular expression matching. Since the deterministic
finite automata obtained from regular expressions can be exponentially larger
in size, in many cases nondeterministic finite automata (NFA) are used instead.
Minimization of NFAs is PSPACE-complete, see [Yu97], so other methods need
to be used to obtain small NFAs. Probably the most famous such constructions
are the ones of Thompson [Th68] which builds an NFA with ¢ moves (eNFA) and
the one of Glushkov and McNaughton-Yamada [G161, McNYa60] which outputs
an NFA (called position automaton). While Thompson’s automaton has linear
size (in terms of the size of the regular expression), the position automaton has

* Research partially supported by NSERC grant R3143A01.
** Research partially supported by NSERC grant OGP0041630.

A. Apostolico and M. Takeda (Eds.): CPM 2002, LNCS 2373, pp. 279-288, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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size between linear and quadratic and can be computed in quadratic time, as
proved by Briigemann-Klein [Brl{93]. We notice that throughout the paper the
size of automata will include both transitions and states.

Antimirov [An96] generalized Brozozowski’s derivatives and built the par-
tial derivative automata. Champarnaud and Ziadi [ChZi0la, ChZi01b] improved
very much Antimirov’s O(n®) algorithm for the construction of such NFA; their
algorithm runs in quadratic time. They proved also that the partial derivative
automaton is a quotient of the position automaton and so it is always smaller.

The best worst case is in the construction of Hromkovi¢ et al. [HSWOL];
their NFA has size at most O(n(logn)?) and, by the algorithm of Hagenah and
Muscholl [HaMu00], it can be computed in time O(n(logn)?). However, the
number of states is artificially increased to reduce the number of transitions.

In spite of these improvements, the position automaton is still very much
used probably because of its simplicity, but maybe also because none of the
proposed constructions proved to be clearly better. In this paper, we propose
new algorithms to construct very small nondeterministic finite automata, with
or without e-moves, from regular expressions. Our NFAs are shown to be better
in all respects than the position automata.

Our first algorithm constructs eNFAs which are smaller than all the oth-
ers obtained by similar constructions; e.g., the one of Thompson [Th68] or the
one of Sippu and Soisalon-Soininen [SiS088] (which builds a smaller eNFA than
Thompson’s). Given a regular expression «, the size of our eNFA for « is at most
3]a| + 2. This is very close to the optimal; we prove a lower bound of %|a| + 2.

We give then a method for constructing NFAs. It uses e-elimination in the
eNFA newly introduced. Although the construction of this NFA has, apparently,
nothing to do with positions, it turns out, unexpectedly, that the NFA is a
quotient of the position automaton with respect to the equivalence given by
the follow relation; therefore giving the name of follow automaton. The follow
automaton is always smaller and faster to compute than the position automaton.
Therefore, it is a very good candidate for replacing the position automaton in
applications. Moreover, it uses optimally the information from the positions of
the regular expression and thus it cannot be improved this way. It is in general
uncomparable with the partial derivative automaton. As a by-product of our
construction of the follow eNFA, we obtain also a new algorithm to compute the
transition mapping of the position automaton. The new algorithm has the same
worst case as the one of Briigemann-Klein [Bri<93] but it is usually faster.

Due to limited space, all proofs are omitted.

2 Regular Expressions and Automata

We recall here the basic definitions we need throughout the paper. For further
details we refer to [HoUlI79] or [Yu97].

Let A be an alphabet and A* the set of all words over A; € denotes the empty
word and the length of a word w is denoted |w|. A language over A is a subset
of A*. A regular expression over A is (), €, or a € A, or is obtained from these
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applying the following rules finitely many times: for two regular expressions «
and 3, the union, o + 3, the catenation, o - 3, and the star, a* are regular
expressions. The regular language denoted by a regular expression « is L(«).
Also, we define e(a) to be ¢ if ¢ € L(«) and () otherwise. The size of « is
denoted || and represents the number of symbols in o when written in postfix
(parentheses are not counted).

A finite automaton is a quintuple

M = (QaAaQOa(SaF)a

where (@ is the set of states, A is the input alphabet, ¢y € @Q is the initial state,
F C @ is the set of final states, and 6 C @ x (AU {e}) x @ is the transition
mapping; we shall denote, for p € Q,a € AU{e}, d(p,a) ={q € Q| (p,a,q) € 6}.
The automaton M is called

- deterministic (DFA) if § : @ x A — @ is a (partial) function,

- nondeterministic (NFA) if § C Q x A x @, and

- nondeterministic with e-moves (€NFA) if there are no restrictions on 4.

The language recognized by M is denoted L(M). The size of a finite automa-
ton M is |[M| = |Q| + |6]; we count both states and transitions.

Let =C @ x @ be an equivalence relation. For ¢ € @Q, [g]= denotes the
equivalence class of ¢ w.r.t. = and, for S C @, S/= denotes the quotient set
S/= ={lql= | ¢ € S}. We say that = is right invariant w.r.t. M iff (i) =C
(Q — F)? U F? (that is, final and non-final states are not =-equivalent) and (ii)
for any p,q € Q and any a € A, if p = q, then §(p,a)/= = §(¢,a)/=. If = is right
invariant, the quotient automaton M /= is constructed by

M/E = (Q/EaAv [qO]Ea(SEaF/E)

where 55 = {([p]Eaaa [Q]E) | (pvaaQ) € 6}7 notice that Q/E = (Q - F)/E U F/Ea
so we do not merge final with non-final states. Notice that L(M/=) = L(M).

3 Small eNFAs from Regular Expressions

We give in this section an algorithm to construct an eNFA from a regular ex-
pression. The regular expression is assumed reduced such that ‘many’ redundant
(’s, €’s, and #’s are eliminated. The precise way to do such reductions is omitted.

Algorithm 1 Given a regular expression «, the algorithm constructs an eNFA
for a inductively, following the structure of «, and is shown in Figure 1.

The steps should be clear from the figure but we bring further improvements
at each step which, rather informally, are described as follows:

(a) if p = ¢ and the outdegree of p (or indegree of q) is one, then p and ¢
can be merged,

(b) any cycle of e-transitions can be collapsed (all states merged and transi-
tions removed),

(c¢) multiple transitions (the same source, target, and label) are removed.
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v o Do 0%

(i) 0 (ii) € (iii) a
(iv) union (v) catenation (vi) iteration

Fig. 1. The construction of A§f

We call the obtained nondeterministic finite automaton with e-moves follow
eNFA (the reason for this name will be clear later) and denote it

A?(O‘) = (ijaAvOfaé;vqf)'

Example 2 Consider the regular expression 7 = (a + b)(a* + ba* + b*)*. The
eNFA for 7 constructed by Algorithm 1 for 7, that is, Af(7), is shown in Fig-
ure 2. We shall use the same regular expression to show various other automata
recognizing the same language. The automaton Af(7) is shown again in Figure 5
to compare with the NFA obtained from it by removing e-transitions.

The next theorem gives the upper bound on the size of our eNFA.

Theorem 3 For any reduced regular expression o we have:
(i) L(A%(a)) = L(a),
(i1) Af(a) can be computed in time O(|a|), and
(iii) | A5 ()] < 2la] + 3

In fact, the upper bound in Theorem 3(iii) is very close to the lower bound
in Lemma 4 and hence very close to optimal.

Lemma 4 Let o, = (af +a3)(al +aj) - (a3, 1 +a3,). Every eNFA accepting
L(ow,) has size at least 8n — 1 = %|a| + %.
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4 Positions and Partial Derivatives

We recall in this section two well-known constructions of NFAs from regular
expressions. The first is the position automaton, discovered independently by
Glushkov [G161] and McNaughton and Yamada [McNYa60].

Let a be a regular expression. The set of positions in « is

pos(a) = {1,2,...,|a|a}-

Denote also posy(a) = pos(a) U {0}. All letters in o are made different by
marking each letter with its position in a;; denote the obtained expression o € Z*,
where A = {a; | a € A,1 < i < |a|a}. For instance, if @ = a(baa + b*), then
@ = ay(b2agaq + bE). Notice that pos(a) = pos(@). The same notation will also
be used for removing indices, that is, for unmarked expressions «, the operator
= adds indices, while for marked expressions @ the same operator - removes the
indices: @ = . We extend the notation for arbitrary structures, like automata,
in the obvious way. It will be clear from the context whether * adds or removes
indices.

Three mappings first, last, and follow are then defined as follows. For any
regular expression a and any i € pos(«), we have:

first(a) = {i | a;w € L(&)
last(«) = {i | wa; € L(@)
follow(e, ) = {j | ua;ajv € L

}
} (1)
@)}
For future reasons, we extend follow(a, 0) = first(a). Also, let lasty () stand for
last(c) if e(a) = 0 and last(«) U {0} otherwise.

The position automaton for « is

APOS(a) = (pOSO (a)a Aa 5}‘)08; 0, |aSt0(O&))

with dp0s = {(4,a,7) | j € follow(e, %), a = a5}.
As shown by Glushkov [G161] and McNaughton and Yamada [McNYa60], we
have the following result.

Theorem 5 For any regular expression o, L(Apos(er)) = L(a).

The first part of the following result concerns the size of the position au-
tomaton and is clear from its construction. Its optimality is easily seen for ex-
pressions like (a1 +¢€)(az 4+ €) - - - (an, + €). The second part has been proved by
Briigemann-Klein [Bri<93]; she gave the fastest algorithm known to compute the
position automaton.

Theorem 6 For any reqular expression o, we have
(i) | Apos(@)| = O(|a|?) (can be quadratic in the worst case),
(i) Apos(a) can be computed in time O(|al?).
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first(7) = {1, 2}
last(7) = {1,2,3,4,5, 6}
i | follow(T,7)
3,4,6]
{3,4,6)
(3,4,6}
(3,4,5,6}
{3,4,5,6)
(3,4,6}

@Cﬂﬂkwwﬁ‘s

Fig.3. Apos(7) for 7 = (a + b)(a* + ba* + b*)*

Example 7 For the regular expression 7 = (a + b)(a* + ba* + b*)* from Exam-
ple 2, the marked version is 7 = (a1 + b2)(a% + bsaZ + bf)*. The values of the
mappings first, last, and follow for 7 and the corresponding position automaton
Apos(T) are given in Figure 3.

The second construction we recall in this section is the partial derivative au-
tomaton, introduced by Antimirov [An96]. Recall the notion of partial derivative
introduced by Antimirov [An96]. For a regular expression v and a letter a € A,
the set 0, () of partial derivatives of a w.r.t. a is defined inductively as follows:

Oa(e) = 04(0) =
) e}, ifa=b
9a(b) = {Q], otherwise
8a(a+ﬁ) :aa(a)uaa(ﬁ) (2)
[, if (a) = 0
Oalaf) = {aa( )BUBL(B), ife(a)=c

The definition of partial derivatives is extended to words by 0.(a) = {a},
Owa (@) = 0 (0w (), for any w € A*, a € A.

The set of all partial derivatives of « is denoted PD(a) = {0y (0) | w € A*}.
Antimirov [An96] showed that the cardinality of this set is less than or equal to
|| 4 + 1 and constructed the partial derivative automaton

Apa(a) = (PD(a), 4,650, {q € PD(a) | (g) = £}).

where 0pd(q,a) = 04(q), for any ¢ € PD(a),a € A. Antimirov proved also the
following result.

Theorem 8 For any reqular expression o, L(Apq(a)) = L(a).
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Oa(7) ={m1} 71 = (a* +ba" +b*)*
Op(1) = {11}

Oa(m1) ={m2} T=a"'n

Op(m1) = {72, 13} 3 =071

9a(72) = {72}

ab(TQ) = {7'277'3}

Oa(7s) = {m2}

ab(TS) = {7'277'3}

Fig. 4. Apq(7) for 7 = (a + b)(a™ + ba* + b*)*

Example 9 Consider the regular expression 7 from Example 2. The partial
derivatives of 7 are computed in Figure 4 where also its partial derivative au-
tomaton A,q(7) is shown.

The first part of the following result concerns the size of the partial derivative
automaton and has been proved by Antimirov [An96]. Tts optimality is proved
also by the expressions (a1 + ¢)(az + ¢€) -+ (an, + €). The second part has been
proved by Champarnaud and Ziadi [ChZi0Ola, ChZi01b]. They also improved
very much Antimirov’s O(n®) algorithm for the construction of the position
automaton; their algorithm runs in quadratic time (third part in the theorem
below).

Theorem 10 For any regular expression «, we have:
(i) | Apa(a)] = O(|a|?) (can be quadratic in the worst case),
(i1) Apa(a) is a quotient of Apes(ar),
(iii) Apa() can be computed in time O(|a|?).

5 Follow Automata

In this section we construct NFAs from regular expressions. This is done by
eliminating e-transitions from the Af(«). Essentially, for any path labelled e,
p ~ ¢, and any transition ¢ — 7, we add a transition p — 7. The obtained
automaton is called follow NFA, denoted

As(a) = (Qf, A, 05,05, F).
Define then the equivalence =;C posy(c)? by
i=ypj iff (i) both ¢,j or none belong to last(a) and
(ii) follow(cv, ) = follow(c, j)

Notice that we restrict the equivalence so that we do not make equivalent final
and non-final states in Apos(a). Also, =¢ is a right-invariant equivalence, so we
can make the quotient. The next result says that A¢(«) is also a quotient of
Apos(e). This is unexpected because the construction of Ag(a) does not have,
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apparently, anything to do with positions. However, the consequences of this
result, discussed in the next sections, are very important.

Theorem 11 Ag(a) ~ A,os(a)/=; .

We notice that the restriction we imposed on =y so that final and non-final
states in pos, () cannot be =s-equivalent is essential, as shown by the expression
a = (a*™b)*. Here follow(c, ) = {1,2}, for any 0 < i < 2. However, merging all
three states of Apos(r) is an error as the resulting automaton would accept the
language (a + b)*.

We remark that both Af and A¢ can be shown to be very good data struc-
tures for fast computation of the values of the mappings first, last, and follow. This
gives a simpler proof for the results of Briiggeman-Klein [Bri<93] concerning the
computation of the position automaton in quadratic time (see Theorem 6(ii)).
The idea is to construct first the automaton Af(a) and then compute the three
mappings (and so, implicitely, the transition mapping of Apes(a)) using the
same properties of Af which implied the unexpected result in Theorem 11. The
worst case of this algorithm is the same as for the algorithm of Briigemann-
Klein [BriK93] but in many cases ours is faster.

Example 12 We give an example of an application of Theorem 11. For the same
regular expression 7 = (a+b)(a*+ba*+b*)* from Example 2, we build in Figure 5
the Af(7) and then give the equivalence classes of =; and the automaton A¢(7).

classes of =;: {0}

{1,2,3,6} b b
s O @23.0)% @) |ab

Fig. 5. Af(7) and A¢(7) = Apos(7) /=, for 7 = (a +b)(a* + ba* + b*)*

6 Comparisons with other Constructions

A first consequence of our result in Theorem 11 is that Af is always smaller or
equal to Apos. Also, it can be computed faster. Thus it is a good candidate for
replacing Apos in applications.

We give below several examples showing that Af can be much smaller than
either of Apos and Apq and that Ay and Apq are incomparable in general.

Example 13 Consider a3 = (a1 + €)* and define inductively, for all i > 1,
@iy1 = (i +3)*, where 3; is obtained from «; by replacing each a; by a;4a,
For instance,

az = (((a1 +¢€)" + (a2 +€)")" + ((az + &)" + (aa +)")")".

[a-
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‘We have then
- |APOS(an)| = |Apd(04n)| = 9(|an|2) and
- [Ag(an)| = O(|an]).

Example 14 Consider the regular expression
an=a1(by+ - +by) +as(by+--+b)" +...tan(bs +--+by)".

We have
- |APOS(an)| = @(|an|3/2)v
- [ Ag(an)| = O(|an]), and
- | Apa(am)| = O(lan|'/?).

Example 15 Consider the regular expression (identifiers in programming lan-
guages)

an=(a1+az+--Fap)(a1+az+ - +ap+br+bo+ - +by)".
We have

- | As(an)| = [Apa(an)
- [ Apos(an)| = O(|an|?

| = O(Jan]) and
).

We notice that we did not compare our construction with the one of Chang
and Paige [ChPa97] since we do not work with compressed automata.

7 Optimal Use of Positions

Finally, we show that the follow automaton Af(«) uses the whole information
which comes from positions of a. Indeed, the follow automaton for marked ex-
pressions cannot be improved. Af(@) is a deterministic automaton and let the
minimal automaton equivalent to it be min(A¢(@)). Then min(A¢(@)) is an NFA
accepting L(a) which can be computed in time O(|a|?log|a|) using the min-
imization algorithm of Hopcroft [Ho71]. This is, in fact, another way of using
positions to compute NFAs for regular expressions. However, it is interesting to
see that min(A¢(@)) brings no improvement over A¢(q).

Theorem 16 min(A¢(@)) ~ A¢(a).

Notice also that computing Af(a) by e-elimination in Af(«) is faster than
using Hopcroft’s algorithm [[T0o71] plus unmarking.
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